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Abstract 



We prove a conjecture of Colmez concerning the reduction modulo 
p of invariant lattices in irreducible admissible unitary p-adic Banach 
space representations of GL^Qp) with p > 5. This enables us to 
restate nicely the p-adic local Langlands correspondence for GL^Qp) 
and deduce a conjecture of Breuil on irreducible admissible unitary 
completions of locally algebraic representations. 
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1 Introduction 

In this paper we study p-adic and mod-p representation theory of G : = 
GIj2(Qp). Our results complement the work of Berger, Breuil and Colmez 
on the p-adic and mod-p Langlands correspondence for GL 2 (Q P ), see [7] for 
an overview. Let L be a finite extension of Q p with a ring of integers O, 
uniformizer w and residue field k. 

Theorem 1.1. Assume p > 5 and let H be a unitary admissible absolutely 
irreducible L-Banach space representation of G with a central character and 
let O be an open bounded G -invariant lattice in II. Then O ®o k is of finite 
length. Moreover, one of the following holds: 

(i) ®e> k is absolutely irreducible supersingular; 

(ii) (Q®ok) ss C (Indp Xi ® X2U~ 1 ) ss ®{Indp X2 ® Xi^ 1 ) 33 for some smooth 
characters X11X2 '■ Qp — > k x , where u)(x) = x\x\ (mod p). 

Further, the inclusion in (ii) is not an isomorphism if and only if II is ordi- 
nary. 

We say that II is ordinary if it is a subquotient of a parabolic induction of a 
unitary character, so that II is either a unitary character II = 770 det, a twist 
of the universal unitary completion of the smooth Steinberg representation 
by a unitary character II = Sp(g>?7°det or II is a unitary parabolic induction of 
a unitary character. An irreducible smooth /c-representation is supersingular 
if it is not a subquotient of any principal series representation. The theorem 
answers affirmatively for p > 5 a question of Colmez denoted (Q3) in [25] . 

Let Z be the centre of G, we fix a continuous character £ : Z — > O x . Let 
Modg tl ((9) be the category of (9-torsion modules with a continuous G-action 
for the discrete topology, and let Mod^(O) be the full subcategory with 
objects those ii in Mod^ n ((9), which are of finite length as (9[G]-modules 
and on which the centre Z acts by (the image of) (. In his Montreal lecture 
Colmez has defined an exact covariant CMinear functor V : ModJ^O) — >• 
Modg Q (O) to the category of C-modules with a continuous action of Qq p , the 
absolute Galois group of Q p . Given IT as in Theorem one may choose an open 



bounded G-invariant lattice in II and define V(I1) := L <g)lim V(B/tJ7 ?1 0). 

Since all open bounded lattices in II are commensurable the definition does 
not depend on the choice of 0. 

Corollary 1.2. Let II be a unitary admissible absolutely irreducible L-Bana- 
ch space representation of G with a central character then dimLV(n) < 2. 
Moreover, dim^ V(I1) < 2 if and only ifU is ordinary. 

Once one has this results of Colmez [23] building on the work of Berger-Breuil 
[5] and Kisin [38J imply: 

Theorem 1.3. Assume p > 5, the functor V induces a bisection between 
isomorphism classes of 

(i) absolutely irreducible admissible unitary non-ordinary L-Banach space 
representations of G with the central character (, and 

(ii) absolutely irreducible 2-dimensional continuous L -representations ofQq p 
with determinant equal to (e, 

where e is the cyclotomic character, and we view ( as a character of Qq p via 
the class field theory. 

In [23] Colmez has also defined a characteristic construction, which to every 
2-dimensional continuous L-representation of Qq associates an admissible 
unitary L-Banach space representation T1(V) of G, such that V(Il(V r )) = V. 
Colmez has calculated.] locally algebraic vectors in II(V) in terms of p-adic 
Hodge theoretic data attached to V. As a consequence of Theorem 11.31 we 
know that for every II in (i) there exists a unique V such that II = II(V). 
Using this in §111 we determine admissible absolutely irreducible completions 
of absolutely irreducible locally algebraic representations. In particular, we 
show that Sp ® | det | fe ' 2 eg) Sym L 2 admits precisely P 1 (L) non-isomorphic 
absolutely irreducible admissible unitary completions, where k is a positive 
integer and Sp is the smooth Steinberg representation of G over L. This 
confirms a conjecture Breuil. However, our main result can be summed up 
as: 



^n |23) some cases are conditional on the results of Emerton, which have now appeared 
in [31 §7.4]. 



1.1 The correspondence is an equivalence of categories 



Let Ban^r ^(L) be the category of unitary admissible L-Banach space rep- 
resentations of G and let Ban^™' fl (L) be the full subcategory consisting of 
objects of finite length. Let Modg^(O) be the full subcategory of Modg^O) 
consisting of those objects which are locally of finite length, that is (r, V) 
is an object of Mod^(C) if and only if for every v 6 V the C[G]-module 
C?[G]v is of finite length. We obtain Bernstein-centre-like g results for the 
categories Modg^(C) and Ban^™' fl (L). That is we decompose them into 
direct product of subcategories and show that each subcategory is naturally 
equivalent to the category of modules over the rings related to deformation 
theory of 2-dimensional (^-representations. 

To fix ideas let II be as in Theorem 11.31 (i) so that V := V(n) is an ab- 
solutely irreducible 2-dimensional continuous L-representation of Qq p with 
determinant £e. Let Ry be the deformation ring representing the deforma- 
tion problem of V with determinant (e to local artinian L-algebras, and let 
V un be the universal deformation. Let Ban^? 1 ' (L)n be a full subcategory 
of Ban^ , ' (L) consisting of the representations with all irreducible subquo- 
tients isomorphic to II. 

Theorem 1.4. The category Banj^? 1 ' (L)n is a direct summand of the cate- 
gory Bang?' (L) and it is naturally equivalent to the category of Ry -modules 
of finite length. 

The first assertion in Theorem 11.41 means that any finite length admissible 
unitary L-Banach space representation ITx of G with a central character ( can 
be canonically decomposed Hi = n 2 © n 3 , such that all the irreducible sub- 
quotients of n 2 are isomorphic to II and none of the irreducible subquotients 
of LT3 are isomorphic to II. The equivalence of categories in Theorem 11.41 is 
realized as follows: to each LTi in Ban^.? 1 ' (L)n we associate functorially an 
^-module of finite length m(ITi) such that V(ITi) = m(ITi) ® fiCf V un . So 
at least in some sense we may describe what kind of representations of Qq p 
lie in the image of V, which explains the title of our paper. 

We will discuss now what happens with Mod G n JO) and recall that we assume 
p > 5. We may define an equivalence relation on the set of (isomorphism 
classes of) irreducible objects of M.od G n JO), where r ~ n if and only if there 
exists a sequence of irreducible representations r = Tq,Ti, . . . ,T n = 11 such 



2 Since we work in the category of locally finite representations, our rings are analogous 
to the completions of the rings in Bernstein's theory [8] at maximal ideals. 



that Ti = r i+ i, Ext G (rj, r i+1 ) ^ or Ext^(rj +1 , r») 7^ for each z. We call an 
equivalence class of r a block of r. To a block 23 we associate 77*3 := O,,.^ 7T, 
7t<b °->- J<b an injective envelope of ir<g in Mod G ^((9) and E<g := Endc(J<B)- 
One may show that E<g is naturally a pseudo-compact ring, see §2J By 
a general result of Gabriel on locally finite categories J3H §IV] we have a 
decomposition of categories: 



Mod^(o)-n M ° d S( ) 



where the product is taken over all the blocks 23 and Modc^O)® denotes 
a full subcategory of ModjS^(C?) consisting of those representations, such 
that all the irreducible subquotients lie in 03. Moreover, the functor r (->■ 
Houlg(t, J*b) induces an anti-equivalence of categories between M.od G ^(0)^ 

and the category of compact ^-modules. In this paper we explicitly work 
out the rings E<£. 

We are going to describe the blocks. Since we are working over a coefficient 
field which is not algebraically closed, not every irreducible ^-representation 
t of G is absolutely irreducible. However, we show that given a block 23 there 
exists a finite extension I of k such that for all r e 23, r £5^ Z is isomorphic 
to a finite direct sum of absolutely irreducible representations. The blocks 
containing an absolutely irreducible representation are given by: 

(i) 23 = {7r}, supersingular; 

(ii) 23 = {Ind£ xi ® X2W 1 , Ind£ X 2 ® Xi^ 1 }, Xi^ 1 7^ 1, w* 1 ; 
(iii) 23 = {Ind^x®XW- 1 }; 
(iv) 23 = {77 o det, Sp (8)77 o det, (Indp u ® w _1 ) <g) 77 o det}. 

To get this, one has to compute all the Ext 1 groups between irreducible 
representations of G, these have been classified by Barthel-Livne [2] and 
Breuil [16] . In many cases these computations have been dealt with by Breuil 
and the author [20J , Colmez [23] and Emerton [3T] by different methods, and 
the computation was completed in [51]. To each 23 we may associate a 2-di- 
mensional semi-simple ^-representation p of Qq p using the semi-simple mod-p 
correspondence of Breuil, [16], [17]: (i) p := V(7r) is absolutely irreducible; 

(ii) p = Xi © X2] (hi) P = X © X, ( iv ) P ■= V © VU. Let R^f £ be the 
universal deformation ring representing deformation problem of 2-dimensio- 
nal pseudocharacters with determinant (e lifting the trace of p, see §M for a 
definition. 

6 



Theorem 1.5. Let 23 be as above then the centre of E<% and hence the centre 
of the category Mod G ^(0)^ is naturally isomorphic to R^ , . 

Recall that the centre of an abelian category is the ring of automorphisms of 
the identity functor. We also show that E& is finitely generated as a module 
over its centre and after localizing away from the reducible locus it is isomor- 
phic to a matrix algebra. In cases (i), (ii) we have a nice characterization of 
E<£ in terms of Galois side. We may extend V to the category Mod G n JO) 
since every object is a union of subobjects of finite length. If 23 = {tt} with 
tt supersingular then J® is simply an injective envelope of tt. Let p = V(7r), 
Rp be the deformation ring representing the deformation problem of p with 
determinant equal to (e and let p un be the universal deformation with deter- 
minant (e. 

Theorem 1.6. 7/23 = {tt} with tt supersingular then V(J<b) w ((e) = p un and 
E<g = Ry , where V denotes the Pontryagin dual. 

Thus to every r in Mod G " (C) 23 we may associate a compact ^-module 
m(r) := Hom G (r, J®) and then V(r) v (Ce) = m(r) §^ p un . 

In the generic reducible case (ii), Exti (xi?X2) and Exti (X2,Xi) are both 
1-dimensional. Thus there exists unique up to isomorphism non-split exten- 
sion pi of xi by X2 and p 2 of X2 by Xi- Since Xi ¥" X2 the deformation 
problems of p\ and p 2 with determinant equal to (e are represented by R& 
and R& respectively. Let p" n and p 2 n be the universal deformation of p\ and 
P2 with determinant (e, respectively. 

Theorem 1.7. 7/23 is as in (11) then V(J«b) v (C£) = pT © p 2 n and E m = 
Endg„ (p" n ffip 2 n ), where V denotes the Pontryagin dual. 

Again one may describe the image of Mod G n JO) SB under V as follows: to 
every r in Mod^UO)^ we may associate a compact .E^-module m(r) := 
Hom G (r, J s ) and then V(r) v ((e) = m(r) ®^ (p^ n © p^ n ). For non-generic 
cases, (iii) and (iv) see the introductions to £jHJand $9j 

Proposition 1.8. The category B&n G , ?(L) decomposes into a direct sum of 
categories: 

Bang™(L)-0Bang™(Lf, 

3S 

where objects of Ban^ 1 ^ 1 (L) QS are those II in Ban^^(L) such that for every 
open bounded G-invariant lattice B in IT the irreducible subquotients ofQ®ok 
lie in 23. 



Let Bang™- fl (L) s be the full subcategory of Ban G d ™(L) s consisting of objects 
of finite length. 

Corollary 1.9. Suppose that *B contains an absolutely irreducible represen- 
tation. We have a natural equivalence of categories 

Bang^L)® = Bang^^L)®. 

neMaxSpcci?P s ^ C£ [l/p] 

The category Ban G |?' (L)® is anti- equivalent to the category of modules of 
finite length of the n-adic completion of E<%[l/p]. 

To explain the last equivalence let II be an object of Ban G ?' (L)^ and choose 
an open bounded lattice O in II. For each n > 1, Q/zu n Q is an object of 
Mod G ^((9). Since R^f 6 is naturally isomorphic to the centre of the category 
Mod G ^((9), it acts on Q/w n Q. By passing to the limit and inverting p 
we obtain an action of R^p[l/p] on II. By definition II is an object of 
Ban G a 1 ' (L)^ if and only if it is killed by a power of maximal ideal n. The 
corollary is essentially an application of the Chinese remainder theorem. If 
n corresponds to an absolutely irreducible pseudo-character one may show 
that the n-adic completion of E<g[l/p] is isomorphic to a matrix algebra over 
the n-adic completion of R^f £ [l/p\. We obtain: 

Theorem 1.10. Let n be a maximal ideal of i?f r s ' [1/p] with residue field 
L and suppose that the corresponding pseudocharacter T„ is absolutely irre- 
ducible. Then the category Ban G ^' (L)^ is naturally equivalent to the cat- 
egory of modules of finite length of the n-adic completion o/ it£ r s ' [1/p] . In 
particular it contains only one irreducible object IT n . The Banach space rep- 
resentation II n is non-ordinary, and is the unique irreducible admissible uni- 
tary L-Banach space representation of G with a central character satisfying 
trV(II n )=T n . 

Theorem 1.11. Let n be a maximal ideal of R^'^ [l/p] with residue field L 
and suppose that the corresponding pseudocharacter is equal to ipi + ip2, where 
ipi,ip2 '■ Gq p — > L x are continuous group homomorphism. Then the irreducible 
objects o/Ban G ^™' fl (L)^ are irreducible subquotients of (Indp-^i ®*l J 2£~ 1 )cont 
and (Indp^ 2 ® ^\B~ x \ mit , where we consider ipi,ip2 as characters ofQ* via 
the class field theory and e(x) := x\x\, for all x G 



£• 



1.2 A sketch of proof 

Let G be any p-adic analytic group. Let Modg n ((9) be the category of smooth 
representations of G on (9-torsion modules and let Mod G n (0) be the full 
subcategory of Mod^ rl ((9) consisting of locally finite representations. Let 
Mod G (0) be a full subcategory of Mod G n (0) closed under arbitrary direct 
sums and subquotients in Mod G n (0). An example of such category Mod G (C) 
can be Mod G n (C) itself, or Mod G n (A;) the full subcategory consisting of 
objects killed by w, or Mod G "(C) the full subcategory consisting of objects 
on which Z, the centre of G, acts by the character (, but there are lots of 
such categories. It follows from [3H §11] that every object in Mod G (0) has 
an inject ive envelope. 

Instead of working with torsion modules we prefer to work dually with com- 
pact modules. Let if be a compact open subgroup of G and let Mod G oaug ((9) 
be the category of profinite C?[[//]]-modules with an action of 0[G] such that 
the two actions are the same when restricted to C?[-ff]. This category has been 
introduced by Emerton in [30J. Sending tt to its Pontryagin dual 7r v induces 
an anti-equivalence of categories between Mod G 11 ((9) and Mod G roaug (C). Let 
€(0) be the full subcategory of Mod G roaug (C) anti-equivalent to Mod G (£>) 
via the Pontryagin duality and let C(k) be the full subcategory consisting of 
objects killed by w. Since anti-equivalence reverses the arrows every object 
in C(0) has a projective envelope. 

Let 7r be an irreducible object of Mod G (C) such that End G (7r) = k. Let 
S := 7r v and P -» S a projective envelope of S in C(0). We assume the 
existence of an object Q in €(k) of finite length, satisfying the following 
hypotheses: 

(HI) Eom m (Q, S') = 0, VS" G lvv(€(k)), S ¥ S'; 

(H2) S occurs as a subquotient in Q with multiplicity 1; 

(H3) Ex4 (fc) (Q, 5") = 0, VS" G Irr(C(*)), S ? S>; 

(H4) Ext£, k J Q,S) is finite dimensional; 

(H5) Ext|( fe )(Q, R) = 0, where R = radQ is the maximal subobject of Q; 

(HO) Eom m {P[tu],R) = 0, 

where lrr(C(k)) denotes the set of irreducible objects in C(k) (or C(0)), and 
P\p\ denotes the kernel of multiplication by w. We encourage the reader 
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for the sake of this introduction to assume that Q = S then the only real 
hypotheses are (H3) and (H4). As an example one could take G a pro-p group 
and 7r the trivial representation, or G = Q* and n a continuous character 
from G to k x and Mod J G (0) = ModJf^O). 

The ring E := Endqp) (P) can be naturally equipped with a topology with 
respect to which it is a pseudo-compact ring. It can be shown, see SJ2J that E 
is a local (possibly non-commutative) ring with residue field Endc(fc)(S') = k. 
Since k is assumed to be finite E is in fact compact. In Proposition 13.81 and 
its Corollaries we show: 

Proposition 1.12. Suppose that the hypotheses are satisfied then the natural 
topology on E coincides with the topology defined by the maximal ideal; P is 
a flat E -module and k ®^ P = Q. 

Using this Proposition one can do deformation theory with non- commutative 
coefficients. Let 21 be the category of finite local (possibly non-commutative) 
artinian augmented (9-algebras with residue field k. The ring E is a pro- 
object in this category. A deformation of Q to A is a pair (M, a), where M 
is an object of C(0) together with the map of O-algebras A — > Endc(o)(M), 
which makes M into a flat A-module and a : k (3a M — Q is an isomorphism 
in C(k). Let Defg : 21 —$■ Sets be the functor associating to A the set of 
isomorphism classes of deformations of Q to A. We show in Theorem 13.251 
that: 

Theorem 1.13. Assume that the hypotheses are satisfied then the map which 
sends tp : E —¥ A to A®^ P induces a bijection between A x -conjugacy 

classes of Kom%(E , A) andDefq(A). 

If we restrict the functor Def^ to 2l ab , the full subcategory of 21 consisting 
of commutative algebras, then we recover the usual deformation theory with 
commutative coefficients. 

Corollary 1.14. Let E ab be the maximal commutative quotient of E then 
Def^(A) = Rom%(E ab ,A). 

Let LT be an admissible unitary Banach space representation of G in the sense 
of Schneider- Teitelbaum [5S] and let be an open bounded G-invariant lat- 
tice in IT. We denote by & d its Schikhof dual, & d := Hom^ ont (6, O) equipped 
with the topology of pointwise convergence. We have shown in [55] that 
there exists a natural topological isomorphism Q d = lim (G/tJ7 n @) v . Thus 



10 



Q d is an object of Mod£ oaug (0). Let Bang^ denote the full subcategory 
of the category of admissible Banach space representations of G, such that 
for some (equivalently every) open bounded G-invariant lattice B, Q d is an 
object of €(0). One may show that, since <£(0) is assumed to be closed 
under subquotients in Modg roaug (C > ), the category Ban^^ is abelian. The 

idea is instead of studying Banach space representations study ^-modules 
Hom £(0) (P, B d ) and m(IL) := Hom c(0) (P, 6 d ) ® a L. 



Lemma 1.15. The (possibly infinite) dimension of m(Il) is equal to the 
multiplicity with which tc occurs in ®q k. 

This is the ccfe-triangle of Serre, see §15 of [59] . 

Proposition 1.16. Suppose that the centre Z of E is noetherian and E is 
a finitely generated Z-module. If II in Baiiw™ is irreducible then m(Il) is 
finite dimensional. 

Let Banw0-j fl denote the full subcategory of Ban^^ consisting of objects of 
finite length. Let Kerm be the full subcategory of Banj^-j* 1 consisting of 
those LT such that m(Il) = 0. It follows from Lemma \1. 151 that IT is an object 
of Ker m if and only if 7r does not appear as a subquotient of the reduction 
of G modulo w. Since P is projective one may show that the functor m is 
exact and so Ker m is a thick subcategory. We denote the quotient category 
byBanggf/Kerm. 

Theorem 1.17. Suppose that the hypotheses (H0)-(H5) hold and Q is a 
finitely generated 0[[H]}-module for an open compact subgroup H of G. As- 
sume further that the centre of E is noetherian and E is a finitely generated 
module over its centre. Then the functor m induces an anti- equivalence of 
categories between Ban^j" / Ker m and the category of finite dimensional 

L-vector space with a right E[l/p\- action. 

Corollary 1.18. Under the assumptions of Theorem \1.17\ the functor m 
induces a bisection between isomorphism classes of: 

(i) irreducible finite dimensional right E[l/p]-modules; 

(ii) irreducible LT in Baiiw™ such that n occurs as a subquotient of Q/zuQ 
for some open bounded G-invariant lattice 8 mil. 

Moreover, LT is absolutely irreducible if and only if m(II) is absolutely irre- 
ducible as E[l/p]-module. 
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The inverse functor to m in Theorem 11.171 is constructed as follows. Let 
m be a finite dimensional E[l/p] -module. Let m° be any finitely generated 
.E-submodule of m, which contains an L-basis of m. Our assumptions imply 
that E is compact and noetherian, thus m° is an open bounded CMattice in 
m. Since P is a flat E- module by Proposition II . 121 we deduce that m° 0^ P is 
(9-torsion free. Let Il(m) := Hom™^!!! ®^ P, L) with the topology induced 
by the supremum norm. One may show that the natural map II — > Il(m(n)) 
in Banw^x is an isomorphism in the quotient category. If II is irreducible and 
m(Il) ^Owe deduce that the natural map II — > Il(m(n)) is an injection. Let 
m be the multiplicity with which it occurs as a subquotient of 6/ro6. Lemma 
II. 151 says that dim^ m(II) = m and thus m° is a free (9-module of rank m and 
so m°cg>0fc is an m-dimensional fc-vector space. It follows from the Proposition 
11.121 that the semisimplification of (m° £g>g P) ®q k = (m° <S)q k) ®^ P is 
isomorphic to the semisimplification of Q® m . Using this we obtain: 

Corollary 1.19. Suppose the assumptions of Theorem \1.11\ are satisfied. 
Let II in Ban^^-, be irreducible and suppose that tt occurs as a subquotient of 
0/ro6 then 

nc((Q® m ) v ) ss , 

where IT denotes the semi-simplification ofQ/wQ andm the multiplicity with 
which n occurs in II. 

From the hypotheses one may deduce that ExtL^JQ, Q) is finite dimensional 

and so Corollarv ll.l4l implies that the tangent space of E is finite dimensional. 
Thus if E is commutative then it is noetherian. The irreducible modules 
of E[l/p] correspond to the maximal ideals and the absolutely irreducible 
modules correspond to the maximal ideals of E[l/p] with residue field L. In 
particular, the absolutely irreducible modules are 1-dimensional. Hence, we 
obtain: 

Corollary 1.20. Suppose that the hypotheses (H0)-(H5) hold and Q is a 
finitely generated 0[[H]]-module for an open compact subgroup H of G and 
E is commutative. Then for every absolutely irreducible II in Ban|^ such 
that it is a subquotient in Q/wQ we have II C (Q v ) ss . 

In Theorem 13.381 we devise a criterion for commutativity of E. 

Theorem 1.21. Let d := dimExtL fc \(Q, Q) and r = \_~\. Suppose that the 
hypotheses (H0)-(H5) are satisfied and that there exists a surjection E -» 
0[[xi, . . . ,Xd}}. Further, suppose that for every exact sequence 

-)• Q® r -)• T ->■ Q ->■ (1) 
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with dim Hom € ( fc ) (T, S) = 1 we have dim ExtL fc s (T, 5) < 2 - + d i/ien 
^^0[[xi,...,a; d ]]. 

Recall that up to now G was an arbitrary p-adic analytic group and the cate- 
gory Mod G (0) was any full subcategory of Mod G n (0) closed under arbitrary 
direct sums and subquotients in Mod G n (0). Now we apply the formalism 
to G = GL 2 (Q P ) and Mod^(O) = Modg^(O), where C is a fixed central 
character. We show in Proposition 15.131 that injective objects in Mod G n JO) 
are also injective in Mod^JO) and this implies that they are p-divisible and 

hence projective objects in C(0) are C-torsion free. Thus P[w\ = and so 
the hypothesis (HO) is satisfied. Results of Breuil [16] and Barthel-Livne [2] 
imply that any object of finite length in Mod^(C) is admissible, dually this 
means that every object of finite length in €(0) is a finitely generated C?[[if]]- 
module, where H is any open compact subgroup of G. Thus to make the 
formalism work we only need to find Q and be able to compute Ext-groups. 

One has to consider four separate cases corresponding to the shape of the 
block 03 described in §1.11 In the generic cases (i) and (ii), Q is the Pontryagin 
dual of what Colmez calls atome automorphe, that is in case (i) Q = S = 7r v , 
in case (ii) Q = k v where k is the unique non-split extension between the 
two distinct principal series representations which lie in the block 55 and 
S is the cosocle of Q. In £J6] and §7.31 we verify that the hypotheses (Hl)- 
(H5) are satisfied. Thus by Theorem 11.131 the endomorphism ring E of a 
projective envelope P of S in €(0) represents a deformation problem of Q 
with non-commutative coefficients. Using the results of Kisin [3H] we show 
that the functor V : £(£>) ->■ Repg Qp (C), M ^ V(M v ) v ((e) induces a 

morphism of deformation functors of Q and V(Q) and a surjection E' 
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R e ^, y where R^ (Q) is the ring representing a deformation problem of V(Q) 
with commutative coefficients and determinant equal to e(. This argument 
uses the density of crystalline points in the deformation space and essentially 
is the same as in [38], except that Kisin deforms objects in Mod G ^((9) and 
we deform objects in the dual category £,(0). In the generic cases the ring 
R^ fo) is formally smooth and thus a further Ext computation enables us to 

deduce from Theorem 11.211 that V induces an isomorphism E = R^ fn -, ■ In 

V [Q) 

particular, E is commutative and Corollary 11.201 applies. 

The non-generic cases are much more involved. Let n = lnd B x ® X^ _1 . In 
case (iii), OS = {7r} and we show in ^S] that the hypotheses (H1)-(H5) are 
satisfied with Q = S = 7r v . One may further show that the dimension of 
Ext € / k \(Q,Q) is 2 and there exists a surjection E -» C[[x,y]], but the last 
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condition in Theorem 11.211 fails. However, we can still compute E using the 
fact that V induces a morphism of deformation functors. Let R 1 ^! be the 
universal deformation ring parameterising 2-dimensional pseudocharacters of 
Qq p with determinant (e lifting x+X and let T : Qq p — y R^ be the universal 
pseudocharacter. We show that E is naturally isomorphic to R^J [[Qq p ]]/J, 
where J is a closed two-sided ideal generated by g 2 — T(g) + (e(g) for all 
g G Qq v - This time we use in an essential way that we allow the coefficients 
in our deformation theory to be non-commutative. We then show that the 
absolutely irreducible modules of E[l/p] are at most 2-dimensional, thus 
using Lemma Tl. 151 and Corollaries ll.l8l l l.l9l we obtain that if II is absolutely 
irreducible and II contains n then II C it® 2 . The idea to look for E of this 
shape was inspired by [TTj . 

The last case when the block contains 3 distinct irreducible representations 
is the hardest one. The new feature here is that we need to pass to a certain 
quotient category for the formalism to work. This reflects that the deforma- 
tion ring on the Galois side is not formally smooth. We invite the reader to 
look at the introduction to §9] for more details. 

If is an open bounded G-invariant lattice in an admissible unitary L- 
Banach space representation II of G with a central character ( then Q/wQ 
is an admissible ^-representation of G and thus contains an irreducible sub- 
quotient. After replacing L with a finite extension we may assume that 
the subquotient is absolutely irreducible and thus lies in one of the blocks 
considered above. 

A large part of this paper is devoted to calculations of Ext groups between 
smooth k- representations of GL 2 (Q P ). These calculations enable us to apply 
a general formalism developed in §0 and §HJ This is the technical heart of 
the paper and where the restrictions on the residual characteristic appear. 
We also use in an essential way that the group is GL 2 (Q P ). There are two 
^-spectral sequences at our disposal. One is obtained from the work of 
Ollivier [50] and Vigneras [51] on the functor of invariants of the pro-p Iwahori 
subgroup of G, see §5.41 The other is due to Emerton [3T] and is induced by 
his functor of ordinary parts, see §7.11 



1.3 Organization 

The paper essentially consists of two parts: in §2J §3] and §H we develop a 
theory which works for any p-adic analytic group G provided certain condi- 
tions are satisfied; in the rest of the paper we show that these conditions are 
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satisfied when G = GL 2 (Q P ) and p > 5. The appendix contains some results 
on deformation theory of 2-dimensional Gq -representations. 

We will now review the sections in more detail. In £j2jwe introduce and recall 
some facts about locally finite categories. In §21 we setup a formalism with 
which we do deformation theory with non-commutative coefficients in §3.11 
In section 13.31 we device a criterion with the help of which one may show 
that the deformation rings we obtain in §3.11 are in fact commutative. This 
criterion will be applied in the generic cases when G = GL 2 (Q P ), that is when 
the deformation ring on the Galois side is formally smooth. In §H we work 
out a theory of blocks for admissible unitary Banach space representations 
of a p-adic analytic group G. Using the work of Schneider- Teitelbaum [58] 
(and Lazard |44| ) one can forget all the functional analytic problems and the 
theory works essentially the same way as if G was a finite group. This section 
up to §4.11 is independent of §3] and the results are somewhat more general 
than outlined in §1.21 In §4.11 we establish a relationship between Banach 
space representations and the generic fibre of a (possibly non- commutative) 
ring E representing a deformation problem of §3.11 In the applications the 
ring E turns out to be a finitely generated module over its centre and the 
centre is a noetherian ring. We show in §H that when these conditions are 
satisfied we obtain nice finiteness conditions on Banach space representations. 
Starting from §21 G = GL 2 (Q P ) and p > 5. The sections El El El El correspond 
to *B being as in the cases (i), (ii), (iii) and (iv) of §1.11 The argument in 
the generic cases is outlined in §5.81 

1.4 A speculation 

It is well known, see for example [20], [SB], [22], that if G ^ GL 2 (Q p ) then 
there are too many representations of G to have a correspondence with Galois 
representations. One possible purely speculative scenario to remedy this, 
would be that a global setting, for example a Shimura curve, cuts out a 
full subcategory of Mod ? G (0) of Mod G n (0), closed under direct sums and 
subquotients and for this subcategory results similar to those described in 
§1.11 hold. Moreover, different global settings with the same group G at p 
would give rise to different subcategories Mod' G (0). For this reason we have 
taken great care in j|3]and §4] to work with an arbitrary p-adic analytic group 
G and arbitrary full subcategory Mod G (0) of Mod G n (0), closed under direct 
sums and subquotients. 

Acknowledgements. I thank Eike Lau, Michael SpieB and Thomas Zink for 
numerous discussions on various aspects of this paper. I thank Ehud de 
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Shalit and Peter Schneider for inviting me to present some preliminary re- 
sults at Minerva School on p-adic methods in Arithmetic Algebraic Geometry, 
in April 2009 in Jerusalem. I especially thank Peter Schneider for pointing 
out the necessity of working with admissible Banach space representations. 
I have benefited from the correspondence with Gaetan Chenevier on defor- 
mation theory of Galois representations and pseudocharacters, and I thank 
him especially for pointing out [3]. I would like to thank Pierre Colmez for 
encouraging me to work on this problem. Parts of the paper were written 
at the Isaac Newton Institute during the programme "Non-Abelian Funda- 
mental Groups in Arithmetic Geometry" and at the IHP during the Galois 
semester. 



2 Notation and Preliminaries 

Let L be a finite extension of Q p , with the ring of integers O, uniformizer w, 
and k = O/wO. Let G be a topological group which is locally pro-p. Later 
on we will assume that G is p-adic analytic and the main application will be 

to G = GL 2 (Q P ) with p > 5. 

Let (A, til) be a complete local noetherian (9-algebra with residue field k. 
We denote by Mod G (A) the category of A[G]-modules, Modg n (A) the full 
subcategory with objects V such that 



v = {Jv H 



™ J, 

H,n 

where the union is taken over all open subgroups of G and integers n > 1 and 
V[m n ] denotes elements of V killed by all elements of m n . We will call such 
representations smooth. Let Mod l Q n (A) be a full subcategory of Mod G n (A) 
with objects smooth G-representation which are locally of finite length, this 
means for every v G tt the smallest A [G]-sub module of tt containing v is of 
finite length. These categories are abelian and are closed under direct sums, 
direct limits and subquotients in Mode (A), that is if we have an exact se- 
quence ->■ 7ri -)■ 7r 2 -)■ 7r 3 -> in Mod G (v4) with n 2 an object of Mod l Q n (A) 
then 7Ti and 113 are objects of Mod G n (A). It is useful to observe: 

Lemma 2.1. Let r be an object o/Mod G n (y4) and Hom j 4[c](vr, r) = for all 
irreducible % in Mod G n (A) then r is zero. 

We note that the lemma fails in Mod^ n (/c). In practice, we will work with 
a variant of the above categories by fixing a central character. Let Z be 
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the centre of G and C, : Z — > A x a continuous character. We will denote 
by Mod G ^(A) the full subcategory of Mod G (A) consisting of those objects 
on which Z acts by a character (. If we have a subgroup H of G then the 
subscript ( in Mod' Hi -(A) will indicate that Mod Ht *(A) is a full subcategory 
of Modj^(v4) with objects precisely those n such that zv = ((z)v for all 
z £ Z C\ H and all v G 7T. 

We recall some standard facts about injective and projective envelopes, see 
[Ml §11.5]. Let A be an abelian category a monomorphism t : iV — > M is 
essential if for every non-zero subobject M' of M we have l(N) D M' is non- 
zero. An injective envelope of an object M in A is an essential monomorphism 
l : M ■— > / with / an injective object of .4.. An epimorphism q : M -» N 
in „4 is essential if for every morphism s : P — >• M in ^4 the assertion " gs is 
an epimorphism" implies that s is an epimorphism. A projective envelope of 
an object M of A is an essential epimorphism P -» M with P a projective 
object in A. If an injective or projective envelope exists then it is unique 
up to (non-unique) isomorphism. So by abuse of language we will forget the 
morphism and just say I is an injective envelope of M or P is a projective 
envelope of M. 

Lemma 2.2. The categories Mod s ^(A), Mod^A), Mod^LA), Modg(A) 
have generators and exact inductive limits. 

Proof. Let 

A:=0c-Ind^A/m n 

P,n 

where the sum is taken over all open pro-p groups of G and positive integers 
n then for V in Mod^A) we have 

Hom A[G] (c-Ind^A/m n , V) S ^ p [m n ] 

Hence, 



Hom A[G] (X,^)^J]^[m n ] 



Since V is a smooth representation the above isomorphism implies that X is 
a generator of for Mod s ( ^ i (A). 

Let C : Z — > A x be a continuous character and let £ n : ^ — >• (A/w n A) x be 
the reduction of ( modulo m n . Since ( is continuous given an open pro-p 
group V of G we may find an open subgroup V of P such that ( n is trivial 
on P' fl Z. In this case it makes sense to consider ( n as a character of ZV. 
Let X( := P n c-Ind ZP ( n where the sum is taken over all n > 1 and all 
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open prop groups V of G such that ( n is trivial on V fl Z. Then the same 
argument as above gives that X^ is a generator in Mod s ™JA). 

Let T (resp. J 7 ^) be the set of quotients of X (resp. X<*) of finite length. 
Then 7 (resp. J" c ) is a set of generators in Mod 1 G fin (A), (resp. Mod^(^)). 

It is clear that all the categories have inductive limits. The exactness of 
inductive limits follows from [31] Proposition 1.6 (b). □ 

Corollary 2.3. The categories in Lemma \2.2\ have injective envelopes. 

Proof. Every object in a category with generators and exact inductive limits 
has an injective envelope, see Theorem 2 in [MJ §11.6]. □ 

Lemma 2.4. The categories Mod G n (A) and Mod G A (A) are locally finite. 

Proof. Both categories have a set of generators which are of finite length, 
namely T and J-^ constructed in the proof of Lemma 12.21 Hence they are 
locally finite, see §11.4 in [31] for details. □ 



An object V of Mod s <^(A) is called admissible if V^ [m l ] is a finitely generated 
A-module for every open subgroup H of G and every % > 1; V is called locally 
admissible if for every v G V the smallest A[G]-submodule of V containing v 
is admissible. Let Mod l Q dm (A) be a full subcategory of Modg n (v4) consisting 
of locally admissible representations. Emerton in [30] shows that if G is p- 
adic analytic then Modg m (A) is abelian. Moreover, it follows from [301 Thm 
2.3.8] that if G = GL 2 (Q p ) then Modg(A) = Modg m (A). It is not known 
whether this holds in general. 

Let if be a compact open subgroup of G and A[[.ff]] the completed group 
algebra of H. Let Mod G oaug ((9) be the category of profinite linearly topo- 
logical A[[_ff]]-modules with an action of A[G] such that the two actions are 
the same when restricted to A[H] with morphisms G-equivariant continuous 
homomorphisms of topological A[[i7]]-modules. Since any two compact open 
subgroups of G are commensurable the definition does not depend on the 
choice of H. Taking Pontryagin duals induces an anti-equivalence of cate- 
gories between Modg n (A) and Mod^ roaug (A), see Lemma 2.2.7 in [30J. By 
Pontryagin dual we mean 

M v :=Hom^ nt (M,L/£>), 

where L/O carries discrete topology and M v is equipped with compact open 
topology. We have a canonical isomorphism M vv = M. 
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We note that the duality reverses the arrows, and so if Mod G (A) is a full 
abelian subcategory of Mod G n (A) then we may define a full subcategory C(A) 
of Mod G oaug (A) by taking the objects to be all M isomorphic to 7r v for some 
object it of Mod G (A). The category <L(A) is abelian and if M.od G (A) has 
exact inductive limits and injective envelopes then €(A) has exact projective 
limits and projective envelopes. 

Let Mod G (A) be a full subcategory of Mod G n (A) closed under arbitrary 
direct sums and sub quotients in Mod G n (v4). Since Mod G n (A) has exact in- 
ductive limits so does Mod G (A). Moreover, Mod G (A) has a set of generators 
of finite length, one may just take a subset of T constructed in the proof 
of Lemma 12.21 consisting of objects that lie in Mod G (A). Hence, \l\od G {^A) 
is locally finite and has injective envelopes. We may define a full subcat- 
egory t(A) of Mod G ° aug (A) by taking the objects to be all M isomorphic 
to 7r v for some object 7r of Mod G (A). The category C(A) is anti-equivalent 
to Mod G (A). In particular, it is abelian, has exact projective limits and 
projective envelopes. 

Let 7Ti,...,7r„ be irreducible, pairwise non-isomorphic objects in Mod G (^4) 
and let i : 7Tj M- Jj be an injective envelope of 7Tj in Mod G (A). Let Si := %/ , 
Pi := jy and K := i v then k : Pi -» Si is a projective envelope of Si in 
£(A). We put n := ©" =1 vtj then J := ©™ =1 Jj is an injective envelope of 7r and 
P := J v is a projective envelope of 5 := 7r v = ©^^j in €(A). Let 

E:=End e;(yl) (P). 

Each quotient q : P -» M defines a right ideal of E: 

t(M) := {0G £ : go0 = O}. 

We define the natural topology on E 1 by taking t(M) with M of finite length 
to be a basis of open neighbourhoods of in E. With respect to the natu- 
ral topology £ is a pseudo-compact ring, see Proposition 13 in [3H §IV.4]. 
Moreover, m := t(S) is the Jacobson radical of E and 

n 

E/m = End €{A) (S) 9* l[End €(A) (Si), 

8=1 

see Proposition 12 in [341 §IV.4] for the first isomorphism; the second holds 
since 7Tj are irreducible and distinct. Since 7Tj is irreducible End^) (Si) is a 
skew field over k. We assume for simplicity that End G (7Tj) is finite dimen- 
sional for < i < n. This holds if 7Tj are admissible. Since A; is a finite field, 
hi := End£(A)(Si) is a finite field extension of k. Hence, E/m is a finite di- 
mensional fc-vector space and, since k is assumed to be finite, E is a compact 
ring. Thus all the pseudo-compact modules of E will be in fact compact. 
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Corollary 2.5. If S is irreducible then every a&E,a^m.isa unit in E. 

Proof. It follows from the proof of Proposition 12 in [MJ §IV.4] that the series 
Si>o x% converge in E for all x £ m and hence every element of 1 + m is a 
unit in E and also every element of(9 x +m = (9 >< (l + m) is a unit in E. In 
general, let a £ E, a £" m then since End^^S 1 ) is a finite field extension of 
k we may find oo, • • • , a n -i £ O such that a n + a„_ia n_1 + . . . + a + = 0, 
with a £ O x and (3 £ m. Hence, a(a ?1 " 1 + . . . + Oi)(— o - /3) _1 = 1. □ 

Corollary 2.6. If S is irreducible then the centre Z of E is a local ring with 
residue field a finite extension of k. 

Proof. Let m be the maximal ideal of E. Let a £ Z such that a (jL m . It 
follows from Lemma [2.51 that a is a unit in E. However, this implies that a 
is a unit in Z as for any c £ E we have 

a~ l c — caT x = (a~ l c — ca~ 1 )aa~ 1 = (c — c)a~ l = 0. 

Hence (Z, ZDxa) is a local ring. The last assertion follows since End C ( J 4)(S') is 
a finite extension of k and we have injections O jwO <— £■ Z/(Znm) <— >■ E/m. 

□ 

Lemma 2.7. TTie action of E on P is continuous. The topology on P is 
E -linear. 

Proof. The topology on P is CMinear. Let M be an open 0-submodule of 
P. Then P/M is finite, and hence 

r := A[G] . (P/M) v C P v 

is a smooth representation of G of finite length. Dualizing back, we obtain 
a factorisation P ^> t v -^> P/M. Then t(r v ) is an open right ideal in E for 
the natural topology. 

Let ev : E x P — > P be the natural map, then ev _1 (M) will contain t(r v ) x P, 
which is open neighbourhood of in E x P. Hence ev _1 (M) is open and so 
the action of E is continuous. 

Since E with the natural topology is a pseudo-compact ring, P/r(r v ) is 
a right P-module of finite length. Since E modulo its Jacobson radical is a 
finite dimensional k- vector space by assumption, we may choose 0i, . . . , <p m £ 
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E such that 4>i + t(r v ), • • • i 4>m + tr ( rV ) generate E/x(r y ) as an 0-module. 
We may assume that <pi is the identity map. We claim that 

in 

{veP: <f){v) G M, \/<f) G E} = f] (f); 1 (M) (2) 

i=i 

The left hand side of (T5J) is equal to ^\^ E (t)~ l {M) and so is contained in 
the right hand side. Since P — > P/M factors through q : P — > r v the 
kernel of g is contained in M. Hence for all ip G t(r v ) and all v G P we 
have ip(v) G M. Since M is an O- module and every cj) E E may be written 
as 4> — YlT=i ^i^i + Vs where A, G O and t/> G t(r v ), we get the opposite 
inclusion. 

The right hand side of (TS]) is an open 0-submodule of M and the left hand 
side is a left P-module. Hence the topology on P is P-linear. □ 

Let m be a right pseudo- compact P-module, for definition and properties 
see §IV.3 of [31]. Let {m.i} ie j be a basis of open neighbourhoods of in m 
consisting of right E- modules and let {Pj}j & j be a basis of open neighbour- 
hoods of in P consisting of left P-modules. We define the completed tensor 
product 

m® E P : = lim(m/nii) ® E (P/Pj), 

where the limit is taken over I x J. Since m/nij and P/Pj are P-modules 
of finite length and E modulo its Jacobson radical is a finite dimensional 
k- vector space, m/nij and P/Pj are (9-modules of finite length and hence the 
limit exists in the category of compact O-modules. By the universality of 
tensor product we have a natural map m ®_b P — > m ®b P, and we denote 
the image of m <8> v by m <8> v . 

Lemma 2.8. meg^P is an object of£(A). 

Proof. The functor <S>e P is right exact and commutes with direct products, 
see [221 Exp VII B ], [2H Lem. A.4]. Hence, if m = ]\ ieI E for some set I 
then m ®e P — Yliei P- Since direct products exist in C(A) we deduce that 
m®£;P is an object of C(A), In general, we have an exact sequence of E- 
modules Yliei ^ ~~ *" YljeJ P ~ >" m — >■ for some sets / and J. Since ®e P is 
right exact we deduce that m <g> E P is the cokernel of Yliei P ~~ ^ YljeJ ^ an< ^ 
hence is an object of C(A). D 
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Since P -» S is essential we have Hom^) (P, S') = for all irreducible 
objects of £(A) not isomorphic to Si for 1 < i < n, and 

n 

Hom e(A) (P, S) = End €(A) (S) = J] k t . 

Thus if M is an object of €(A) of finite length then Hohi^a) (-P, M) is a right 
P-module of finite length. If M is any object of C(A) then we may write M = 
limMj with M t of finite length, and Hom £(j4) (P, M ) = lim Hom c(A) (P, Af<) 

is a pseudo-compact P-module. Let us also note that, since E ®e P = P = 
E ®e P, for any finitely presented right pseudo-compact P-module m we 
have an isomorphism m ®£ P = m ®e P ■ 

Lemma 2.9. Let m be a compact E-module then Hom^) (P, m §)# P) — m - 

Proof. If m = Yliei P ^ or some se ^ I then m (§>£ P = Hie/ P anc ^ hence 
Hom €(A) (P,m§ s P) =* Eom £{A) {P,Yl ieI P) =* Uiei E - m - In general, we 
have an exact sequence of P-modules Yliei P ~~ *" IXeJ -K — >• m — > for 
some sets I and J. Applying ®eP and then Hom £ ( A )(P, *) to it we get the 
assertion. □ 

Lemma 2.10. Let M be in €(A) such that Rom €{A) (M, S') = for all 
irreducible S' not isomorphic to Si for 1 < % < n, then the natural map 

Rom €(A) (P, M)® E P -» M (3) 

is surjective. 

Proof. Let C be the cokernel. Lemma [2.91 implies that Honw^) (P, C) = 0. 
Using the exactness of Hom £ ( A )(P, *) we deduce that Hom^) (C, S) = 0. 
Since C is a quotient of M this implies that Hom^) (C, 5") = for all 
irreducible objects of £. This implies that C — 0. □ 

Lemma 2.11. Let M be an object of€(k) and let q : P -» M be a projective 
envelope of M in €(0), then P/va"P -» M is a projective envelope of M in 
£((D/zo n O). 

Proof. Let q n : P -» M be a projective envelope of M in <£((D/zu n O). Since 
P is projective and q n is essential there exists : P —¥ P such that q = g„o0. 
Since w n kills P, factors through P/w n P, which lies in <L{0/m n O). Since 
P is projective in this category, the surjection splits and we have P jw n P = 
P © N. Let ip : P —)■ N be the natural map, then the composition Kerip '—¥ 
P ^> M is surjective. As g is essential we get Kerip = P and hence N = 0, 
which gives the claim. □ 
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3 The formalism 

Let £ be a full abelian subcategory of Mod^ roaug ((9) closed under direct 
products and subquotients in Mod^ roaug (C). Note that this implies that <£ is 
closed under projective limits. We further assume that every object M of € 
can be written as M = limMj, where the limit is taken over all the quotients 

of finite length. 

Dually this means that M v is an object of Mod 1 J in (C). We denote by Irr(C) 
the set of equivalence classes of irreducible objects in £ and note that the 
last assumption implies that if M is an object of £. and Hom<r(M, S') = for 
all S' G Irr((£) then M is zero. We denote by radM the intersection of all 
maximal proper subobjects of M. 

Let S be an irreducible object of € with End^S*) = k. We assume the exis- 
tence of an object Q in € of finite length, satisfying the following hypotheses: 

(HI) Hom c (Q, S') = 0, VS" G Irr(C), S ¥ 3'; 

(H2) S occurs as a subquotient in Q with multiplicity 1; 

(H3) Extl{Q, S') = 0, VS" e Iit(C), S ¥ S'; 

(H4) Ext £ (Q, S) is finite dimensional; 

(H5) Ext|(Q, R) = 0, where R = radQ is the maximal subobject of Q. 

Hypotheses (HI) and (H2) imply that Homc(Q, S) is one dimensional and 
that Q has a unique maximal subobject and if we choose a non-zero ip : Q — > 
S then we obtain an exact sequence: 

->■ R -> Q 4 5 -)■ 0. (4) 

We note that </? is essential. Since if we have ip : A — > Q such that </? o ip is 
surjective, then Hom^Coker-?/;, S") = for all S' € Irr(<£) and so Coker ip = 0. 

Lemma 3.1. Equation (j4j) induces an isomorphism 

Ext 1 € {Q,Q)^Ext 1 € {Q,S) (5) 



and an injection 



Extl(Q,Q)^Extl(Q,S). (6) 
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Proof. We apply Hom £ ((5, *) to (TjJ. The injectivity of (jBJ) and surjectivity 
of (jSD follows from (H5). To show the injectivity of (jSJ) it is enough to show 
that FiXt^(Q,R) = 0. However, a more general statement follows from (H3). 
Namely, suppose that R' is of finite length and S is not a subquotient of R' 
then Ext^(Q, P') = 0. One argues by induction on the number of irreducible 
sub quotients of R' . □ 

Lemma 3.2. Let T be of finite length and suppose that T has a filtration by 
subobjects T\ such that T° = T and T l /T i+1 = Q® n \ for i > 0. Then (0} 
induces an isomorphism: 

Ex4(T,Q)^Ex4(T,S). (7) 

Moreover, Ext^T, S') = for all S' G Irr(C), S' p S. 

Proof. By devissage and (H3) we have Ext c (T, S') = for all S' G Irr(<£), 
5" ^ S. Since (H2) implies that S is not a subquotient of R, we deduce 
by devissage that Ext^(T, R) = 0. Further, devissage and (H5) imply that 
Ext|(T, R) = 0. Thus applying Hom(f(T, *) to to (jlj) we obtain the isomor- 
phism ([2j). □ 

re 

Let P -» S be a projective envelope of S in £. Note that since k is essential we 
have Hom c (P, S') = for all S' G Irr(£), 5' ^ 5, and dimHom c (P, 5) = 1. 
Since P is projective the functor Homc(P, *) is exact, and thus we get: 

Lemma 3.3. Let T be of finite length and let m be the multiplicity, with 
which S occurs as a subquotient of T . Then Hom<r(P, T) has q m elements, 
where q is the cardinality ofk. 

We note that since Q/radQ = S is irreducible and S occurs in Q with 
multiplicity 1, every non-zero G Hom^Q, Q) is an isomorphism. This 
implies that Q is killed by w. It follows from Lemma T3.3I that (H2) could be 
reformulated as 

(H2') dimHom c (P,Q) = 1. 

Since ip : Q -» S is surjective and P is projective, there exists 9 : P — >■ Q 
such that ip o 9 = k. Moreover, since y? is essential, is surjective. 

Lemma 3.4. There exists a unique filtration of P by subobjects P % such that 
P = p° ; pi/pi+i a* Q®« % w /i ere n . > 1 ; / or a // j > o, and every : F* -> Q 
factors through P l / P l+l . 
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Proof. If such nitration exists then it is unique as P° = P and P l+1 = 
P), Ker0, where the intersection is taken over all <p *= Hom^P 4 , Q). Since 
Hom^P, Q) is 1-dimensional we get that P l := Ker 9 satisfies the conditions. 
Suppose that we have defined P\ for < i < n. Consider the exact sequence: 

-»- P n ->■ P -»- P/P" -»■ (8) 

Let S" G Irr((£) then applying Homc(*,S") to OH]) we get an isomorphism 
Rom € (P n ,S') S Ex4 (P/P n , 5'). Since P is projective Ext£(P, *) = 0. We 
may apply Lemma O to T = P/P n and T l = P l /P n . We get 



Hom c (P n , S') = 0, VS" G Irr(£), S" ^ 5 
and d := dimHom e ;(P n , S) is finite. Hence, 

P7radP n ^^® d . 



(9) 



(10) 



We define fa : P n — > P n / rad P n — > S 1 , where the last map is projection to the 
i-th component. So <pi form a basis of Honi(r(P n , S 1 ). We apply Honi(r(*, Q) 
and Homc(*, S 1 ) to (jHJ) to get a commutative diagram 

Hom c (P", Q)-^* Ext* (P/P n , Q) 



Homo 







(P n , 5)^^ Ext^(P/P n , 5). 



The second vertical arrow is an isomorphism by Lemma [3.21 Hence the first 
vertical arrow is an isomorphism. Hence there exists ipi G Hom £ (P", Q), such 
that if o fa = fa. Then fa form a basis of Hom^P™, Q). Let 6 n : P n -» Q® d 
be the map t> >->■ (-^i(f), • • • , ipd(v))- We have a commutative diagram: 







erf 




5 ed 

P n -^^P n / rad P n . 

Since the vertical arrow is essential, we get that 6 n is surjective, and define 
pn+i := Ker^ n . Then 

where d = dimExt^(P/P ra , S). Moreover, we have 

d 
P n+1 = f]Kerfa = p| Kevip, 

%=l ^gHom c (P",Q) 

since fa form a basis of Hom£(P n , Q). D 
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Lemma 3.5. The natural map P — > \im P/P n is an isomorphism. 

Proof. Let J 7 be a set of quotients of P of finite length. Since P is an object of 
(£, we have P = lim N, where the limit is taken over all iV G J 7 . Since P/P n 

are of finite length, it is enough to show that for every quotient q : P -» N 
of finite length there exists n such that P n is contained in the kernel of q. 
Let N be a counterexample of minimal length m. If N is irreducible then, 
as K : P -» S is essential, we get that N = S and q = Xn for some A G fc. 
But then P 1 is contained in the kernel of q. Hence, m > 1 and we may 
consider an exact sequence 0— > S' — > N — > N' — > 0, with 5" irreducible and 
N' non-zero. The minimality of m implies that there exists n such that P n is 
contained in the kernel of q' : P — > N — > N'. Since by assumption P n is not 
contained in the kernel of q, we obtain a non-zero map q : P n — > S'. Since 
S' is irreducible, radP n is contained in the kernel. As by construction P n+l 
is contained in rad P n we obtain a contradiction. □ 

K 

Definition 3.6. Let P -» S be a projective envelope of S in £. We set 
E := End c (P) and 

va:= {(f) e E : no(j) = 0}. 

A priori m is only a right ideal of E. Since P is projective we get a surjection 
Hom<r(P, P) -» Hom e ;(P, S). Now dim Home; (P, S) = 1, and hence any <f> e E 
may be written as = A + ^, where A 6 (9 and ip 6 ttl. Since the image 
of lies in the centre of P, this implies that m is a two-sided ideal and 
P/m =* End c (5) ^ fc. 

Lemma 3.7. VFe have m n P C P™ /or n > 0. Moreover, mP = P 1 so t/iat 
P/mP ^ Q. 

Proof. Recall that k : P ^ S factors through 9 : P -» Q. If 6 ttl then # o 
maps P to R = r&dQ. Since Hom^P, P) = 0, we obtain 9 o = 0. Thus 

m = {0eP: 0o0 = O}. (12) 

Hence, mP CP' = ker 9. We fix n > 1 and we claim that if % < n then for 
all ip G Home:(P, P/P l ) and G m n we have ip o = 0. The claim applied to 
the natural map P —¥ P/P n implies m n P C P n . We argue by induction on 
i. If z = 1 then P/P 1 = Q, Hom^P, Q) is 1-dimensional, spanned by 9, and 
so the claim follows from (TTZj) . In general we have an exact sequence: 

->• Hom € (P, P'^/P 1 ) -+ Hom € (P, P/P 1 ) -> Hom c (P, P/P*" 1 ) -4- 0. (13) 
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Let ip G Hom,r (P, P/P z ), <pi G m" -1 and 2 G tn. The image of ip o <p l in 
Hom £ (?, P J ' P l ~ l ) is zero by the induction hypothesis. Hence, ip o <fi l induces 
a map from P to P 1-1 jP % = Q® d . Hence, ^0^0^ = 0. Now any G m n 
can be written as a linear combination of 0i o0 2 with 0i G m n_1 and 02 £ tn. 
Hence, -0 o = 0. 

We know, see (TTOj) . that P 1 /radP 1 = S' ed . Hence, there exists a surjection 
ped _» pi. For 1 < i < d let X { : P ->• P ffia! -> P 1 <-> P denote the 
composition, where the first map is inclusion to the i-th component. Then 
X { G E and k o X t = 0. So X { G m and P 1 = J2t=i X t P C mP. D 

Proposition 3.8. For n>0 we /iave: 
(%) m"P = P"; 
(ii) the natural map m n — > Hom£(P, m n P) is an isomorphism. 

Moreover, 

dimm n /m n+1 = dimHom £ (P n , S) = dimExt^(P/P n , S). (14) 

Proof. We note that both statements hold trivially for n — 0. Suppose that 
(i) and (ii) hold for n. Let d : = dimHom € (P n , 5) then P n /radP n S S© d , 
see (ITU1) . Since m n P = P" we get a surjection P ed -» m"P. For 1 < i < d 
let 

X< : P -> P® d ->■ m n P <->• P 

denote the composition, where the first map is inclusion to the i-th compo- 
nent. Then Xi G E and (ii) implies that Xi G m n . Suppose that G m then 
Xi o g m n+1 so the surjection P® d -» m n P -» m n P/m ,1+1 P factors through 

g®d s (p/ m p)© d _» m n P/m n+1 P (15) 

where the first isomorphism follows from Lemma 13. 71 On the other hand 
Lemma [3.71 gives m n+1 P C p n+1 and since m"P = P" we have a surjection 

m n P/m n+1 P -» P n /P n+1 =* Q« d (16) 

where the last isomorphism is (ITT]) . Since Q is of finite length the composition 
of (TT5|) and (1TB1) is an isomorphism. Thus m n P/m n+1 P = P n / P n+l and since 

m np = pn we get m n+lp = pn+1. 

It remains to show that the map m n+1 — > Hom £ (P,m n+1 P) is an isomor- 
phism. We apply Hom£(P, *) to the surjection P® d -» m n P to obtain a 
surjection: 

E ® d -» Hom £ (P, m n P) ^ m n , (17) 
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where [4>ii- • ■ i4>d) *-* J2i=i-^i ° 4>i- So every ip G m™ may be written as 
ip = ^2 i=1 Xi o 0j, with 0j G P. Let \ be the image of <f>i in P/m — k, 
then 0j — Aj G m and so ■?/> G X^=i ^i-^-i + m ™ +1 - Hence, dimm n /m ri+1 < d. 
We apply Hohi £ (P, *) to the surjection m n P -» m n P/m n+1 P to obtain a 
surjection: 

m n -» Hom c (P, m n P) -» Hom c (P, m n P/m n+1 P). (18) 

Now m n P/m n+1 P = Q ed and so dimHom tr (P,m"P/m n+1 P) = d. The com- 
position in ( Fl8|) factors through m n /m n+1 -» Hom £ (P, m n P/m n+1 P). So 
dimtn"/m n+1 > d. Hence, dimm n /m n+1 = d and the surjection is an isomor- 
phism. The commutative diagram with exact rows: 

^m n+1 ^m n ^m n /m n+1 ^0 



>• Hom(P, m n+1 P) *- Hom(P, m n P) *- Hom(P, m n P/m n+1 P) ^0. 

implies that m n+1 — > Hom£(P, m n+1 P) is an isomorphism. □ 

Corollary 3.9. The ideals m n are finitely generated right E-modules. 

Proof. This follows from (TT71) . □ 

Corollary 3.10. We have an isomorphism of O -modules: 

Hom e (P/m n P, P/m n P) = Hom £ (P, P/m n P) (19) 

and an isomorphism of rings: 

E/m n = End c (P/m n P). (20) 

Proof. Application of Hom^P, *) and Hom c (*, P/m n P) to — > m n P — > 
P — > P/m n P — ¥ gives exact sequences 

->■ Hom c (P, m n P) ->■ Hom<r(P, P) ->■ Hom £ (P, P/m n P) ->■ (21) 

->■ Hom ff (P/m n P, P/m n P) -> Hom £ (P, P/m n P) -► Hom £ (m n P, P/m n P) 

(22) 
Let G Hom (r (P,P/m n P). We may lift it to G P using (|2I]). Since m n 
is a two-sided ideal of P, we have 0(m n P) C m n P. Hence, <fi maps to zero 
in ( l2"2"j) . which implies (fT9~|) . The last assertion follows from Proposition 13.81 
(ii). □ 
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Corollary 3.11. We have E = limP/m n . 

Proof. Lemma I3"31 and Proposition 13.81 (i) imply that P = limP/m n P. Thus 

E = Hom € (P, lim P/m"P) £ lim Hom € (P, P/m n P) ^ lim P/m" (23) 

where the last isomorphism follows from Corollary 13.101 □ 

We note that since P/m n P is of finite length, (12"U1) implies P/m n is finite, so 
E is a pro-finite ring. Moreover, P/m n P is (trivially) a topological E/va n - 
module (for the discrete topology on P/m n ) and hence P is a topological 
P-module. 

Corollary 3.12. There exists a set I such that for all n > 1 we have an 
isomorphism of topological E/va n -modules 

P/m n P^Y[E/m n , 

with discrete topology on E/m n and product topology on the right hand side. 
Proof. Since Q is a compact fc-module 

ipi ■ JJ k 4 P/mP S Q 

as a topological fc-vector space, for some set I. So the assertion holds for 
n — 1. Since, ILei--^/* 11 ™ * s projective in the category of compact E/m n 
modules, we have a commutative diagram: 

rL e/ P/m«^P/m"P 



ILez fc^^-P/mP. 

Let C be the cokernel of ip n . Since ^i = k^E^n is an isomorphism, applying 
k®E we get C = mC, hence C = m n C = 0. (We note that fc is a finitely 
presented right P-module, Lemma 13.91 so the usual and completed tensor 
products coincide.) So ip n is surjective. 

For i G /, n > 1 let v * := ip n (li), where 1« is 1 on the i-th component and 
everywhere else. Suppose 

£>(«<) = 

i&I 
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for some <pi G E/m n . Then by considering the image of Yuiei ^i( v i) * n 
P/m n_1 P and using the induction hypothesis, we get that fa G m n-1 /tn n , 
for all i G I. We know that m n ~ 1 P/m n P S p n - l /p n s Q® d and there exists 
a basis {xi}i<j<d of m™~ 1 /m' 1 , such that x« is the composition: 

P/m n P -► P/mP £ Q <-> Q® d = m n_1 P/m n P m> P/m n P (24) 

where the third arrow identifies Q with the i-th component. In particular, 
Kerxj = mP/m n P and Imxj fl (X^yil mx j) — for 1 < i < d. Since 

fa G xW 1 ' 1 /m n we ma y write fa = J2j=i \j x ji with Ay G k . Hence, 

d 

iei j=i iel 

Hence, Xj{^2 ieI \jV{) = for 1 < j < d and so J2iei \j v t e mP/m"P. So 
the image of J2 ieI \jVi in P/mP is zero. Since ?/>i is an isomorphism, this 
implies Ay = for all i and j. Hence, fa = for all i G I and so ^n is 
inject ive. □ 

Corollary 3.13. There exists an isomorphism of topological E -modules P = 

Proof. We have 

P ^ limP/m"P = lim J]P/m n = JJlimP/m™ = ]]P. 

D 

Corollary 3.14. Let if : E — >■ A be a map of (pseudo-) compact rings, then 
A % E , V P is A-flat. 

Proof. Since (§>e P commutes with products, we get that A ®£ P is topolog- 
ically free and hence flat, [261 Exp VII B 0.3.6, 0.3.8]. □ 



Corollary 3.15. Let m be an O-torsion free, compact E-module. Then 
m ®e P is O-torsion free. 

Proof. The same proof gives m ®e P — Yiiei m ~ FLeJ ®- ^ 
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3.1 Deformations 

Let <£(0) be a full abelian subcategory of Mod^ oaue (0) closed under direct 
products and subquotients in Mod^ roaug (C). We further assume that every 
object M of £.{£)) can be written as M = limMj, where the limit is taken 

over all the quotients of finite length. Let <£(k) be a full subcategory of <£((D) 
consisting of the objects which are killed by w. 

Let S and Q be as in the previous section with <£ = <£(k). We assume that 
hypotheses (H1)-(H5) are satisfied in £ = (£(k). Let P -» S be a projective 
envelope of S in <£(k), E = End^fc) (P) and m the maximal ideal of E defined 
byESl 

Let P -» S be a projective envelope of S in £(C), E := End^o)(P) and 
m two sided ideal of E defined by 13.61 For every M in £(k) we have 
Hom £(0 )(P, M) = Rom m (P/wP,M) thus P/wP is projective in €(k), 
and the map P jwP — > S is essential. Since projective envelopes are unique 
up to isomorphism, we obtain P = P/wP. Thus we have an exact sequence: 

->■ P[zu] ^P^P^P^O. (25) 

Since P is projective applying Honi£(ci)(P,*) to (125]) we obtain an exact 
sequence 

-)• Hom €(0) (P, P[w}) ^E^E^E-^0. (26) 

Lemma 3.16. Let A and B be objects of £{k) then there exists an exact 
sequence 

-)■ Ex4 (fc) (A, 5) -)■ Ex4 (0) (A, B) -> Hom e(fc) (A, £) (27) 

Proo/. Let 0— > £? — > C — >A— ^ be an extension in €(0). Multiplication 
by w induces an exact sequence 

-> B[ru] -► CM -► A[w] A S/roB. (28) 

Since A and i? are in (£(&) we have i? = B[zu] = BjwB and A = A[w] so 
9 defines an element of B.om^k){A,B), which depends only on the class of 
the extension in Ext^r \(A, B). Now d = if and only if C = C[zu], which 
means if and only if the extension lies in <£.(k). □ 

We note that since C(k) is a full subcategory of €(0), (HI) and (H2) for 
C(k) trivially imply (HI) and (H2) for C(0). It follows from the Nakayama's 
lemma that £(k) and €(0) have the same irreducible objects. Further, it 
follows from Lemma 13.161 and (HI) for €(k) that (H3) and (H4) for €(k) 
imply (H3) and (H4) for £(0). 
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Proposition 3.17. Suppose that the following hypothesis holds: 

(HO) Rom c{0) (P[w],iadQ) = 0. 

then (H5) for £(k) implies (H5) for €(0). 

Proof. It follows from (HI) and (H2) that S is not a subquotient of R = 
radQ. Thus Honig^o) (P,R) = Hom^) (P, R) = 0, by Lemma l3~3l Since P 
is projective using (125)) we get ExtgY \ {P,R) = and 

Hom c(0) (P[w], R) =* Ext\ io) (wP, R) =* Ext| (0) (P, P). (29) 

Thus (HO) is equivalent to Ext|( \(P, P) = 0. We apply Hom f ( )(*, P) to 
— y mP — y P — ?• Q — > to get an isomorphism 

Ext£ (0) (mP, P) =* Ext£ (0) (Q, R). (30) 

Since P is projective in C(k) we also have Ext^ (mP, P) = Exk% k \(Q, P) = 
by (H5) for €(k). Since mP is a quotient of P® d and Hom C ( fc )(P, P) = 0, we 
get Hom £ ( fc ) (mP, P) = 0. Lemma [3. 161 implies ExtL )(mP, P) = and the 
assertion follows from (I3"0"j) . D 

For the rest of the section we assume (H1)-(H5) for C(k) and (HO). It follows 
from the Proposition that (H1)-(H5) also hold for £.(0). Hence, the results 
of §3.11 apply to P, E and m. 

Remark 3.18. In the application to G = GL 2 (Q P ) we will show that P is in 
fact O-torsion free, so (HO) will be satisfied. 

Definition 3.19. Let 21 be the category of finite local (possibly non-com- 
mutative) artinian O-algebras (A, m^) such that the image of O under the 
structure morphism a : O —y A lies in the centre of A, and a induces an 
isomorphism OjwO = A/vcia- We denote by 2t afe the full subcategory of 21 
consisting of commutative algebras. 

We refer the reader to [42, §19] for basic facts about non-commutative local 
rings. Let 21 denote the category of local O-algebras (P, ttir) such that for 
every n > 1, P/tri^. is an object of 21 and P = limP/m^. and morphisms are 

given by Hom g (P,5) = Km Homg(P, S/m^) = lim Hom 2l (P/m^, S/m%), 
where the limit is taken over all m > 1. 
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Definition 3.20. Let (A, m^) be an object of 21. A deformation of Q to A 
is a pair (M,a), where M is an object of £(A), (that is an object of €(0) 
together with the map of O- algebras A — > Endc(o){M) ) , which is flat as an 
A-module and a : &(§>aM = Q is an isomorphism in €(k). 

Let (A, tru) € 21, let n be the largest integer such that m^ ^ and (M, a) 
a deformation of Q to A. We note that A is finite (as a set). In particular, 
every finitely generated A-module N is also finitely presented, and for such 
iV we have 

N® A M = N ® A M. (31) 

Lemma 3.21. For < i < n we have 

rnyrn^" 1 ® A M *± m^M/m^M *± Q® d \ (32) 

where dj = dimm^/m^ 1 . 

Proof. We argue by induction on i. The statement is true if i = 0. In 
general, by applying ®iMtoO ->■ m^/tn^ 1 ->■ A/m^ 1 ->■ A/m^ ->■ 0, 
and using flatness of M and fl3T|) we get an isomorphism m^/m^" 1 ®a -W — 
m^M/m^M. Now, m^/m^ 1 = fc® di as an A-module, since k® A M = Q 
we obtain the last assertion. □ 

Given an (9-module of finite length, we denote by Iq its length. 
Lemma 3.22. We have £ (Hom £ ( )(P, M)) = £o(A). 

Proof. Since P is projective, Hom£(o)(P, *) is exact. Moreover, we have 
dimHoni(r(e>)(P, Q) = dim Hom,r( fc ) (P, Q) = 1. Hence, 

n 

£ (Hom £(0) (P,M)) = J^di = £o(A). 



j=0 



D 



Lemma 3.23. The natural map 

Hom £(0) (P, M)® E P-*M (33) 

zs an isomorphism of (left) A-modules. 
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Proof. Since P is projective and E-Ra.t, the functor F : C(0) — > £(0), 
F(N) := Honiffo) (P, N) ®^ P is exact. Moreover, if N is of finite length 
in €(0) then HomgYO) (P,N) is an (9-module of finite length, and so the 
completed and the usual tensor products coincide. Further, we have F(Q) = 
k ®g P 2* Q and J32) gives F(yM/m m M) 2* nfM/m i+1 M, < % < n. 
The exactness of F implies F(M) = M. Since the map F(N) — > N is 
functorial, we obtain that the isomorphism in (£(0) is also an isomorphism 
of ^4-modules. □ 

Recall that the map P -» S factors through 9 : P — > Q, which induces an 
isomorphism a univ :k®^P = Q, \®v ^ \0(v). We will think of (P, a univ ) 
as the universal deformation of Q. 

Lemma 3.24. There exists (p G Hom^(E,A) and an isomorphism i : M = 
A ®^ P such that a = a univ o (k ® A i) ■ 

Proof. Since P is projective, there exists ip : P — > M making the diagram: 

M — ^k® A M 

lf> c 

P -Q 

commute. We claim that the map A — > Homfp^P, M), a i— > a o ip induces 
an isomorphism of A-modules. Lemma 13.221 says that it is enough to prove 
that the map is injective. Choose v G P, such that the image of v in Q is 
non-zero. Suppose a G m l A and a ^ m 1 ^ 1 then fl32l) gives an isomorphism: 

mVmf ® k M/m A M = m^M/m^ +1 M. 

Since (a + m l+1 ) (g>(ip(v) + m A M) is non-zero, we also obtain a(ip(v )) is non- 
zero. Hence a o ip = if and only if a = and so the map is injective. 
This means that for every b G E there exists a unique ip(b) G ^4 such that 
(p(b) o ip = ip ob. Uniqueness implies that ip is a homomorphism of algebras. 
The assertion follows from Lemma 13.231 □ 

Let Defg : 21 — > Sets be the functor associating to A the set of isomorphism 
classes of deformations of Q to A. We denote by Defg the restriction of 
Defg to 2l ab . Let (A, vxa) be in 21, then to ip G Rom.^(E,A) we may asso- 
ciate an isomorphism class of (A ®^ -P, a^), where a v is the composition of 

A ®^ P —¥ k (§>g P with a umv . By Corollary 13.141 this gives us a point in 
Def Q '(A). 
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Theorem 3.25. The above map induces a bijection between Defg(v4) and 
A x -conjugacy classes o/Homg(P, A). 

Proof. Lemma \3 . 241 says that the map Homg(P, A) —¥ Def q(A) is surjective. 
Suppose we have <pi, (p 2 G Homg(P, A) and an isomorphism (3 : A ®^ P = 
A ®g P in €(A) such that the diagram 

A ®1t m p 




A®s P 

commutes. For i G {1,2} define ^ : P — > A®£ P by ^(u) := 1® v. It 

follows from the proof of Lemma 13.241 that Honi£(o)(P, A ®^ P) is a free 
A- module of rank 1, and ^ is a generator. Since /3 is an isomorphism, /?* 
is also an isomorphism. Hence there exists u G A x such that w0i = fi*{4 ! 2)- 
Since /3* is A-linear, we obtain 

/3(a®u) = /3(a(l®i;)) = [a&(^)](v) = auip t (v ) = a«®u (34) 

So if 6 G P then (JMD gives 

/3(l®6u) = P(<p 2 (b)®v) = <f 2 (b)u®v (35) 

/3(l(g)to) = w® to = u(pi(b) ®v (36) 

It follows from ([3"5"j) and f[3"61) that («<£>!(&) — ip 2 {b)u)%lji = 0. Hence, ^(fr) = 
m</?i(6)w _1 for all 6 G P. 

Conversely, suppose that y?i and <^ 2 he in the same A x -conjugacy class. Since 
O — > A/vh-a is surjective and the image of O in A is contained in the centre, 
there exists u G 1 + rru such that (p 2 = u(p\u~ l . An easy check shows that 
(3 : A ®£ P — >■ A ®fi P, a ® t> !->■ aw £g> t> is the required isomorphism of 
deformations. □ 

Corollary 3.26. Let E ah be the maximal commutative quotient of E then 
DefJ(A) = Hom a (P ab ,A). 

Proof. Since A is commutative, every A-conjugacy class consists of one ele- 
ment. Thus DefJ(A) = Def Q (A) = Hom g (P,A) = Hom g (P ab ,A). The last 

equality follows from the universal property of E ab . □ 
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Remark 3.27. If R is an arbitrary non- commutative topological ring then 
R ab might be the zero ring. This is not the case here, since we have a non-zero 
map E — >■ k with k commutative. 

Lemma 3.28. Let k[s] be the ring of dual numbers so that e 2 = 0. Then we 
have natural isomorphisms 

Ex4 (fe) (Q, Q) 9* Hom a (£ a6 , k[e\) = Hom g (£, k[e\) = (m/m 2 )*, (37) 

where * denotes k-linear dual. 

Proof. The first isomorphism is classical. The second follows from the fact 
that k[s] is commutative. The third is again classical. □ 

Let (A, vcia) be in 21 and let F : 21 — y Sets be a covariant functor. For each 
u G A x , ad(-u) : A — y A, a i— y uau~ l is a morphism in 21, and hence induces 
a morphism of sets F(a.d(u)) : F(A) — y F(A). We say that the functor F 
is stable under conjugation if F(ad(u)) = idp(A) for all objects A of 21 and 
all u G A x . For R in 21 we denote Hr : 21 — >• Sets and Fr : 21 — > Sets the 
functors Hr{A) := Hom^(_R, A) and Fr(A) the set of A x -conjugacy classes 
in in hn(A). We have a variant of Yoneda's lemma. 

Lemma 3.29. Let F : 21 — > Sets &e a covariant functor stable under con- 
jugation then the map rj h-> ^({id^}) induces a bijection between the set of 
natural transformations Mot(Fr, F) and F(R) := limF(i?„). 

Proof. Mapping a homomorphism to its conjugacy class gives rise to a natural 
transformation of functors k : Hr — > Fr and hence a map Mot(Fr, F) — y 
Mor(h,R, F), rj i— y rj o k, which is clearly injective. We claim that it is also 
surjective. Let £ : Hr — > F be a natural transformation, A an object of 21 
and u £ A x . Then we have 

U ° h R {ad(u)) = F(ad(«)) o £ A = id F(j4) o£ A = £ A . 

Thus C, factors through k and hence the map is surjective. The assertion 
follows from the usual Yoneda's lemma. □ 

Lemma 3.30. Let R and S be in 21 and suppose that rj : Fr — y F$ is an 
isomorphism of functors then the rings R and S are isomorphic. Moreover, 
rj determines the isomorphism up to conjugation. 
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Proof. It follows from Lemma E2H1 that Mor(F R , F s ) = Homg(S, R)/R x . 
Thus we may find (p : S — > R such that for each A in 21, t)a '■ F R (A) — > F S (A) 
sends the conjugacy class of ip to the conjugacy class of ip o if. Since, 77 is a 
bijection for all A, we may find c G Fr(S) such that 7/,r(c) = {ids}. Choose 
any ip G c then the last equality reads ip o ip = ids, which implies that </? is 
an isomorphism. The last assertion follows from Lemma 13.291 □ 

3.2 Examples 

We give some examples of deformations with possibly non-commutative co- 
efficients. Our coefficients are objects of the category 21 defined in 13.191 

Lemma 3.31. Let Q be a finitely generated pro-finite group and Q = 1 

the trivial representation. Then Defi(v4) = Homg(C>[[(?(jo)]] op , A)/ ~ ; where 
Q{p) is the maximal pro-p quotient ofQ, and ~ denotes the equivalence under 
conjugation by A x . Moreover, Deff (A) = Rom^(0[[Q(p) ab }}, A). 

Proof. Let (M, a) be an A-deformation. Since M is A-flat and k ®^ M = k 
we get that M is a free A-module of rank 1. Choose v G M, such that 
a(l ® v) — 1. Then i> is a basis vector of M and for every g G Q we obtain a 
unique ttjGi such that gt> = a g v. Now 

<W = M v = 9(hv) = ga h v = a h gv = a h a g v. 

Hence, we get a group homomorphism Q op — > 1 + m.A, g i-> a 9 . Since 1 + m^ is 
a finite group of p-power order, the map factors through Q{p) op . By extending 
CMinearly we obtain a homomorphism (9[[(?(j»)]] op — > A. A different choice 
of v would conjugate the homomorphism by u G 1 + m^. 

Conversely, [[</(?)]] is a free right 0[[g{p)]] op = End €(O )(0[[<7(p)]]) module, 
with the action b . a := ab. Thus every <p G Hom^((9[[^(p)]] op , A) defines a 
deformation A ®o[[g(p)]]°p )V> 0[[Q(p)]]. 

If A is commutative then the map Q — > G(p) — > 1 + m^ must further factor 
through £(jo) a6 , and the same argument gives the claim. □ 

Lemma 3.32. Let G = Q* and x '■ Qp -^ k x a continuous character. If 
p / 2 then Dei x (A) = Rom.^(0[[x,y]],A), where 0[[x,y]] denotes formal 
(commutative) power series. 

Proof. We may choose a character x '■ Qp ~>* C x lifting x- After twisting 
with x w e may assume that x is the trivial character. It follows from the proof 
of Lemma 13.311 that the deformation problem does not change if we replace 
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G with its pro-p completion G. Since p^2 we have G = Z © Z/(p — 1) © Z p 
and hence G = H?. Thus £?[[£?]] = 0[[x, y]] and the assertion follows from 
the Lemma [3.311 □ 

Proposition 3.33. Let G = Q* and \ : Q* — >■ k x a continuous character 
and let S := x v > then ifp ^ 2 then E = 0[[x, y}} and E = k[[x, y}} . Moreover, 
P is a free E-module of rank 1 and in particular it is O-torsion free. 

Proof. We claim that the hypotheses (H1)-(H5) are satisfied for Q = S = x w 
and note that since in this case R = the hypothesis (HO) is satisfied. Since 
Extgfx x) — Hom con4 (G, k) is 2-dimensional (H4) holds. Consider a non- 
split extension 0— > X ~ >e— > r — > in Rep G with r irreducible. Since 
G is commutative for each g G G the map (fi g : e — > e, v h-> gt> — x(g) v is 
G-equivariant. If 9 is non-zero for some g then it induces an isomorphism 
between r and x, if <fig is zero f° r & U # then any fc-vector space splitting 
of the sequence is G-equivariant. Hence, (H3) is satisfied and all the other 
hypotheses hold trivially, since R — 0. It follows from Lemma 13.321 and 
Lemma KM that E = 0[[x, y]] and hence E = E® a k = k[[x, y}}. Since P is 
topologically free over E = 0[[x, y]] by Proposition 13.131 and k ©^ P = x v is 
one dimensional, P is a free P-module or rank 1 and in particular it is also 
O-torsion free. □ 



Corollary 3.34. Let S' be an irreducible object in C(k). If S' ^ x V then 
Ext^ k) ( X \S') = for all i > and dimExt* c(fc) (x v , X v ) = for % > 3, 

t£(A!)( 



dimExt 2 (fc) ( X v ,X v ) = l. 



Proof. Since £? = fe[[a;, y]] we apply ©_eP to the exact sequence 

->■ fc[[x, y]] ->■ fc[[x, 2/]] © fc[[x, y]] -► fc[[x, y]] -> A; -»- 

where the first arrow is / h-> (xf,yf), the second is (/, g) \-¥ yf — xg to get 
a projective resolution of x v — P/vnP: 

-»- P -»- P® 2 ->■ P ->■ x v ->> o. 

Applying Hom C ( fe )(*, 5") gives the claim. □ 

3.3 Criterion for commutativity 

In this section we devise a criterion, see Theorem I3.38[ for the ring E to be 
commutative. When G = GL2(Q P ) we will show that this criterion is satisfied 
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in the generic cases, see §5.81 and it will enable us to apply Corollary 14.411 
We use the notation of §3.11 we assume the hypotheses (H1)-(H5) for C(0) 
or equivalently (HO) and (H1)-(H5) for €(k). 

Lemma 3.35. Let d := dimm/m 2 ; suppose that there exists a surjection 
E -» 0[[xi, . . . ,Xd]] and the graded ring grJ^(P) is commutative, then E = 
0[[x u ...,x d }}. 

Proof. Let R := k[[xi, . . . , Xd]] and ttti = (xi, . . . Xd) be the maximal ideal of 
R. Applying ®ok we obtain a surjection E -» R, thus a surjection of graded 
rings 

gr' m (E)^gi- m (R) = k[x u ...x d }. (38) 

Since gr^(P) is commutative and dimm/m 2 = d, there exists a surjection 

k[x 1 ,...x d ]^gT' m (E). (39) 

It follows from (JM} and QM) that gr* m {E) ^ gr' mi {R). Hence m n /m n+1 = 
m?/m? +1 for all n > 1. By induction we get that E/m n ^ P/m? for all 
n > 1. Since both rings are complete we get E = R. Let ii' be the kernel of 
P -» C[[xi, . . . , Xd]]- Since C[[xi, . . . ,Xd]] is (9-flat, we have K <g>e> fe = and 
hence P = 0. D 

Let d = dim m/m 2 and let W be a d — r dimensional fc-subspace of m/m 2 
then W + m 2 is a 2-sided ideal of E and the exact sequence of P-modules 
->■ m/(W + m 2 ) ->■ P/(W + m 2 ) ->• k ->■ leads to an exact sequence of 
G-representations 

-)■ Q® r -> T -> Q -> (40) 

with T = P/(W + m 2 )P. Conversely, any T in gOD, such that Hom c(fe) (T, S) 
is one dimensional, is a quotient ip : P ^» T and defines a (d — r) dimensional 
subspace 

W := {aem:ipoa = 0}/m 2 C m/m 2 . (41) 

Lemma 3.36. Lei T and H 7 6e as above then 

dimEx4 (fc) (T,5) = dim^±^. (42) 

Proof. We have an exact sequence: 

-> (H/ + m 2 ) § B P -)■ P -> T -> 0. (43) 
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Since dimHorri£( fc )(T', S) = dim C ( fc ) Hom(P, S) = 1 and P is projective, by 
applying Honi£(fc)(*, S) to (j4"3"l) we obtain an isomorphism 

Hom €(fe) ((^ + m 2 )§ i; P,5) = Ex4 (fc) (T,5). (44) 

Let n be the dimension of (W + m 2 )/(iym + m 3 ) then the exact sequence of 
right P-modules —> Wm + m 3 — > W + m 2 — > k® n -> leads to an exact 
sequence of G-representations: 

-> (Wm + m 3 ) ® £ P^(^ + m 2 ) § s P -> Q® n -> 0. (45) 

So it is enough to show that any if; : (W + m 2 ) ®_b P — > S is zero on (Wm + 
m 3 ) ®_b P. Suppose that ip(a ® f ) ^ for some a G W 7 + m 2 and t> G P then 
the composition </? : P — > (W + m 2 ) Cg>eP — )• S", t> >->• ^(a®t>) is non-zero. 
Since Hom £ (j.)(F, S 1 ) is one dimensional, if is is trivial on mP and so for all 
b G m we have 

= %l)(a®bv) = ip(ab®v). 

Hence, V is trivial on (W + m 2 )m ® E P = (Wm + m 3 ) ® E P- □ 

Lemma 3.37. Let (R, m) 6e a /oca/ k-algebra with R/m = k and m 3 = 0. 
Suppose there exists a surjection 

ip : R -» fc[[xi, . . . , x d ]]/(xi, . . . , x rf ) 3 , (46) 

where d = dimm/m 2 . Le£ r = |_f J a^^ further suppose that for every d — r 
dimensional k-subspace W of m/m 2 we have 

m 2 ^ r(r + 1) 

dim — — < -i - (47) 

Wm 2 K J 

then fj4*6|) zs an isomorphism. In particular, R is commutative. 

Proof. Any commutative local &;-algebra (A, m^) with A/mA = k, m^ = 
and dimm^/m 2 ^ < d is a quotient of fc[[xi, . . . , xj]/(xi, . . . , a^) 3 . Hence, 

R ab ^k[[x 1 ,...,x d \}/(x 1 ,...,x d ) 3 , 

where R ab is the maximal commutative quotient of R. Let a be the kernel 
of ip. Since dimm/m 2 = dim^(m) / V(m) 2 = d, we get that a is contained 
in m 2 . Since m 3 = 0, any A;-subspace V of a is also a two-sided ideal of R. 
By replacing R with R/V we may assume that dim a = 1. We note that the 
dimension of m 2 /Wm does not increase. We let t be a basis vector of a. 



40 



If a, b G m then the image of ah — ba in R ab is zero. Thus there exists 
«(a, b) G k such that ab — ba = n(a, b)t. Since t G m 2 and m 3 = we have 
at = ta = for all a G m and hence for all a, 6, c G m we have 
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(a&)c — c(a6) = a(bc — cb) + (ac — ca)b = n(b, c)at + n(a, c)tb = 0. (48) 

Thus, n(a, b) = if a G m 2 or b G m 2 . Hence, k defines an alternating bilinear 
form on m/m 2 . 

We may choose a basis £> = {xi, . . . , x^} of m/m 2 such that for any two a, b G 
£> we have n(a,b) = 0, except K(xi,Xd-i+i) = —n(xd-i+i,Xi) — 1, < i < s, 
where d — 2s is the dimension of {a G m/m 2 : n(a, b) = 0, Vo G m/m 2 }. Let 
I4 7 be the linear span of S = {xi, . . . , x r }. The fc-subspace of m 2 spanned by 
the set S . B := {ab : a G S, b G £>} is equal to WAn. The set 5 . £> consists 
of monomials x 2 , 1 < i < r and X{Xj with l<i<r, l<j<rf and i < j, 
since by construction ab = ba for all a,b E S. It follows from (TJ6]) that ip 
induces a bijection between the sets S . B and tp(S) . y?(i3). Since distinct 
monomials are linearly independent in R ab the set tp{S) ■ y?(£>) is a basis of 
ip(Wm) = <f(W)(p(m). Hence, the dimension of Wm is equal to the dimension 
of (p(Wxn), which is equal to the cardinality of of the set tp(S) • <£■(£>). The 
latter can be calculated as |«5|(|B| — |«S|) + ( f ) = (2) — ( r 2 X ) ■ Since we 
have assumed o^O we have dimm 2 > dimy?(m) 2 and hence dimm 2 /H / m > 
dim^(m) 2 /f(Wm). This contradicts fl47]). D 

Theorem 3.38. Let d := dim m/m 2 and r = |_fj and suppose that there 
exists a surjection E -» Oflcci, . . . , x$\. Further, suppose that for every exact 
sequence 

^ Q® r ^ T ^ Q ^ (49) 

with dim Hom(r( fc ) (T, S 1 ) = 1 we have dim Ext^ fc ) (T, S) < - r ~ - + d then 

E = 0[[x 1 ,...,x d ]}. 

Proof. The bound on dim Ext ^(T, S) and Lemmas 13.36^ 13.371 imply that 
E/ra 3 is commutative. Thus the graded ring gr^(.E) is commutative and the 
result follows from Lemma 13.351 □ 

In the applications to G = GL 2 (Q P ), r will turn out to be equal to 1. We 
finish the section with lemmas of technical nature tailored for this situation. 

Let a, b G Ext^ k ^(Q,Q) be equivalence classes of extensions of — > Q — > 

a 

A ->■ Q — Y and Q-tQ-tB-tQ-tQ, respectively. We denote by 
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a o b E Ext|( fc \(Q, Q) the equivalence class of — > Q — > A — > B — > Q — > 0. 
Applying Hom ff ( fc )(Q, *) we get an exact sequence: 

Eb4 (fc) (Q, A) -+ Ext£ (fc) (Q, Q) % Ext 2 £(fc) (g, Q). (50) 

Applying Hom C ( fc )(*, Q) we get an exact sequence 

Ex4 (fc) (AQ) -> Ext^) (Q,Q) % Ext| (fe) (Q,Q). (51) 

Then <9i(6) = aob and 9 2 (6) = b o a, [121 §7.6 Prop 5]. 
Lemma 3.39. T/ie following are equivalent: 

(i) Hom(E,k[x]/(x 3 )) — >■ Hom(P, &;[x|/(:r 2 )) zs surjective; 
(ii) a o a = for all a E Ext<ft k \(Q, Q). 

Proof. By Horn in (i) we mean homomorphisms of local fc-algebras. An 
extension a may be considered as a deformation of Q to k[x]/(x 2 ) and hence as 
ip E Hom(P, k[x]/(x 2 )) by Theorem 13. 251 More precisely, a is the equivalence 
class of 

-► k ® E P -+ fc[a;]/(x 2 ) §^ P ->■ fc § s P -► (52) 

By assumption there exists if) E Hom(P, k[x]/(x 3 )) lifting if. This gives an 
extension 



0^fc%P^ k[x}/(x 3 ) ® E rf P -» /c[x]/(x 2 ) § £)V , P -> 0. 
The image of f[5"3"j) in Ext^^Q, Q) via ( l5"Tj) is the extension class of 

-> k § E P ->■ (s)/(x 3 ) ® E ^ P -» fc ®£ P -»- 



(53) 



(54) 



and is equal to a. Hence, a lies in the kernel of 82 and so a o a = 0. 

Conversely suppose that a o a = then since a o a = 82(a) there exists a 
commutative diagram: 

-Q -A »Q -0 

^Q ^B ^A ^0 
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Since P is projective and a is non-split there exists a surjection ip : P -» B 
lifting tp : P -» A. It is enough to show that a := {b G m : ip o b = 0} 

is a two-sided ideal of E. Since the composition P — y B -» Q is trivial on 
mP, the image of ip o b : P — y B is contained in A = Ker(P -» Q) for all 
b G m. Now Hom<r(fc)(P, A) is 2-dimensional with basis tp, tp x : P -» Q °->- A. 
For a fixed 6 G m we may write 1/106 = A<^ + /iy?i- For all c G P we 
have tp o c = ip o c (mod Q) and hence y9oc = if cG a. Thus we obtain 
ipoboc = \(poc + fnpi o c = for all c G a. Hence, a is a two sided ideal. □ 

Lemma 3.40. Let (R, m) be a commutative local artinian k-algebra with 
m 3 = and R/ra = k. Let d be the dimension of m/m 2 . Then the following 
are equivalent: 

(i) Hom(P, k[x]/(x 3 )) — > Hom(P, k[x]/(x 2 )) is surjective; 
(ii) R = k[[xi, ..., x d ]]/{xi, -.., x d f. 

Proof. Let S := k[[xi, . . . ,Xd]]/(xi, . . . ,Xd) 3 an d m s be the maximal ideal 
of S. Since R is commutative and dim m/m 2 = dimrris/m| there exists 
a surjection tp : S -» R, inducing an isomorphism S/m s — R/m 2 . For 
1 < i < j < d define tp^ : R — y R/ra 2 = S/m 2 s -¥ k[x]/(x 2 ), where the last 
arrow is given by sending Xi 1— y x, Xj h-> x and x^ *— y 0, if k 7^ % and k ^ j. 
By assumption there exists ^ : P — > /c[x]/(x 3 ) lifting c^-. Let ac be the 
composition 

S^R 1 ^ J] A;H/(^ 3 )- 

Any element y of m| maybe written as y = Yli<i<j<d a ij x i x j, an d ipu(tp(y)) = 
aux 2 and i>ij(tp(y)) = (an + aij + a^Ax 2 , if % < j. Hence, k is injective and 
so tp is injective. The other implication is trivial. 

□ 

Lemma 3.41. Assume that Hom(P, k[x]/(x 3 )) — y Hom(P, k[x]/(x 2 )) is sur- 
jective and let a be a non-zero extension class of — y Q — y T — y Q — y 0. 
Then the following are equivalent: 

(i) the kernel o/ExtL fc \(<5, Q) — > ExtL^Q, Q), b \-y bo a is at most l-di- 
mensional; 

(11) dimExt£ (fc) (T,g) = dim Ext^ (fc) (T, S) < dim m/m 2 / 

(Hi) the kernel of Ext £/ k AQ , Q) — y ExtL^ (Q, Q), b 1— >• aob is at most \-di- 
mensional; 
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(iv) dimExt^ fc) (Q,T) < dimm/m 2 . 

If the conditions hold then all the inequalities above are in fact equalities. 

Proof. Since o is bilinear, Lemma 13.391 gives a o b = —boa. Thus (i) is 
equivalent to (iii). We show the equivalence of (i) and (ii). Let T be the 
kernel of Exk € / k \(Q, Q) — > Ext^ k ^(Q,Q). Since Q/r&dQ = S is irreducible 
and occurs with multiplicity 1 we have diraB.ora^i,)(Q,Q) = 1. Since a is 
non-split, we also have dimHom^^QjT) = dim Hom^) (T, Q) = 1. Since 
dimExt^ fc )(Q, Q) = dimm/m 2 the exact sequence 

Rom m (Q,Q) <-> Ex4 (fc) (Q,Q) -)■ Ext^ (T,Q) -» T 

gives dim Extg( fc ) (T, Q) = dimm/m 2 + dimY — 1. Lemma I3T21 implies that 
Ext^ fc -)(T, Q) and Ext£( fc )(T, 5) have the same dimension, so (i) is equivalent 
to (ii). It follows from Lemma T3.39I that aoa = and so a G T, which implies 
that dimT > 1 and so dim Ext £ ( fc ) (T, Q) = dim Ext ^(T, S) > dimm/m 2 . 
This implies that if (i) or (ii) hold then the inequalities are in fact equalities. 
The same proof shows that (iii) is equivalent to (iv). □ 

Lemma 3.42. Assume that Hom(.E, k[x]/(x 3 )) — > Hom(E,k[x]/(x 2 )) is sur- 
jective and that there exists a (d— 1) -dimensional subspace V ofExt^JQ, Q) 



such that the equivalent conditions of Lemma 3. 41 hold for every non-zero 



a G V. Then they hold for every non-zero a G Ext^JQ, Q). 

Proof. Let tp a : Ext^^Q, Q) — > Ext^-j (Q, Q) be the map b i->- boa. Lemma 
13.391 implies that a lies in Kery9 a . Thus (i) in Lemma 13.411 holds if and 
only if a spans Kery? a . If a G V then the conditions hold by assumption 
and so Ker<^ a = (a). If a G" V then using ^ a {b) = —ip b {a) we deduce that 
the restriction of <p a to V is injective. Thus the image of <p a is at least 
d — 1 dimensional, and so the kernel is at most 1-dimensional. Hence, the 
conditions of Lemma [3.411 hold for a. □ 



4 Banach space representations 

From now on we assume that G is a p-adic analytic group. The following 
fact is essential: for every compact open subgroup H of G the completed 
group ring C[[i/]] is noetherian. An L-Banach space representation II of 
G is an L-Banach space II together with a G-action by continuous linear 
automorphisms such that the map G x II — > IT describing the action is 

44 



continuous. A Banach space representation II is called unitary, if there exists 
a G-invariant norm defining the topology on II. The existence of such norm 
is equivalent to the existence of an open bounded G-invariant O-lattice G 
in II. A unitary L-Banach space representation is admissible if <S>o k is 
an admissible (smooth) representation of G, this means that the space of 
invariants (G ®e> k) H is finite dimensional for every open subgroup H of G. 
We note that it is enough to check this for a single open pro-p subgroup of 
G, see for example (521 6.3.2]. Our definition of admissibility is equivalent to 
that of [58], see [291 6.5.7], and does not depend on the choice of 0. We say 
that an L-Banach space representation II is irreducible, if it does not contain 
a proper closed G-invariant subspace. We say that II is absolutely irreducible 
if II ®£, L' is irreducible for every finite extension V of L. 

Lemma 4.1. Let II be an absolutely irreducible and admissible unitary L- 
Banach space representation of G and let <fi G End™yj(II). If the algebra L[</>] 
is finite dimensional over L then <fi G L. 

Proof. Let / G L[X] be the minimal polynomial of </> over L, and let V be the 
splitting field of /. If M is a finitely generated £[[#]] := L ® 0\\H\[ module, 
then My is a finitely generated L'[[if]]-module. Thus, it follows from J5SJ 
Thm 3.5] that IT// is an admissible unitary L'-Banach space representation 
of G. Since by assumption LT^y is irreducible, it follows from the proof of 
[58| Cor. 3.7] that any non-zero continuous linear G-equivariant map ip : 
LT^/ — > Uy is an isomorphism. Since /(</>) = using this we may find A G V 
such that /(A) = and <fi <8> id —A kills LTjy. Now Gal(L'/L) acts on U' L via 
cr(v <8> //) = v <g) c(fi) for all /j, G V . Choose a non-zero v G IT, then (p(v) G II, 
and hence a(X)v = Xv for all a G Gal(L'/L). This implies A G L, and hence 
<p = A. □ 

Lemma 4.2. Let II fre an irreducible admissible unitary L-Banach space 
representation of G. // End^j^j (II) = L then II is absolutely irreducible. 

Proof. Suppose that II is not absolutely irreducible. Then there exists a finite 
Galois extension V of L such that Ul> contains a closed proper G-invariant 
subspace E. Since L' is a finite extension of L we have isomorphisms: 

End^(IT L ,) = Hom^(n,II L ,) - End^(II) L , = U. 

Hence, it is enough to show that Ending.] (II//) contains a non-trivial idem- 
potent. 



As observed in the proof of Lemma 14.11 11^/ is admissible. This implies that 
any descending chain of closed G-invariant subspaces must become constant. 
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Hence we may assume that S is irreducible (and admissible). The group 
T := Gal(L'/L) acts on liy by G-equivariant, L-linear isometries 

r 7 : U L > -)> I1 L /, ?)®A^w®7(A), V7 G T. 

In particular, r 7 is continuous and r 7 (£) is a closed G- invariant L'-subspace 
of 11^/. Since £ is an irreducible admissible unitary L'-Banach space repre- 
sentation of G, so are r 7 (E) for all 7 G T. Let T be the image of the natural 
map 

0r 7 (£)^n L , (55) 

7er 

Since both representations are admissible T is a closed G-invariant subspace 
of n^/. Now T is T-invariant and T r = T fl Oyer Ker(r 7 — 1) is a closed G- 
invariant L-subspace of n£, = II. Linear independence of characters implies 
that if v G T is non-zero then there exists A G V such that X^er r -y{^ v ) 7^ 0- 
Hence, T r is non-zero. Since n is irreducible we deduce that T r = n and 
hence (1551) is surjective. 

Now any non-zero continuous G-equivariant L-linear map between two ad- 
missible irreducible unitary L-Banach space representations of G is an iso- 
morphism. Using this fact and arguing by induction on n one may show 
that any quotient of @™ =1 n^, where n, are admissible and irreducible, is 
semi-simple. Hence, liy is semi-simple. As we have assumed that Ul> is not 
irreducible End^T^n^/) contains a non-trivial idempotent. □ 

Lemma 4.3. Let II be a unitary L-Banach space representation of G, let 
and E be open bounded G-invariant lattices in U, and let it be an irreducible 
smooth k -representation ofG. Then it is a subquotient ofO^ok if and only 
if it is a subquotient o/S £§0 k. Moreover, if ®e> k is a G -representation of 
finite length then so is H £g>e> k, and their semi- simplifications are isomorphic. 

Proof. Let ir ■=->■ J be an injective envelope of tt in Mod^ i (k) the category 
of smooth /c-representations of G. Since J is injective, Hom^*, J) is exact, 
thus if ir occurs as a subquotient of some smooth ^-representation k, then 
Hoiiig(k, J) j^ 0. Conversely, if there exists some non-zero <p : K — > J, then 
the image of (p must contain 71", as 71 '-¥ J is essential. Further, if k is of 
finite length the same argument shows that i\ occurs in k with multiplicity 
dim Hom G (K, J). Since ®o k and S Cg>e> k are smooth representations of G, 
the assertion of the lemma is equivalent to Hom^© £g>e> k, J) 7^ if and only 
if Hohig(S ®q k, J) 7^ 0; 9 ®e> k is of finite length if and only if H ®o k is of 
finite length, in which case 

dimHomG-(S ®o k, J) = dimHomc(S ®e> k, J). 
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Since any two open bounded lattices in II are commensurable, one can show 
this by adapting the proof of analogous statement for finite groups, see the 
proof of Theorem 32 in §15.1 of [59] and use the exactness of Hohig(*, J). □ 

Let II be a unitary L-Banach space representation of G and O an open 
bounded G-invariant lattice in II. We denote by Q d its Schickhof dual 

Q d := Hom^e, O) 

equipped with the topology of pointwise convergence. If ®e> k is a G-rep- 
resentation of finite length, then we denote by II its semi-simplification 

n : = (e ® k) ss . 

Lemma [4.31 shows that II does not depend on the choice of G. 
Lemma 4.4. Q d is an object o/Mod^ roaug (C). 

Proof. For every n > 1, Q/w n Q is a smooth representation of G on an O- 
torsion module, thus {Q/w n Q) y is an object of Mod^ roaug ((9). It follows from 
the proof of [551 Lem. 5.4] that we have a topological isomorphism: 

e d ® 0/w n O =* (0/u7 n 0) v (56) 

Thus Q d =* lim Q d /m n Q d = lim (Q/zu n Q) v is an object of Mod^ oaug (0). D 

Lemma 4.5. Suppose that IT is irreducible and admissible and let cf) : M — >• 
Q d be a non-zero morphism in Modg roaug ((9) ; then there exist an open bounded 
G-invariant lattice E in H such that E d = </>(M). 

Proof. Let H be an open p-adic analytic pro-p subgroup of G. The completed 
group algebra [[//"]] is noetherian. The admissibility of II is equivalent 
to Q d being a finitely generated O [[H]] -module. Hence, 4>(M) is a finitely 
generated (9[[if]]-submodule of Q d and is 0-torsion free. Hence, there exist 
a unique Hausdorff topology on <p(M) such that [[//"]] x <f)(M) -¥ <p(M) is 
continuous, [5S1 Prop 3.1 (i)], and 4>(M) is a closed submodule of Q d with 
respect to this topology, [5H1 Prop 3.1 (ii)]. The uniqueness of the topology 
on 4>(M) implies that the submodule topology coincides with the quotient 
topology. Since (f)(M) is G-invariant and non-zero and n is irreducible it 
follows from [581 Thm 3.5], that n is naturally isomorphic to the Banach 
space representation H.omp nt (cj)(M), L) with the topology induced by the 
supremum norm. If we let H := Hom'£ nt ((j)(M) , O) then E will be an open 
bounded G-invariant lattice in n and it follows from the proof of [58l Thm 
1.2] that E d = (j){M). U 
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Let Mod' G (0) be a full subcategory of Mod l G n (0) closed under subquotients, 
finite direct sums and inductive limits in Mod G n (0). Let C(0) be a full sub- 
category of Mod G oang (0) anti-equivalent to Mod G (0) via Pontryagin duality. 
We note that Mod G (C) has injective envelopes and so £(0) has projective 
envelopes, see $2j 

Lemma 4.6. For an admissible unitary L-Banach space representation IL of 
G the following are equivalent: 

(i) there exists an open bounded G-invariant lattice 6 in IL such that Q d 
is an object of<Z{0); 

(ii) Q d is an object of <£(0) for every open bounded G-invariant lattice 9 
in IL. 

Proof. Clearly (ii) implies (i). The converse holds because any two open 
bounded lattices are commensurable and <£(0) is closed under subquotients. 

□ 

Definition 4.7. Let Ban^ m (L) be the category of admissible unitary L- 
Banach space representations of G with morphisms continuous G-equivariant 
L-linear homomorphisms. Let Ban^^ be the full subcategory ofBa,ia. G m (L) 
with object admissible unitary L-Banach space representations of G satisfying 
the conditions of Lemma \4-6] 

Lemma 4.8. Ban^^ is closed under subquotients in Ban G dm (L). In partic- 
ular, it is abelian. 

Proof. We note that it follows from [58] and [291 6.2.16] that Ban^ dm (L) 
is an abelian category. Let LI be an object of Ban^™) and let G be an 
open bounded G-invariant lattice in LL. Then Q d is an object of <£(0) and 
any subquotient of <d d in Modg" oaug (£>) lies in £(£>), since £(£>) is a full 
subcategory of Mod G oa,ug (0) closed under subquotients. Dually this implies 
that any subquotient of IL in Ban^ dm (L) lies in Ban^. Hence Baiiw^ is 
abelian. □ 

Lemma 4.9. Let P be a projective object in €(0) and let E := End<r(e>) (P) . 
Let LT be in BanL^ ; choose an open bounded G-invariant lattice in LL 



and put m(IL) := Hom C ( C ))(P, 9 ) ®e> L. Then IL i— y m(IL) defines an exact 

€(0) * 



functor from Banj^x to the category of right E[l/p]-modules 
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Proof. We note that since any two open bounded lattices in II are commen- 
surable the definition of m(II) does not depend on the choice of 0. Let 
— > LTi - > II2 — > II3 — > be an exact sequence in Banj^m. Let be an 
open bounded G- invariant lattice in LT2. Since all the Banach space rep- 
resentations are admissible, LTi fl is an open bounded G-invariant lattice 
in Hi and the image of in LT3 is an open bounded G-invariant lattice in 
II3. So we have an exact sequence — > ©i — > ©2 — > ©3 — > with @j an 
open bounded G-invariant lattice in IL . Dually this gives an exact sequence 
->• ©3 ->• ©2 ->> ©1 ->■ in €(0). Since P is projective in <£(£>) we obtain 
an exact sequence of right -E-modules: 

-)■ Hom £(0) (P, &f) -)■ Hom £(0) (P, Qj) ->■ Hom £(0) (P, 0?) -)■ 0. 

The sequence remains exact after tensoring with L. □ 

Corollary 4.10. Le£ P be a projective object in C(0) and let II be in BangSm 

then there exists a smallest closed G-invariant subspace of Hi of H such that 

m(n/rii) = 0. 

Proof. Since II is admissible any descending chain of closed G-invariant sub- 
space must become stationary, [221 Lemma 5.8] The assertion follows from 
the exactness of m. □ 

In the application we will be in the following situation. 

Lemma 4.11. Let G = GL 2 (Q P ), ( : Z ^- O x be a continuous charac- 
ter of the centre of G and let £(0) be the full subcategory of Mod^ roaug (C) 
anti- equivalent to ModJ^°(C) by Pontryagin duality, see £0 Let II be an ad- 
missible L-Banach space representation of G with a central character ( and 
let be an open bounded G-invariant lattice in II. Then Q d is an object of 
£(0). In particular, Banjj^ = Ban^™(L) the category of admissible unitary 
L-Banach space representations of G on which Z acts by the character (. 

Proof. Recall that an object M of ModP roaug (C) is an object of <£(£>) if 
and only if M = limMj where the limit is taken over all the quotients in 

Mod£ oaug (0) of finite length and Z acts on M via C 1 . 

Since II is admissible Q/vu n Q is an admissible smooth representation of G 
for all n > 1. Since Z acts on Q/zu n Q by a character ( [301 Thm 2.3.8] says 
that any finitely generated subrepresentation of 0/-o7 n is of finite length. 
Hence by definition (0/-o7 n 0) v is an object of €(0). The assertion follows 
from Q5B}. □ 
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Lemma 4.12. Let P be a a projective envelope of an irreducible object S in 
£{0), ix := S v a smooth irreducible k -representation of G, U an object of 
Baiiw^ and an open bounded G-invariant lattice in IT. Then the following 
are equivalent: 

(i) tx is a subquotient of 6 ®o k; 
(ii) S is a subquotient of Q d <g>o k; 

£(©)( 
(0)( 



fmj Hom £(0) (P, 6 d ® fc) ^ 0; 
(iv) HonWP,e d )^0. 



Proof. It follows from (1561) that (i) is equivalent to (ii). Since P -» S 
is essential (iii) implies (ii). Since C(0) is closed under subquotients and 
Hom^e)) (P, *) is exact (ii) implies (iii). We have isomorphisms: 

Rom €{0 ){P,Q d ) = Hom e(o) (P,lim07ro n d ) = lim Hom €(0) (P, Q d /w n Q d ). 

The transition maps are surjective since P is projective. Hence (iii) implies 
(iv). Since Q d is (9-torsion free multiplication by w n induces isomorphism 
9 d /wB d = w n Q d /w n+1 Q d . If Hom e(0) (P,^e7u7e d ) = then by considering 
short exact sequences we obtain Hom^o) (P, Q d /w n Q d ) = for all n > 1 and 
so (iv) implies (iii). □ 



Lemma 4.13. Let P , S , ix and 6 be as in Lemma \4.1S\ //Hom £ ( C »)(P, d ) ^ 



then tx is an admissible representation of G. In particular, Endc(o)(S) 
Endc(vr) is a finite field extension of k. 

Proof. Let H be an open p-adic analytic pro-p subgroup of G. Since II is 
admissible Q d is finitely generated over 0[[i?]]. Since C? [[//"]] is noetherian 
it follows from Lemma 14.121 that S is a finitely generated C[[P]] -module. 
Since H is pro-p dually this implies that tx h is finite dimensional. Since tx is 
irreducible Endc(vr) is a skew field over k contained in Endfc(7r H ). Since tx h 
is finite dimensional Endc(vr) is finite dimensional. Since k is a finite field 
Endc(vr) is a finite field extension of k. □ 

Lemma 4.14. Let P be a a projective envelope of an irreducible object S 
in C(0) with d := dinifc Endc(o){S) finite. Let M be in €(0), O-torsion 
free and such that M^ is of finite length in <L{0). Then Hom£(o)(P, M) is 
a free O-module of rank equal to the multiplicity with which S occurs as a 
subquotient of Mk multiplied by d. 
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Proof. Since M is 0-torsion free so is Horngvo^P, M). Let m be the multi- 
plicity with which S occurs as a subquotient of M&. It follows from Lemma 
13.31 that Hom<r(c>)(P, M)*; = Hom£(o)(P, Mk) is an md-dimensional k- vector 
space. The assertion follows from Nakayama's lemma. □ 

From now on we assume (unless it is stated otherwise) the following setup. 
Let Si, . . . ,S n be irreducible pairwise non- isomorphic objects of C(0) such 
that End£(o){Si) is finite dimensional over k for 1 < i < n. Let P be a 
projective envelope of S := ©™ =1 Si and let E = End<r(o)(P). Recall, $2] 
that E is a compact ring and P/radP = fllLi Ende(o) (5$) , where radP 
is the Jacobson radical of E. Moreover, uniqueness of projective envelopes 
implies that P = ©™ =1 P, where p is a projective envelope of Si in C(0). For 
1 < i < n let 7Ti := S^, so that 7Tj is a smooth irreducible ^-representation of 
GandTr :=©" tt,- = S v . 



Remark 4.15. In view of Lemma 1^.13 it would be natural to assume that % 



is an admissible G -representations in which case End £ (o)(S'j) is automatically 
finite dimensional over k. 

Proposition 4.16. Let LT be in Ban^^ and let be an open bounded G- 
invariant lattice in LT. Suppose that LT is irreducible and ©o k contains 
7Tj as a subquotient for some i. Let <p G Hom£(0)(P, d ) 6e non-zero and let 
a := {a G P : <poa = 0}. There exists an open bounded G-invariant O -lattice 
S m LT sttc/i i/ja£ </>(P) = H d . Moreover, 

(i) Hom £ ( )(P, H d ) = P/a as a no/it E-module; 
(ii) LToni£(e)) (P, H d )i zs an irreducible right E^-module; 
(Hi) the natural map Hom^o) (P, H d ) ®^P — >• S d zs surjective. 

Proof. Since by assumption 0©ofc contains 7Tj as a subquotient Lemma T4. 121 
implies that Hom C ( C ))(P, d ) is non- zero. Let (ft, ip G Hom £ ( C ))(P, d ) be non- 
zero then by Lemma 14.51 there exists an open bounded G-invariant lattice S 
in LT such that <f>(P) = S d . By applying LTom C ( C i) (P, *) to the exact sequence 
-> Ker (f> ->■ P -> 0(P) ->0we obtain that 

Hom e(0) (P, 0(P)) = 0P = P/o. (58) 

Lemma [4.51 implies that ip{P) is commensurable with 4>(P). Thus for some 
n > 0, w n i)(P) C 0(P), and hence w n ?/> G Hom c(0) (P, 0(P)). It follows 
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from (|58p that w n ip = <P ° a f° r some a G E. Hence, Hom£(0)(P, S d ) ®o 
L is an irreducible E ®o .^-module. The image of the natural map ev : 
Hom^o) (P, E d ) ®g P — y E d will contain (f)(P), and hence ev is surjective. □ 



Proposition 4.17. Let S be as in Proposition 4-16 then we have natural 
isomorphisms of rings: 

End £(0) (H d ) = End^(m) = End €(0) (mg^P), 
where m := Hom^o) (P, S d ). 

Proof. We note that m is a compact right P-module and End^(m) denotes 
continuous P-linear endomorphisms of m. We have natural maps 

End(r (0) (H) -> End^(m) ->■ End £ ( ) (m ®^ P) , 

where the first one sends to ^ i— y <f> o ■0, the second one sends to ■?/> £g> t> h- )■ 
4>(ip) <g)v. Let PJ be the kernel of the natural map ev : mig^P — > S d . By 
applying Hom ff ( C ))(P, *) to the exact sequence — >■ K — > mggP — > E d — > 
and using Lemma [2791 we deduce that Honi£(e>) (P, P) = 0. 

We claim that Hom^o) (K, S d ) = 0. Suppose we have a non-zero morphism 
<f) : if — > S d in £((9). It follows from Lemma l4~5l that <p(K) contains w n "E d for 
some n > 1. This implies that Honi£(0)(P, 0(if)) ^ 0. Since P is projective 
we get Hom£(e>) (P, if) 7^ 0, which is a contradiction. The claim implies 
that every G Endg(o) (m ®^ P) maps if to itself. Hence we obtain a well 
defined map End £ (e>) (m ®g P) — >■ End £ (o)(H d ), which sends to ij)®v-\-K H- 
0(-0 v)+if . The composition of any three consecutive arrows is the identity 
map, hence all the maps are isomorphisms. □ 

Lemma 4.18. Let R be a commutative local pseudo- compact ring. If the 
maximal ideal m of R is finitely generated then the xn-adic topology coincides 
with the given topology. In particular, R is noetherian. 

Proof. Let E be a basis of open neighbourhoods of in R consisting of ideals. 
Then R/I is an P-module of finite length for each I £ T, and the natural 
map R — > lim R/I is an isomorphism of topological rings where the limit is 

taken over all i in S, and R/I caries discrete topology. 

Since R/I is an P-module of finite length by Nakayama's lemma there exists 
n such that m n (P/i) = and hence for each I £ Y, there exists n such that 
m n C i. Since m is finitely generated m n is also finitely generated. Hence, it 
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is equal to the image of R® k — > R for some k > 1 and hence m n is closed in 
R, see Theorem 3 in J3U PV.3]. So 

m n = P|(m n + 7). (59) 

The ring P/m™ is artinian and thus the image of £ in P/m™ consists of 
finitely many ideals {di, . . . , a m } and it follows from (159]) that fl™ 1 0j = 0. 
For 1 < z < m choose JjGE mapping to a, then there exists J £ S contained 
in n™ x ii. Then J maps to in R/vcC 1 and so m n contains J. So the m-adic 
topology coincides with the given one. Since R is m-adically complete and 
m is finitely generated, R is noetherian. □ 



Proposition 4.19. Let IT and H 6e as m Proposition \4-lb] If the centre Z of 



E is noetherian and E is a finitely generated Z -module then Hom^o) (P, 5 )l 
is finite dimensional over L. 

Proof. Since II is admissible and irreducible it follows from [581 Thm.3.5] 
that the ring D := Endngi(II) is a skew field. Since H is an open bounded 
G-invariant lattice in II, [56] Prop. 3.1] implies that End^r^i(H) is an (9-order 
in D. It follows from the anti-equivalence of categories established in [581 
Thm 3.5] that sending / to its Schikhof dual f d induces an isomorphism 
B := End c{0 )(Z d ) S End^g(S)°P and B[l/p] = D°p. Hence B[l/p] is a 
skew field and since S is 0-torsion free so is B and we have an injection 
B <->• B[l/p\. 

Let R be the centre of B. Since R is contained in a skew field B[l/p] it 
is an integral domain and B[l/p] contains the quotient field K of R. Let 
s £ K n .B be non-zero, then we may find non-zero a, 6 £ i? such that as = 6. 
For all £ £ B we have (st — ts)a = bt — tb = as a and b are central. Since 
5 is contained in a skew field we deduce that st = ts for all t and hence 
B C\ K = R. Since i^ is contained in B[l/p] we deduce that for every x £ K 
there exists n > such that p n x £ R and so i^ = i?[l/p]. 

Without loss of generality we may assume that S is irreducible. Since P = 
©" = i-Pi and thus Hom^c^Pj, S d ) 7^ for some i, and if e <E E denotes the 
idempotent such that eP = Pi, then End£(o)(Pj) = eEe is a finitely generated 
e-Ze-module and eZe is contained in the centre of eEe. Moreover, since Z is 
noetherian so is eZe and this implies that the centre of eEe is noetherian. 

Let m := Hom<r(o)(P, H d ). We have a natural map Z — > End^(m), which 
sends z to ip 1— >■ ip o z. Let and a be as in Proposition 14.161 It follows 
from Proposition 14.161 (i) that for every a £ End^(m) there exists ft £ E 
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such that a(4>) = <fi o /3 and the map a i— >■ /3 + a is an injection of -2- modules 
End^(m) <-» £7/ a. Since by assumption E 1 is finitely generated over Z and 
2 is noetherian we deduce that Erulg(m) is finitely generated over Z. The 
image of Z in End^(m) is contained in the centre. We identify Endg(m) 
with B using Proposition 14.171 Then the image of Z in B is contained in R, 
hence R is a Z-sub module of a finitely generated Z- module B. We deduce 
that R is a noetherian ring. 

Since R[l/p] is a field and i? is a noetherian integral domain Theorem 146 
in [37] implies that R/pR is artinian. Hence, R/pR = n^i^*' n *)> where 
(v4j,rij) are artinian local rings. Let Zi be the image of Z in Ai/xu via 
R/pR — > Ai — > Ai/rii. Since R is a finitely generated Z-module, Ai/xii is 
a finitely generated Z r module. Since A/r\i is a field we deduce that Zi is 
a field. Since Z is a local ring with residue field a finite extension of k, 
Corollary 12. 6[ we deduce that Zi and hence Aj/tlj is a finite extension of fc. 
Since A4 is an artinian local ring, Ai is an Aj-module of finite length with 
irreducible subquotients isomorphic to A/*V Hence A, is a finitely generated 
(9-module and so R/pR is a finitely generated (9-module. As S d is p-adically 
complete, so is B and hence so is R. Thus i? is a finitely generated O- 
module. Since by assumption E is a finitely generated Z-module we deduce 
from Proposition 14.161 that m is a finitely generated ^-module and hence m 
is a finitely generated -R-module and so a finitely generated O-module. Thus 
m ®n L is finite dimensional over L. □ 



Corollary 4.20. Let n be an irreducible admissible unitary L-Banach space 
representation of G and suppose that the conditions of Proposition 4-19\ are 



satisfied then there exists a finite extension V of L such thatliy is isomorphic 
to a finite direct sum of absolutely irreducible unitary V -representations. 

Proof. It follows from Propositions KM EE7J and El that End^n) is a 
skew field, finite dimensional over L. Let V be a finite Galois extension of L 
splitting Endg^n). Then Endg^n^) S Endg ont (n) L , is a matrix algebra 
over L'. Let {ej}i<j< n be the complete set of orthogonal idempotents and let 
Ili := ei(IJ L ,). Then U L , = ®f =1 U { and Endg^n,) = a Endg on4 (n L 0e 4 = V . 
If n^ is not irreducible, then we could take any closed G-invariant subspace 
of Hj and take the sum of its Galois translates. Since Galois action permutes 
the idempotents we would obtain a proper closed G-invariant subspace of U^ 
stable under the action of Gal(L'/L). This would contradict irreducibility 
of n, see the proof of Lemma 14.21 Thus n^ are irreducible and Lemma 14.21 
implies that they are absolutely irreducible. □ 

We equip every finitely generated O-module (resp. every finite dimensional 
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L-vector space) with its canonical topology. 

Lemma 4.21. Let m be a free O-module of finite rank. Then any O-linear 
E-action on m is continuous. 

Proof. It is enough to show that there exists a topology on m with respect to 
which .E-action is continuous. Since then m becomes a topological O-module 
via O — >■ E and so the topology must coincide with the canonical topology 
on m. To define such a topology: pick an O-basis {v\, . . . ,v n } of m and 
declare the sets v\I + . . . + v n I open neighbourhoods of in m for all open 
right ideals / of E. We note since E is a compact ring the assertion of the 
lemma also follows from [T| Cor. 1.10]. □ 

Lemma 4.22. Suppose that E is right noetherian then any O-linear right 
action of E on a finite dimensional L-vector space is continuous. 

Proof. Let m^ be a finite dimensional L-vector space with an CMinear right 
E-action. Choose a basis {v±, . . . , v n } of m L and let m := V\E + . . . + v n E. 
Since E is right noetherian the kernel of E® n -» m is finitely generated as a 
right E- module and, since E is compact, the kernel is a closed sub module of 
E® n . Thus the quotient topology on m is Hausdorff and so m is compact with 
respect to the quotient topology. Now m is (9-torsion free and the action of O 
via O — > E on m is continuous for the quotient topology. Thus m = Yl ieI O 
for some set /. Since m is contained in a finite dimensional L-vector space we 
deduce that m is a finitely generated C-module. Hence the quotient topology 
coincides with subspace topology on m by Lemma 14.211 Since m contains a 
basis it is an open bounded CMattice in m^ and hence the action of E on 
m L is continuous. □ 

Proposition 4.23. Let m be a right E-module, free of finite rank over O. 
Suppose that (P/radP) <§>gP is of finite length in (£(0) and is a finitely 
generated 0[[H}}-module. Then m ®^ P is finitely generated over 0[[H]} and 
(m®gP) ®o k is of finite length in C(0). 

Proof. We note that P-action on m is continuous by Lemma 14.211 Let n be 
a finite dimensional fc-vector space with a continuous P-action. If n is an 
irreducible P-module then it follows from Nakayama's lemma, [631 Lemma 
4.8, 4.9], that the action of E on n factors through E/ ia.dE and hence 

n§gP = n§£ /rad £((P/radP)§£P). 
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Thus it follows from our assumptions that n £g>^ P is of finite length in €(0) 
and is a finitely generated 0[ [H]] -module. In general, arguing inductively 
on the dimension of n we deduce that n ®g P is of finite length in €(0) and 
is a finitely generated C[[if]]-module. Applying ®^P to the exact sequence 
m — > m — > nifc — > U we get 

(m §>£ P)® k = m k ®^ P. 

Nakayama's lemma for compact (9[[P]]-modules implies that hkSJjjP is a 
finitely generated 0[ [H]} -module. D 



Lemma 4.24. Under the hypotheses of Proposition J±.23\ the maximal O- 
torsion free quotient (m®gP) tf o/meg^P is an object of<l(0). Moreover, 

Hom £(0) (P,(m§gP) tf )=m. 

Proof. Since C*[[P]] is noetherian and mCgi^P is finitely generated, the tor- 
sion submodule (m ®g P)tors is finitely generated, and hence is equal to the 
kernel of multiplication by w n for n large enough. So (m ®^ -P)tors and 
(m®gP) t[ are both objects of <£(0). Now Hom^o) (P, m ®^ P) = m, see 
Lemma [531 is C-torsion free. Hence, Homqp^P, (mcgi^ P) tors ) = 0. Since 
P is projective we obtain an isomorphism : 

m = Hom £(0) (P, 111^?) = Hom £(0) (P, (m §g P) tf ) . 

D 



Definition 4.25. Under the hypotheses of Proposition 1^.23 to a right E- 
module m free of finite rank over O we associate an admissible unitary L- 
Banach space representation of G: 

IT(m) := Hom^((m^P) tf ,L) 

with the topology induced by the supremum norm. 

A continuous homomorphism of P-modules ni! — > m 2 induces a morphism 
in £(£>) 

mi ®e P ->• m 2 ®^ P ->■ (m 2 ®^ P)tf, 

which factors through (nix ®^ P) t f — > (m 2 ®^ P)tf • Hence m \-± n(m) defines 
a contravariant functor from the category of right P-modules, free of finite 
rank over O to Ban|^\. Since w is invertible in Ban^™ the functor factors 
through the category of finite dimensional L-vector spaces with continuous 
P-action (note that E is compact). 
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Lemma 4.26. Letm L be a finite dimensional E -vector space with continuous 
E-action. Then 

m(IL(m L )) = m L 

where m is the functor defined in Lemma \4-9[ 

Proof. Since E is compact and the action is continuous there exists an open 
bounded CMattice m in m^ which is P-stable. Then 

n(m L ) = Hom c "'((mg^P) tf ,L) 

and let IL(niL) be the unit ball in II(mi) with respect to the supremum 
norm. Then (Tl(m L ) ) d = (m® E P) t{ and Hom e(0) (P, (n(m L )°) d ) = m by 
Lemma f4. 241 Since m is an open CMattice in m^ we get m(n(m^)) = m^. D 

Lemma 4.27. The functor mL l— >■ n(mi) is left exact. 

Proof. Let — > mi — > ni2 — > m 3 — > be an exact sequence of P-modules, 
free of finite rank over O. Since ®^ P is right exact we obtain a commutative 
diagram in C(0): 

mi <§) p, P ^m 2 % % P ^m 3 ®^ P ^0 



>K -(m 2 g^ P) tf -(m 3 §^ P) tf -0 

Since K is CMorsion free factors through (mi <8>_g P)tf — >* K. The snake 
lemma gives a surjection (m 3 ®^ P)tors -*> Coker 0. Since m 3 ®^ P is a finitely 
generated 0[ [H]\ -module, Proposition 14. 2'3\ and 0[[i/]] is noetherian we de- 
duce that there exists n > 1 such that w n kills (m 3 ®^ P) t0 rs an d hence 
Coker 0. Thus, dually we obtain an injection Hom^ 71 '^, L) '-¥ IL(mi) and 
hence an exact sequence — > LI(m 3 ) — > LI(m 2 ) — > LI (mi). 

□ 



Proposition 4.28. We assume the hypotheses made in Proposition 4-23 . Let 
ni£ be a finite dimensional L-vector space with continuous E-action and let IL 
be a closed G-invariant subspace o/IL(mi). Suppose that m^ is an irreducible 
right E^-module, then m(IL(ni£)/IL) = and m(IL) = m(IL(nij,)) = m^. 
In particular, each iii occurs in IL with the same multiplicity as in IL(hil). 
Further, if S is irreducible and End^a){S) = k then n = S* v occurs in IL with 
multiplicity dim^m^. 
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Proof. Let n(m^) be the unit ball in n(nii) with respect to the supremum 
norm and let G := II D n(m^) . Then Q is an open bounded G-invariant 
lattice in II. By [581 Prop 1.3. hi] we have a surjection o : (m®gP) t f — 
(n(nii) ) d -» <d d . As a is non-zero, there exists n G m and v & P such 
that <j(n®f) is non-zero. Then ip : P — > Q d , v h- >■ c(ngiu) is a non- 
zero element of Hom£(e>)(P, B d ). Thus m(II) ^ 0. Since the functor m is 
exact and contravariant and m^ is an irreducible P-module we deduce that 
m(IJ(nit)) = m(Il) and m(n(mi)/n) = 0. The rest follows from Lemma 
12141 and (ESI). □ 



Corollary 4.29. Assume the setup of Proposition 4 ■ 28 then Il(mi) contains 
a unique irreducible non-zero closed G-invariant subspace II. Moreover, for 
any (f) : n(niL) — > U(m.i) continuous and G-equivariant we have 0(11) C II. 

Proof. The admissibility of n(mx,) implies that n(niL) contains an irreducible 
non-zero closed G-invariant subspace, see [551 Lem.5.8]. Let II i and II 2 be 
two such subspaces and (ft : U(m L ) — > II(m L ) as above. If the composition 

ni ->• n(m L ) 4 n(m L ) -> n(m L )/n 2 

is non-zero, then it would identify IL with a closed subspace of n(niL)/n 2 . 
We note that all the Banach space representation that appear here are ad- 
missible, since n(m^) is admissible. Since m is exact and contravariant we 
obtain by Proposition 14.281 a surjection = m(n(niL)/n 2 ) -» m(IIi) = m^. 
Hence, 4>(Jli) Q U 2 . Taking <fi to be the identity map we get n 2 = III. D 

Let Banw0-j fl be the full subcategory of Ban^« consisting of objects of finite 
length. Let Kerm be the full subcategory of Ban^^m consisting of those IT 
such that m(II) = 0. Since m is an exact functor Kerm is a thick subcategory 
of Banj^0J fl and hence we may build a quotient category Banw^j / Ker m, 
see [31 §111.1]. 

Theorem 4.30. Let P and E be as in the setup described before Proposition 
\4-16] Assume that 

(i) [Ej rad E) §>^ P is a finitely generated 0[[H]]-module and is of finite 
length in £(0); 

(ii) For every irreducible II in Ban^^ ; m(II) is finite dimensional. 

Then the functors m^ h> n(m^) and U (->■ m(II) induce an anti-equivalence 
of categories between Banw^j 8 / Kerm and the category of finite dimensional 

L-vector spaces with continuous right E-action. 
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Proof. Let T : Banj^,* 1 -» Ban^ fl / Ker m be the natural functor. Recall 

that a morphism <f> : III — )■ II2 in Banj^j induces an isomorphism T(0) 
in the quotient category if and only Ker and Coker lie in Ker m (that is 
m(Ker0) = and m(Coker0) = 0), see Lemme 4 in [3U §111.1]. 

Since m is exact assumption (ii) implies that m(Il) is finite dimensional for 
all II in Ban^j 3 . Let II be in Ban^f and be an open bounded G- 

invariant lattice in II and let m := Hom<r(0)(P, Q d ). Evaluation induces a 
morphism m ®^ P — > d in <L(0) and dually we obtain a morphism L-Banach 
spaces II — > n(m(n)). We claim that the map T(n) — >■ T(n(m(Il)) is an 
isomorphism. It is enough to prove the claim for irreducible II, since then 
we get the rest by induction on the length of II. The diagram: 



0- 



-TOLJ- 



-T(n 2 )- 



-T(IL 



-0 



— -T(n( mi )) — -r(n 



(m 2 ))— T(n 



( m s)) 



where im, := m(IL) gives the induction step. We note that T is exact by 
Proposition 1 in [3J1 §111.1] and hence the rows are exact. 

Suppose that II in Baiiwg) is irreducible. If m(II) = then II = in the 
quotient category Ban^p-j fl / Ker m and hence T(II) = T(II(m(n))). Suppose 

that m(n) 7^ then m(II) is an irreducible right i?-module by Proposition 
14.161 (ii). By dualizing Proposition 14.161 (iii) we obtain an injection 1 : II M- 
n(m(II)) and it follows from Proposition I4T251 that m(n(m(n))/n) = 0. 
Hence, 1~(l) is an isomorphism between 7~(II) and T(II(m(n))). For the 
other composition we observe that m factors through the quotient category, 
see [SI §111-1 Cor.2], so hi(T(IT(hi l ))) = m(n(m L )) = m L , where the last 
assertion is given by Lemma 14.261 □ 

Remark 4.31. We note that since we assume that (E/ ia.dE) ®^P is of 



finite length in €(0) it follows from Proposition \4-23\ and f )56|) that Il(mi) 
is of finite length. The statement of Theorem 4-30\ holds if instead of making 



the assumption (ii) we replace Ban^^-j by a smaller category. Namely a full 
subcategory o/Ban^/^ with objects U such that 0®e>^ is of finite length where 
is an open bounded G-invariant lattice in II. Such U are of finite length 
and it follows from Lemma 4-14 that m(II) is finite dimensional. However, in 
the application to GL 2 (Q P ) -representations we will verify that the assumption 
(ii) is satisfied using Proposition \4-PJ[ 



Corollary 4.32. Assume the hypotheses made in Theorem \4-30\ and let 



ni,n 2 G Ban^^ be irreducible with m(Ili) and m(II 2 ) non-zero. Suppose 
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Ext~r , 1 (m(IIi),iii(n2)) = then every exact sequence — > Hi — > II — > 
n 2 -» in Ban^ sp/z'te. 

Proof. Since II and II2 do not contain any subquotient which lies in Kerm, 
it follows from the definition of homomorphisms in the quotient category, 
[Ml §111.1], that the natural functor T : Banggj fl -> Ban^ fl /Kerm in- 
duces a bijection between Hom(Il2,II) and Horn (7 II2, Til). Hence, it is 
enough to show that the sequence splits in the quotient category. This fol- 
lows from the anti-equivalence of categories of Theorem 14.301 and vanishing 
ofExt^MlUm^)). □ 

Theorem 4.33. Let P and E be as in the setup described before Proposition 
4-16] Assume that 



(i) [Ej rad E) ®^ P is a finitely generated 0[[H]]-module and is of finite 
length in £(0); 

(ii) the centre Z of E is noetherian and E is a finitely generated Z -module. 

Then 

Ban^j fl / Ker m = (Ban^ fl / Ker m) n , 

n€MaxSpec.Z[l/p] 

where the direct sum is taken over all the maximal ideals of Z[l/p\. Further, 
the category (Baiiwgj fl /Kerm) n is anti- equivalent to the category of modules 

of finite length of the n-adic completion of E[l/p\. 

Proof. We claim that Z[l/p]/n is a finite extension of L for every maximal 
ideal n. For 1 < % < n let ei G E be orthogonal idempotents such that 
CiP = Pi and let Z t be the centre of End<r(o)(Pj). Since Z C YYi=i e i^ e i c 
Y[™ =1 Zi, Z[l/p]/n will be a subfield of Zi[l/p]/x\,i for some 1 < i < n and 
some maximal ideal rij of Zi[l/p]. It follows from the proof of Proposition 
14.191 that Zi[l/p]/xii is a finite extension of L. Since E is a finitely generated 
Z- module the claim implies that every irreducible E[l/p] -module is finite 
dimensional over L. 

Proposition 14. 191 says that assumption (ii) in Theorem l4.30l is satisfied. More- 
over, since Z is noetherian and E is a finitely generated ^-module we deduce 
that E is left and right noetherian and hence any (9-linear action of E on a fi- 
nite dimensional L- vector space is automatically continuous by Lemma \A. 221 
Thus it follows from Theorem 14.301 and the claim that Baiiw^ / Ker m is 

anti-equivalent to the category of E[l/p]-modules of finite length. The asser- 
tion now follows from the Chinese remainder theorem applied to Z[l/p\. □ 

60 



Proposition 4.34. We assume the hypotheses of Theorem 4-33 and let n be 
a maximal ideal of Z[l/p] and n := y? _1 (n), where if : Z — >■ Z[l/p]. The 
irreducible objects o/TBan^^ /Kerm) n are precisely the irreducible Banach 

subrepresentations of Honi0 nt ((P/noP)tf, L) . 

Proof. Since Z is noetherian no is finitely generated and hence rio-P is closed 
in P. Thus E/n E®gP = P/n P. Since £ is a finitely generated Z- 
module E/n E is a finitely generated ^/n -module and so (E/n E) t{ is a 
finitely generated (Z/n )tf-module. Now, (Z/ n o)tf is equal to the image of 
Z in Z[l/p]/n and hence is a finitely generated O- module. We deduce that 
(E/noE)tf is a free O- module of finite rank. It follows from Lemma T4. 241 that 
((E/tioE)tf Cg>£ P) t f is an C-torsion free object of €(0) and from Proposition 
14.231 that it is finitely generated over 0[[if]]. It is immediate that any O- 
linear homomorphism from E/xxqE ®^ P to a torsion free (9-module must 
factor through (E/n E) ti ®^ P and then through ((E/n E) ti ®gP)tf. We 

deduce that (P/n P) t f = ((P/n P) t f ®gP)tf is a finitely generated C[[P]]- 
module and is O-torsion free, and so the Banach space representation II := 
Hom™ nt ((P/n P) tf ,L) is admissible. 

Let LIi be a closed non-zero subspace of IT, irreducible as a Banach space 
representation of G. Let IT be the unit ball in II with respect to the 
supremum norm and let 11^ := IT D 11°. Dually we obtain a surjection 
ip : (P/n P)tf — (n°) d -» (n^) d - Composing ip with the natural map 
P -» (P/tloP)tf we deduce that m(IIi) ^ and hence IT is non-zero in the 
quotient category. Since P is projective we get a surjection of P-modules: 

(P/n P) tf = Hom €(0) (P, (P/n P) t f) -» Hom €(0) (P, (n°) d ), 



where the first isomorphism follows from Lemma [4.241 Hence, n kills m(Ili 

adm.f 
C(O) 



and so IT is an object of (Ban^-j* 1 /Kerm) n . 



Conversely, let IT! e Ban^^ be irreducible with m(Il 1 ) ^ 0. Then IT is non- 
zero in the quotient category. Suppose IT is an object of (Ban^m / Ker m) n . 

Since m(n 1 ) is an irreducible P[l/p]-module by Proposition 14.161 n kills 
m(n 1 ). Let O be an open bounded G-invariant lattice in IT, every ip e rio 
induces a map ip* : Hom,r(o) (P, Q d ) — > Homc(o)(P, 6 rf ), which is zero after 
inverting p. Since G d is (9-torsion free, so is Hom£(0)(P, Q d ) and hence ^* is 
zero. We deduce that 

Hom e(0) ((P/noP) t f, & d ) = Hom €(o) (P/n P, & d ) = Hom £(0) (P, 6 d ). 
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Since m(IIi) / we deduce that Hom £ ( C) )((P/noP) t f, Q d ) ^ and dually 
Hom^' nt (n 1 , II) 7^ 0. As both spaces are admissible and Hi is irreducible 
any such non-zero homomorphism induces an isomorphism between 111 and 
a closed subspace of II. □ 

Remark 4.35. If we assume that Z is noetherian, E is O -torsion free and is 
a free module of finite rank over Z then Z is O -torsion free, thus no = Z fl n 
and so Z/rio is a free O -module of finite rank, which implies E/xi^E is a 
free O-module of finite rank. If additionally we assume that P is flat over 
E then Corollary Iff. 151 implies that P/n P is O-torsion free. This situation 
will arise in the applications to GL 2 (Q„). 



4.1 Relation to the deformation theory 

For the remainder of the section we assume a more restrictive setup which will 
be used in the applications. Let P be a projective envelope of an irreducible 
object S in C(0) such that End^o)(S) = k. Let E := Endc(o) (-P) an d 
it := S v . Assume that there exists Q in C(k) of finite length in <£(&), a finitely 
generated C?[[-H]] -module satisfying hypotheses (H1)-(H4) made in §3J (we do 
not assume (H5)). Then it follows from Lemma [3. 71 that (E / rad E) ®^P — 
P/(ra.dE)P = Q and hence the hypotheses (ii) in Theorem 14.301 is satisfied. 

Remark 4.36. If G = GL2(Q P ) then it follows from the classification in rj|/ 
and n~fitf that every smooth irreducible k -representation of G with a central 
character is admissible and hence any smooth finite length k -representation 
of G with a central character is admissible. So the assumption that Q is 
finitely generated over 0[[H]] will be automatically satisfied. 

Theorem 4.37. There exists a natural bisection between the isomorphism 
classes of 

(i) irreducible topological right E^-modules, finite dimensional over L, and 

(ii) irreducible admissible unitary L-Banach space representations U of G 
containing an open bounded G-invariant lattice 6 such that 

(a) ®o k is of finite length; 

(b) G ®o k contains n as a subquotient ; 
(c) Q d is an object of£(<D). 
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Proof. We recall if the conditions are satisfied for one open bounded G- 
invariant lattice G then by Lemmas 14.31 and 14.61 they are satisfied for all 
such lattices inside^ II. Suppose we are given II containing such 6 then 
m(Il) := Honi£(e>)(P, Q d )i does not depend on the choice of 9 and it follows 
from Proposition 14. 16l that it is an irreducible .E^-module and from Lemma 
14. 141 that it is finite dimensional. Given an irreducible -E^-module, finite di- 
mensional over L, we may choose an ^-invariant CMattice m inside it as E 
is compact. Let Il(m) be the admissible unitary L-Banach space representa- 
tion of G defined in 14.251 By Corollary 14.291 II(m) contains a unique closed 
irreducible G-invariant subspace of II. It follows from Propositions 14.281 and 
14.231 that the two maps are mutually inverse. □ 

Corollary 4.38. Let II be an irreducible admissible unitary L-Banach space 
representation of G containing an open bounded G-invariant lattice G such 
that Q d is an object of C(0) and it is a subquotient of Q ®e> k. If the centre 
Z of E is noetherian and E is a finitely generated Z-module then £g>e> k is 
of finite length as a G -representation. 

Proof. Proposition 14.191 implies that B.om^o)(P, @ d )L is finite dimensional 
over L and the assertion follows from Theorem 14.371 □ 



Corollary 4.39. Let IT be as in Theorem \4 -31\ and m := Hom,r(e>)(P, G 



where 6 is an open bounded G-invariant lattice in U, then the following are 
equivalent: 

ft) Endl%(U) = L; 
(li) End^(m L ) = L; 

(Hi) ni£ is an absolutely irreducible right E^-module; 

(iv) II is an absolutely irreducible L-Banach space representation of G. 

Proof. It follows from Proposition STT] that End£gj(II) S End^ L (m L )°P. 
Hence (i) is equivalent to (ii). The assumptions on II made in Theorem 
14.371 imply that m^ is finite dimensional. Hence (ii) is equivalent to (iii). 
Moreover, we deduce that End2 rG|(n) is finite dimensional over L and so we 
deduce from Lemma [4.11 that (iv) implies (i). Finally Lemma [4.21 says that 
(i) implies (iv). □ 



Corollary 4.40. Let Yi and be as in Theorem \^.31\ If H is absolutely 
irreducible then the image of the centre of E in Endo(Honi£(0)(-P, Q d )) is 
equal to O . 
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Proof. The image of Z contains O and is contained in Endj^Hom^ci) (P, d )), 
which is isomorphic to O by Corollary 14.391 □ 

Corollary 4.41. Let U be an absolutely irreducible admissible L-Banach 
space representation of G containing an open bounded G-invariant lattice 
such that Q d is an object of €(0) and n is a subquotient of ®o k. If E is 
commutative then IT C (Q v ) ss . 

Proof. As a consequence of the hypotheses (H1)-(H4) we know that the max- 
imal ideal of E is generated by at most 1 + dim^ Ext £ o.)(Q, S) elements, see 
Lemma 13.71 and (Tl4l) . We note that the proof of Lemma 13.71 and ([14"]) for 
n — 1 does not use (H5). It follows from Lemma 14.181 that E is noethe- 
rian. Let S and a be as in Proposition 14.161 then Hom ff ( )(P, E d ) L is finite 

dimensional by Proposition 14. 191 Since E is commutative and II is absolutely 
irreducible it follows from Corollary 14.401 that E/a = O. Tensoring the sur- 
jection O ®^ P -» S d with k we obtain a surjection Q = k ®£ P -» S d ®e> k. 

Thus TT = (H ® k) ss = ((E d <g> k) v ) ss C (Q v ) ss . D 



5 Representations of GL- 
5.1 Notation 



P 



Let G := GL 2 (Q p ), let P be the subgroup of upper-triangular matrices, T the 
subgroup of diagonal matrices, U be the unipotent upper triangular matrices 
and K : = GL 2 (Z p ). Let p := pZ p and 

fz; z p \ _ fi + p z p \ ._ A + p p 

J -U ^J' Jl -l, P i + pj' Kl -^ P i + p 

For A G F p we denote the Teichmuller lift of A to Z p by [A] . Set 



[A] 
[ft] 



H-.^U^ u):^6F; 



Let e : Q p — > L, x \- > x\x\, uj : Q p — > k, x i-> x|x| (mod p^) and a : T — > fc' 
be the character 



o 



A 
fi 



):=u(\fi- 1 ). 



Further, define 



11=1° I). .:=f? IV <:- fr ° 
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For \ E k x we define an unramified character jx\ : Q* — > k x , by x i— >■ A™ 1 ^. 
Given two characters xi, X2 : Qp — > k x we consider xi <8> X2 as a character of 
P, which sends (gj) to Xi(a)x2(d)- 

Let Z be the centre of G, and set Z\ :— Z n Ji. Let G° := {g G G : det g G 
Z p x } and set G+ := ZG°. 

Let £ be a topological group. We denote by Hom(5, fc) the continuous group 
homomorphism from Q to (k,+). If V is a representation of Q and S is a 
subset of V we denote by (Q . S) the smallest subspace of V containing S and 
stable under the action of Q. The socle socg V is the maximal semi-simple 
^-subrepresentation of V. The socle filtration is defined by an exact sequence 
->■ soc^ V ->■ socg +1 V -> soc G (V/ soc^ V) ->• 0, for i > and socji V := 0. 

5.2 Rationality 

Lemma 5.1. Let G be a group, K a field and L a /ieW extension ofK. Let 
V and W be K[G] -modules. If either V is finitely generated over K[G] or L 
is finite over K i/ien t/ie natural injection 

Hom K [ G ](V, W) ® K L <->• Hom L[G] (V ® K L, VT ® K L). (60) 

zs an isomorphism. In particular, W G ®k L = (W £g>K L) g . 

Proof. If V is finitely generated over K[G] we have an exact sequence of 
K[G]-modules ->■ C/ ->■ K[G]® n -)• V — »• 0. We obtain a commutative 
diagram 

Hom K[G (V, W) L *{W® n ) L Hom K[G 

*Hom L[G] (V L ,W L ) -(iy L )® n ^Rom L[G] {U L ,W L ) 

Since the third vertical arrow is injective and the second is an isomorphism 
we deduce that the first is also an isomorphism. Since W G = Hom K [ G ](l, W) 
we deduce W G <g> K L = (W <8> K L) G . 

Let V be arbitrary. The group G acts naturally on Hohik(V, W) by conjuga- 
tion. If L is finite over K then we have Hohik(V, W)l = Houll(Vl, Wi), see 
for example Proposition 16(i) in §11.7.7 of [13]. Since by the previous part 
taking G-invariants commutes with the tensor product with L we deduce 
that fl60l) is an isomorphism. □ 
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07, W), 



5.3 Irreducible representations 

We recall the classification of the (absolutely) irreducible smooth fc-represen- 
tations of G with a central character due to Barthel-Livne [2J and Breuil [16J. 
We then show that the category Modg^fc) behaves well when we replace k 
by an extension. 

Let a be an irreducible smooth representation of K. Since K\ is a normal pro- 
p subgroup of K, o Kl is non-zero and since a is irreducible we deduce that K\ 
acts trivially. Hence a is an irreducible representation of K/Ki = GL 2 (F p ) 
and so a = Sym r fc 2 ®det a for uniquely determined integers < r < p — 1 and 
< a < p — 2. We also note that this implies that a is absolutely irreducible 
and can be defined over ¥ p . 

Let C : Z — y k x be a smooth character extending the central character of a. 
We extend the action of K on a to the action of KZ by making p act by a 
scalar ((p). It is shown in [21 Prop. 8] that there exists an isomorphism of 
algebras: 

End G (c-Ind| z a) ^ k [T] (61) 

for a certain Hecke operator T G Endc(c-lnd KZ a) defined in [21 §3]. 

Proposition 5.2. Let it be a smooth irreducible k -representation of G with 
a central character (. There exists a finite extension I of k such that 7r£g)fc/ is 
of finite length and all the irreducible subquotients are absolutely irreducible. 

Proof. Following the proof of Proposition 32 in [2] we deduce that tc is a quo- 
tient of c-Ind^ z °~/P(T) c-Ind^ z a , where P G k[T] is a non-zero polynomial, 
irreducible over k and T is as in flBTj) . We know that the assertion holds if 
P{T) = T - A, for some A G k, by [2] if A ^ and [16j if A = 0. We may 
take / to be the splitting field of P. □ 

Corollary 5.3. If n is an object o/Mod^(A;) then tc ® k I is an object of 
ModS(Z). 

Proof. Given v G it ^>j, I we may express v = Y^i=i ^i v i w hh v , G it and A G /. 
Hence, we may assume that n is of finite length. Proposition [5T2] implies that 
7r ®fc / is of finite length. □ 

Corollary 5.4. Every smooth finite length k-representation of G with a cen- 
tral character is admissible. 

Proof. It follows from the classification, see [2] and [TB], that every abso- 
lutely irreducible representation is admissible. The assertion follows from 
Proposition 15.21 and Lemma 15.11 □ 
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Lemma 5.5. Let it and r be objects of Mod G ^(k) (resp. Mod§"V(A;) ) and let 
I be a field extension of k. If tt is finitely generated over G then the natural 
map 

Extfe [G]]C (7r, r) ® fe I -^ ExtJ G]jC (7r ® k I, r® k l), (62) 

is infective, where Ext 1 are computed in the corresponding categories. 

Proof. In terms of Yoneda Ext the map is given by sending an extension 
0— >t— 7-k— t>7t— 7-0 to — >■ tj — >■ «/ — >■ 7T2— t>0. Since Ti is assumed to be 
finitely generated over k[G], it follows from Lemma [5.11 that any splitting is 
already defined over k. Thus the map is an injective. □ 

Let k be the algebraic closure of k. It follows from [21 Thm. 33] and [TBI 
Thm 1.1] that the irreducible smooth ^-representations of G with a central 
character fall into four disjoint classes: 

(i) characters, r\ o det; 

(ii) special series, Sp ®r\ o det; 
(iii) principal series IndpXi ® X2, with Xi 7^ X2; 
(iv) supersingular c-Ind^- z cr/(T). 

The Steinberg representation Sp is defined by the exact sequence: 

0^1^ Ind£ 1 -> Sp -> 0. (63) 

Definition 5.6. Let tt be a k -representation of a group G and I a subfield of 
k. We say that tt can be defined over I if there exists an I -representation r 
of G such that r ®ik = tt . We say that I is a field of definition of tt if it is 
the smallest subfield of k over which tt can be defined. 

Lemma 5.7. Let \ '■ Q» -^- k x be a smooth character then the field of 
definition of x is ¥ p [x(p)]- 

Proof. Since x is smooth it is trivial on 1 +pZ p and hence xi^p ) ^= ^pi the 
group of (p — l)-st roots of unity in k. Since Q* = Z* x p % the assertion 
follows. □ 

Lemma 5.8. Let tt be a smooth irreducible k -representation of G with a 
central character (. Then there exists a smallest subfield I ofk over which tt 
can be defined. Moreover, 
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(i) if 7r = rj o det then I = F p [r)(p)]; 

(ii) if 7r = Sp ®n o det t/ien I = ¥ p [r](p)]; 

(iii) ifir = Indp xi ® X2 t/»en / = F p [xi(p), X2 

(z'y) i/7r zs super singular then I = ¥ p [((p)]. 

Proof. Let Z be a subfield of fc and r an /-representation of G such that 
r ®ik = 7r. Since 7r is irreducible r is irreducible and hence it follows 
from Lemma 15.11 that r is uniquely determined up to an isomorphism over 
/. As already mentioned it 11 is finite dimensional (and non-zero) this implies 
Endcr(7r) = k. We deduce from Lemma [5.11 that Endc(r) — I. Thus Z acts 
on t by a central character. We deduce that ((p) G I. 

If 7r is supersingular then we are done since a\x can be defined over ¥ p , a 
can be defined over F p [£(p)] by using KZ = K x p z and the endomorphism 
T can also be defined over F p [£(p)], as is immediate from [21 §3]. 

If 7r is a character or special series then n 11 is 1- dimensional. Lemma 15.11 
implies that t Ti is 1-dimensional. Since ( p ~o) acts on tt Ji by a scalar i](p), 
we deduce that r)(p) G I and hence F p [r/(p)] is a field of definition of n. We 
note that it is immediate from (1631) that Sp can be defined over F p . 

If 7r is principal series then ti Ti is 2-dimensional with basis {!f 1 ,if 2 }, where 
Supp^! = Psli, fi(s) = 1, Suppv?2 = PI\i ^2(1) — 1- The ^-representation 
a := (K.ifi) C 7r is irreducible , a 11 = kipi and Honix(o", tt) is 1-dimensional. 
Now a can be realized over F p , so in particular over k. It follows from Lemma 
15.11 that Homier, r) is 1-dimensional. Choose a non-zero <p £ Honix(c, r) 
and let t> G 0(cr) 71 be non-zero. The 1-dimensionality of the spaces involved 
implies that any G-equivariant isomorphism n — r®ik must map (pi to v £g> A 
for some A G fc. A direct calculation shows that 5^ AeF (q '^) ( / 3 i = X2(pVi; 
hence Ea £ f p (o ? ) w = ^O)^ and so Xiip) e /. Since £(p) = Xi(p)X2(p) we 
deduce that Xi(p) e ^ Hence, F p [%i(p),x 2 (p)] is the field of definition of 7r. 
Further, since both \i an d X2 maybe defined over F p [xi(p), X2(p)} by Lemma 
15.71 we deduce that r is a principal series representation. □ 

Let x '■ T — > k x be a smooth character and let X be the orbit of \ under the 
action of T := GaA(k/k). It follows from Lemma 15.71 that \ can be defined 
over a finite extension of k and so X is finite. We let 

V^:=(©^) r , 

tpGX 
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then V x is the unique irreducible ^-representation of T such that V x ©& k 
contains x- 

Proposition 5.9. Let it be an irreducible smooth k -representation of G with 
a central character. Then it is isomorphic to one of the following: 

(i) V vodct , V :Q;^k x ; 

(ii) Sp®V nodct ,ri:Qx ->& x ; 

(in) Ind£ V x , x ■ T -> k x with x + X s ; 

(iv) super singular c-Ind KZ o~/(T) . 

Proof. Since k is perfect it follows from the proof of Proposition 15.21 that 
there exists a finite Galois extension I of k such that 

VT © fc I = 7Ti © . . . © Tl n 

with 7Tj absolutely irreducible and distinct. If tx\ is supersingular then, since 
the central character of tti is /c-rational, Ti\ can be realized over k by Lemma 
15.81 and and since tx is irreducible Lemma 15.11 implies that -R\ = t\\ and so ix 
is absolutely irreducible supersingular. 

The proof in the cases tii is a character, special series or principal series 
is the same. We only treat the principal series case so t\\ = Ind P x with 
X '■ T — > k x a smooth character with X ¥" X s - Let r := Ind P V x , then 
71 = ®^ex Indp ip. Since X ¥" X s we have ip ^ ip s for every ip G X. Hence, 
all the principal series are irreducible and distinct. Since T action on r ©^ I 
permutes the irreducible subspaces transitively we deduce that t\ does not 
contain a proper G-invariant stable under the action of I\ Hence r is an 
irreducible G-representation. Since Horned, 7rz) ^ Lemma 15.11 implies 
that Homc(r, n) ^ 0. Since both tt and r are irreducible they must be 
isomorphic. D 

Suppose that p G Z acts trivially on a and o~\k — Sym r k 2 . Let ip G 
c-lnd KZ Sym r k 2 be such that Supp</9 = ZK and (p(l) is non-zero and I\- 
invariant. If we identify Sym r k 2 with the space of homogeneous polynomials 
in two variables x and y of degree r, then we may take (p(l) = x r . Since ip 
generates c-Ind^ z Sym r k 2 as a G-representation T is determined by Tip. 

Lemma 5.10. (%) If r = then Tip = Uip + J2\e¥ p ( o Y 1 ) t V- 
(ii) Otherwise, Tip = J2x& p ( I l i ) l ^P- 
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Proof. In the notation of [2] this is a calculation of T([l,e^]). The claim 
follows from the formula (19) in the proof of [2] Theorem 19. □ 

Theorem 19 in [2] says that c-lnd KZ a is a free k[T] -module. Hence, the map 
T — A is injective, for all A G k. 

Definition 5.11. Let vr(r, A) be a representation of G defined by the exact 
sequence: 

c-Indz K Sym r k 2 -^ c-Indf^ Sym r k 2 7r(r, A) 0. 

IfV '■ Qp -^ k x is a smooth character then let 7i~(r, \rj) := 7r(r, A) <E> V ° det. 

It follows from [21 Thm.30] and PTOJ Thm.1.1] that ir(r, A) is absolutely ir- 
reducible unless (r, A) = (0, ±1) or (r, A) = (p — 1,±1). Moreover, one has 
non-split exact sequences: 

->■ /i±i o det ->■ 7r(j9 - 1, ±1) ->■ Sp <8>//±i o det -> 0, (64) 

->■ Sp <8>/i±i o det ->■ 7r(0, ±1) ->■ yu ± i o det ->■ 0, (65) 

where /x A : Qp ->■ & x , x i-> A val(x) . Further, if A 7^ and (r, A) 7^ (0, ±1) then 
[21 Thm.30] asserts that 

vr(r, A) S Ind£ // A -i ® fi x oj r . (66) 

If 7r is an absolutely irreducible ^-representation of G with a central character 
( and C(p) is a square in fc then 71 = n(r, A, 77) for some A G fe and 77 : Q* — > 
k x . The supersingular representations are isomorphic (over fc[\/C(p)]) to 
7i"(r, 0, 77). All the isomorphism between supersingular representations corres- 
ponding to different r and 77 are given by 

7r(r, 0,77) = 7r(r, 0, r//i_i) = 7r(p — 1 — r, 0,77w r ) = 7r(p— 1 — r, 0,?7u/7/_i) (67) 

see [TBI Thm 1.3]. We refer to the regular case if 7r = n(r, 0, 77) with < r < 
p — 1, and Iwahori case if 7r — 7r(0, 0, 77) = 7r(p — 1, 0, 77). 

5.4 Hecke algebra and extensions 

Let X : Modg^ c (A;) -> Mod w be the functor: 

J(7r) := 7T 71 = Hom G (c-Indf 7i C, vr), 
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where U := End G (c-Indf 7i Q. Let T : Mod w -> Mod™ c (fc) be the functor: 

T(M):= M® w c-Indf 7l C 



One has Hom-^(M, X(7r)) = Home (T(M), 7r). Moreover, Vigneras in 
Thm.5.4] shows that X induces a bijection between irreducible objects in 
Mod™ c (fc) and Mod w . Let Modg^fc) 71 be the full subcategory of Modg m c (/c) 
consisting of representations generated by their l\ -invariants. Ollivier has 
shown \5U\ that 



X : Modg^fc/ 1 -)• Mod w , T : Mod w -> Modg^/v) 71 (68) 

are quasi-inverse to each other and so Mod-^ is equivalent to Modg^(fc) 71 . 

Remark 5.12. We note that (c-Indfj Q ®k I — c-Indf 7 (( CgJfc I), and since 
it is finitely generated we have % ®k I — End G (cTnd z/i C ®fc 0- Moreover, 
X(tt) ® fc I = X(tt ® k 1) by Lemma \5J\ and T(M) (g) k I = T(M ® fe /). Hence, 
if we show that the functors in (1681 induce an equivalence of categories over 
some extension of k then the same also holds over k. 

In particular, suppose that r = (G . r 71 ), n in Modg^(/c) then one has: 

Hom G (r,7r) = Hom w (X(r),X(7r)) (69) 

and the natural map TI(t) — > r is an isomorphism. We have shown in [Ml 
§9] that (169]) gives an ^-spectral sequence: 

Ext^(X(r), R'X(tt)) => Ext{tj(r, n) (70) 

where Ext G( *(r, *) denotes the n-th right derived functor of Hom G (r, *) on 
Mod G 1 V(fc). The 5-term sequence associated to (1701) gives us: 



->-Ext^(X(r),X(7r)) ->■ Ext GC (r,7r) -► Hom w (X(r),R 1 X( 7 r)) 
->• Ex4(X(r),X(7r)) -> Ext GiC (r,7r) 



We denote by £ v = Mod^ m (A;) the full subcategory of Modg^fc) consisting 
of locally admissible representations and let i : £ v — ¥ Modg 1 V(fc) denote the 
inclusion. If r is in £ v we denote by Ext^v (r, *) the n-th right derived functor 
Homg(r, *) in £ v . Since any extension in Modg t V(A;) of locally admissible 
representations is again locally admissible, for any r and 7r in £ v we have 

Ext^v (r, tt) = YExt^v (r, vr) = YExt GiC (r, n) = Ext GC (r, vr) (72) 

where YExt denotes Yoneda Ext, see [3T] . 
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Proposition 5.13. The functor i maps injectives to injectives. 

Proof. Let J be an injective object in £ v and t(J) ■=— > J\ be an injective en- 
velope of l( J) in Modg^O). If l{J) ^ J x then (J t /i(J)) h ^ and thus there 
exists v G ( Ji/i( J)) 71 such that cr := (if . t>) is an irreducible representation 
of K. Let A := (G.v) C Ji/l(J) then by pulling back we obtain B <Z J\ and 
an exact sequence: 

-> t(J) ->■ £ -> A -» 0. (73) 

Since t(J) <->■ J x is essential, the sequence (1731) gives a non-zero element in 
ExtQ^(A,t(J)). We will show that Ext^(A, t(J)) = and thus obtain a 
contradiction to t(J) 7^ Ji. 

Since J\ has a central character £, Z acts on cr by £. Let <£ G c-Ind^ z cr be 
such that Suppy? = ZK and <p(l) spans a* 1 . By Frobenius reciprocity we 
obtain a map ip : c-Ind xz cr — >■ A, which sends ip to t>. Since v generates A 
as a G-representation, ^ is surjective. It is shown in [33j that the restriction 
functor £ v — > Mod s ^ Zi (k), n !->■ 7t[_k- sends injectives to injectives. Hence, 

Ext^ jC (c-IndL a, t( J)) * Ext^ (a, t( J)) = (74) 

and so ^ cannot be injective. Thus Ker?/> is non-zero, and [2j Prop 18] 
asserts that (Kerip) 11 is of finite codimension in (c-lnd KZ cr) Tl . In particular, 
the set {ip(T n <p) : n > 0}, where T is the Hecke operator defined in flBTl) . 
is linearly dependent and so there exists a non-zero polynomial P such that 
ip(P(T)(p) = 0. Hence, ^ factors through 

c-Ind| z a -» c-Ind£ z cr/(P(T)) -» A. (75) 

Since c-Ind^ z cr/(T — A) is of finite length, for all A, by base changing to 
the splitting field of P{T), we see that c-lnd KZ a/(P(T)) is of finite length 
and hence is admissible and thus A is admissible. It follows from fl72|) that 
Ext G>( -(A, l(J)) — Extgv(v4, J) = 0, where the last equality holds, because J 
is injective in £ v . □ 

Corollary 5.14. Let r and n be in £ v then 1 induces an isomorphism 

Ext£ iC (i(r),i(7r)) ^Ext£v(r,7r) = Ext£(vr v , r v ), Vn > 0. (76) 

Corollary 5.15. The functor 1 : Modg m (0) -► Modg^(0) maps injectives 
to injectives. 
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Proof. Let J be an injective object in Modg^ m (C > ) and l(J) <->■ Ji be an in- 
jective envelope of t(J) in Mod™ c (0). Now J[w] is injective in Mod 1 G a ^ m (fc) 
and t(J[-ca]) <->■ Jifro] is an injective envelope of t(J[w]) in Modg^(fc). It 
follows from Proposition 15.131 that J\\w\ — l(J[zu]) = l(J)[zu]. Hence, we ob- 
tain an injection («/]_/<,(«/)) [w\ =-> l(J)/wl(J). This implies that (Ji/i(J))|W] 
is an object of Mod G £ m (0) and so the extension 

->• t(J) ->■ A ->■ (Ji/t(J))[t!7] -► 

splits, where A C Ji. Since t(J) M- Ji is essential, we get that (Ji/l(J))[uj] = 
0, which implies that J\ = t(J). D 

Corollary 5.16. Projective objects in €(0) are O -torsion free. In particular, 
the hypothesis (HO) of §ff. 1\ is satisfied. 

Proof. Let P be a projective object in €(0) then P v is an injective object 
in Mod^ m (C) and also in Modg m c (£>) by Corollary EH and it is enough 
to show that P v is cc-divisible. We claim that any V in Modg r V((9) maybe 
embedded into an object which is ca-divisible. The claim gives the result, 
since injectivity of P v implies that the embedding must split. Since direct 
summands of tu-divisible modules are w- divisible, we are done. We may 
embed j : V ^-> W into ^-divisible (9-torsion module, since the category 
of (9-torsion modules has enough injectives and these are w-divisible. The 
embedding V c -» C(G, W), v \— > [g \- > j(gv)] where the target is the space of 
continuous functions with discrete topology on W solves the problem. □ 

Corollary 5.17. Let M be an O-torsion free object of £(0) then M is pro- 
jective in €(0) if and only if M ®q k is projective in €(k) . 

Proof. Since every A in €(k) is killed by w we have 

Hom €(fc) (M ®o k, A) = Hom c(0) (M, A). 

Hence, if M is projective in €(0) then the functor B.om^k){M ®e> k,*) is 
exact and so M ®e> k is projective in £(fc). 

Let (j) : P -» M ®o & be a projective envelope of M ®o k i n €.{0). Since 
M — > M ®o k is essential and P is projective there exists a surjection ip : 
P -» M such that the diagram 




commutes. Since M®ok is projective it is its own projective envelope in <L(k). 
Thus it follows from Lemma 12.111 that induces an isomorphism P £g>e> k — 
M £g>e> k. Since M is (9-torsion free we get (Ker^>) ®e> k — 0. Nakayama's 
lemma implies that Ker-0 = and hence M = P is projective. □ 

Corollary 5.18. Let P, -» M be a projective resolution of M in €(k). Let 
M be an O-torsion free object of €(0) such that M ®o k = M. Then there 
exists a projective resolution P, -» M of M in €(0) lifting the resolution of 
M. 

Proof. Let : P -» M be an epimorphism in C(k) with P projective and let 
P be a projective envelope of P in €(0). Lemma \2 . 1 1 1 savs that P = P®o k. 
Since M £g>e> k = M jwM = M, the epimorphism M -» M is essential and 
since P is projective there exists : P -» M such that the diagram 




commutes. Since M is (9-torsion free it is (9-flat and hence (Ker 0) ®o fc — 
Ker 0. Moreover, P is (9-torsion free by Corollary 15.161 and hence Ker is 
(9-torsion free. We may then continue to lift the whole resolution. □ 

Lemma 5.19. Let it be a smooth k -representation with a central character ( . 
Forgetting the %-action induces an isomorphism of vector spaces WX{ti) = 
H i (Ii/Z 1 ,n) for alii > 0. 

Proof. Let Res 7l : Mod™ c (fc) -> Mod™ c (fc) be the restriction to h. Since 
Res/j is right adjoint to an exact functor c-lnd ZIl , Res/ 1 maps injective ob- 
jects to injective objects. Since ( is smooth and I\ is pro-p, ( is trivial on 
Zi := A n Z, hence we may identify Mod s ^ c (k) with Mod^ Zl (fc). Choose 
an injective resolution n <-¥ J* of n in Mod§^(A;). Then ^1^ <->■ (Jl/J* is 
an injective resolution of 71"!^ in Mod s ™, Zl (k). Hence, for alH > we get an 
isomorphism of fc-vector spaces WI(tt) = H l (I 1 /Z 1 , it). D 

Lemma 5.20. We have WI = for i > 4. 
Proof. We have an isomorphism 

h/z 1 = (h n u s ) x (h n r)/Zi x (it nu)^z p xz p x z p . 
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Hence, I\jZ\ is a compact p-adic analytic group of dimension 3. Since we 
assume p > 5 it is p-saturable [HI III. 3. 2. 7.5], and hence torsion free. Thus 
l\jZ\ is a Poincare group of dimension 3, [HJ V.2.5.8] and [51] . Hence 
H l (Ii/Zi, *) = for all % > 3 and the assertion follows from Lemma f5. 191 □ 

Lemma 5.21. Let r be a smooth irreducible representation of G with a 
central character (, such that r ^ 7r(r, 0,rj) with < r < p — 1. i/ien 
Ex4(Z(r),*) = 0/ori> 2. 

Proof. It is enough to produce an exact sequence of TPmodules: 

->■ Pi ->• P -> X(r) © M ->■ (77) 

with P an d Pi projective and M arbitrary. We observe that if A is a direct 
summand of c-Ind 7lZ £, then 1(A) is a direct summand of X(c-Ind 7lZ Q =% 
and hence X(A) is projective. If r = 7r(r, A, 77), with A 7^ and < r < p— 1, 
then such sequence is constructed in [201 Cor. 6.6, Eq. (12)]. If r = n(r, A, 77) 
with r = 0orr=p-l then one may obtain (j77p by applying X to (15.111) . 
The sequence remains exact by [2] in the non-supersingular case, and [15] in 
the supersingular case. If r = 77 o det or r = Sp®r7 o det, then r may be 
realized as an Hq of the diagram t 11 m- r Xl , see [20] . This means an exact 
sequence: 

->■ c-Indf r Zl <g> <5 ->• c-Ind£ z r A-1 ->■ r -> 0. (78) 

where 5(g) = (— l) val ( dct s). Again applying X we get (1771) . □ 

Corollary 5.22. Let M be a finite dimensional %-module, such that the 
irreducible subquotients are isomorphic to X(r), where r is as above, then 
Ext^(M,*) = 0, fori > 2. 

Proposition 5.23. Let it and r be in Mod§ t V(/c). Suppose that t is admissi- 
ble, generated by r , which satisfies the conditions of Corollary 15. 22\ Then 
for i = 1,2,3 there exists an exact sequence, 

Ext^(X(r), W' 1 !^)) <->• Ext l G)C (r, tt) -» Hom w (I(r), R*I(7r)) (79) 

and Ext GC (r,7r) = Ext^(X(r),M 3 X(7r)). Moreover, Ext J GC (r, vr) = for % > 
5. 

Proof. Given Lemmas 15.211 and I5.20[ this follows from a calculation with the 
spectral sequences. Let Pf = Ext^(X(r),R 9 X(7r)). Then E% q = for p > 1, 
by Corollary 15.221 Thus E^ = E% g and for all n > we obtain an exact 
sequence 

->■ P 2 °' n ->■ P" ->■ P*'" -1 ->■ 0. (80) 

Since Pf 9 = for g > 3 by Lemma 15.201 we get the assertion. □ 
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Lemma 5.24. Let M , N be irreducible H-modules such that Ext^(M, N) ^ 
and let d be the dimension o/Ext^(M, N) . Then one of the following holds: 

(i) M = N = X(7r(r, 0, 77)) with < r < p - 1 andd = 2; 

(ii) M = N and M ^ X(Sp®r/), M £* T{rj), M ^ X(ir(r, 0,T])) with < 
r < p — 1 and d = 1; 

(iii) either (M = T{jj) and N = I(Sp ®rj)) or (N = T(rj) and M = 
X(Sp ®rj)) and d = 1. 

where rj : G — y k x is a smooth character . 

Proof. If M = X(Sp £§>??) or M = X(r/) the assertion follows from [5H 11.3]. 
Otherwise, M = X(ir(r, A, 77)) and the assertion follows from Corollaries 6.5 
and 6.5 EH. □ 



5.5 Blocks 

We show that the category Mod G ^(0) naturally decomposes into a direct 
product of subcategories. 

Lemma 5.25. Let Q be a profinite group and let J be an injective object of 
Modg m (fc). Let I be a field extension of k then J <8>fc Z is an injective object of 
Mod s g m (Z). 

Proof. Let V be a A;- vector space and let C(Q, V) be the space of continuous 
functions / : Q — y V. For every smooth ^-representation it of Q the map 
*— y [v h-y 0(f)(1)] induces an isomorphism 

Hom g (vr, C{Q, V)) S Hom fc (7r, V). 

The inverse is given by I 1— y [v n- [g i-y £(gv)}}. The functor Hora.k(*,V) 
is exact and so C(Q,V) is an injective object of Modg m (/c). The natural 
injection C(Q, V) ®fc I c ->- C(£, V^ <8)fc is also a surjection, since for every 
open subgroup V of C? we have 

(c@, v) ®, if =* (fc^/p] ® fc v) ® fe z s z[£/p] ®, v; s c(s, v;) p , 

as V is of finite index in Q. This gives us the lemma for J = C(Q, V). In 
general, one can embed J into C(Q, V) by taking V to be the underlying 
vector space of J. Since J is injective the embedding splits. Thus J Cg^ Z 
is a direct summand of an injective object of Modg m (Z) and hence it is itself 
injective. □ 
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Corollary 5.26. LetQ, n and I be as above then H' l (Q,n)® k l = H l (Q,ii® k l) 
for alii > 0. 

Proof. Choose an injective resolution it ^ J* of n in Modg m (A;). Lemma 15.251 
says that tii ^-> J* is an injective resolution of 717 in Modg m (Z). Since taking 
(/-invariants commutes with ® k l by Lemma 15. II we get the assertion. □ 

Corollary 5.27. Let 71 be a smooth representation of G with a central char- 
acter £ then 

R*J(7r) ® fc Z = WT{ir ® fc Z) (81) 

for all field extensions I of k and all i > 0. 

Proof. Lemma [5.191 Corollary 15.261 □ 

Lemma 5.28. Let M and N be %-modules. If M is finitely generated over 
% then 

Ext^(M, N) ® k I = Ext^(M ® fc I, JV <g> fc I) (82) 

for all field extensions I of k and all i > 0. 



Proof. It follows from the explicit description of % given by Vigneras in 
that the centre of H is noetherian and H is a finitely generated module 
over its centre. Hence 7i is noetherian and since M is finitely generated 
we may find a resolution P* -» M by free "H-modules of finite rank. Since 
Hom^OH®", N) t = N® = Hom Wl (Hf n , JV,) we get the assertion. □ 

Proposition 5.29. Let t and tt be in Mod^Jk) and suppose that r is ad- 
missible and is generated by t 11 . Then 

Extl [GR (r, tt) ® k I = Extj [GU (r ® k I, n ® k I) (83) 

for all field extensions I of k and all i > 0. 

Proof. Since c-lnd ZIl ( is finitely generated over k[G] we have % ® k I = 
End;[G](c-Indf 7i ( ® k 1). Since r is admissible t Ti is a finitely generated H- 
module. Combining ( 18TJ) and (I8"2"j) we get an isomorphism of spectral se- 
quences: 

Ext^(X(r), Wl(n)) ® k I = Ext^ (Jfa), R'Xfa)). 

Since A; is a field, I is a flat fc-module and so it follows from fTTOD that 



Ext^(X(r),R J, X(7r))^ converges to Ext k ,L Jt,tt)i. We use ( 170|) again to de- 
duce the assertion. D 
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Let IiTG^(k) be the set of equivalence classes of smooth irreducible fc-rep- 
resentations of G with central character (. We write tt o r if it = r 
or FjxtQJn,r) ^ or Ext^Jr, n) ^ 0. We write n ~ r if there ex- 
ists 7Ti, ...,7T n G IrrG,^(A;), such that 7r = 7i"i, r = 7T n and 7Tj -b- 7r i+ i for 
1 < % < n — 1. The relation ~ is an equivalence relation on Irrc^(A;). A 
block is an equivalence class of ~. 



Proposition 5.30. The category Mod G ^(0) decomposes into a direct prod- 
uct of subcategories 



Modg(o)-n M ° d S( ) 



03 

03 



where the product is taken over all the blocks 23 and the objects o/Mod G ^(O)* 8 
are representations with all the irreducible subquotients lieing in 23. 

Proof. This is standard, see [2H §IV.2], especially the Corollary after The- 
orem 2. Let us note that every irreducible object in Mod G £(0) is killed by 
w and so lrxa,c,{k) = Irr g,({0). Moreover, if r and it are irreducible then 
Ext r G i^(r, 7r) 7^ implies that either n = r or Ext fe r G i ^(r, n) ^ 0, see the 
proof of Lemma 13.161 So we could have defined ~ by considering the ex- 
tensions in Mod G a((9). Let J n and J T be injective envelopes of ti and r in 
Mod{j5(0). Then the following are equivalent: 1) Hom G (J^, J T ) ^ 0; 2) r is 
a subquotient of J„-; 3) there exists a representation k of finite length which 
contains r as a subquotient and soc G k = it. Using this one can show that 
our definition of a subcategory cut out by a block coincides with the one used 
in EH- □ 



Dually we obtain: 

Corollary 5.31. The category t(0) decomposes into a direct product of 
subcategories 

tp) =* JJC*(0), 

03 

where the product is taken over all the blocks 23 and the objects of t (O) are 
those M in t(0) such that for every irreducible subquotient S of M, S v lies 
in 23. 

Let Ban G ? 1 (L) be the category of admissible unitary L-Banach space repre- 
sentations of G with a central character (. We note that it follows from 
and {2UI 6.2.16] that Ban G d ? l (L) is an abelian category. 
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Proposition 5.32. The category Ban^?(L) decomposes into direct sum of 
categories: 

Bang-(L) = 0Bang-(Lf 



<8 



where the objects of Bang?(L) are those H in Ban G ? 1 (L) suc/i that for 
every open bounded G-invariant lattice in II the irreducible subquotients of 
®o k lie in 23 . 

Proof. Recall that we have showed in Lemma 14.31 that the reductions mod p 
of any two open bounded G-invariant lattices in IT have the same irreducible 
subquotients. Let be an open bounded G-invariant lattice in IT, n an 
irreducible subquotient of <g>o k and 23 the block of n. By Lemma 14.111 
the Schikhof dual d is an object of C(0). According to Corollary 15.311 we 
may canonically decompose d = (Q d )<s © (0 d )*, where (0 d )s is an object 
of €<b(0) and and (0 d )' 8 is an object of C*(0). 

Let n s := Homg m '((0 d ) (B ,L) and IT 8 := Homg m '((0 d ) 18 , L) with the supre- 
mum norm. Then it follows from the anti-equivalence of categories estab- 
lished in [58] that IT = ITsg © IT®. Further, since the decomposition in Corol- 
lary 15.311 is a decomposition of categories we have no non-zero morphisms in 
€.{0) between (0 d )<8 and (Q d ) (& . Dually this implies that there are no non- 
zero morphisms between IT® and LT® in Ban^,^(L). Using (0 ®q k) y — 
Q d ®q k, see [55], Lem. 5.4], we deduce that II s is non-zero object of 
Bang, a (L) 33 and none of irreducible representations in 23 appear as sub- 
quotients of the reduction modulo p of any open bounded lattice in 11®. 
Inductively we obtain a sequence of closed G-invariant subspaces LTj of LT 
such that IL = 11®' © Ili+i for some block 03; with IT* 8 ' ^ if IL ^ 0. Since 
LT is admissible such sequence must become stationary, see [551 Lem.5.8]. 
Hence, there exist finitely many blocks 23i, . . . , 23 m such that LT 95 * 7^ and 
so IT = QZLjlF**. a 

Corollary 5.33. Let LT be an irreducible admissible L-Banach space repre- 
sentation of G with a central character and let be an open bounded G- 
invariant lattice in LT. Then ©e> k contains an irreducible subquotient tc 
and all other irreducible subquotients lie in the block of it. 

Proposition 5.34. Let I be a field extension of k. Let it in Mod^V(/c) be 
absolutely irreducible and let r in Modg^(Z) be irreducible. Ifn® k l <H- r then 
there exists an absolutely irreducible a in Mod^(fc) such that t = a ® k l. 
Moreover, a is unique up to isomorphism. 
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Proof. It follows from Lemma 15.11 that if such a exists then it is unique. It 
follows from the proof of Proposition 15.21 that r §§\l — ©™ =1 Tj, where each 
Ti is of finite length and t* 8 — nf mi with Ki absolutely irreducible. (Note 
that we do not require I to be a perfect field, and hence r ®i I need not be 
semisimple.) Thus using Proposition 15.291 we may reduce the problem to the 
case when I is algebraically closed. In this case in [54J we have determined all 
possible r such that r -h- m. It follows from the explicit description (recalled 
in Proposition 15.381 below) and Lemma 15.81 that every such r can be defined 
over the field of definition of ir. □ 

Corollary 5.35. Let n G Irr G ^(fc) be absolutely irreducible and let tc <^-> J be 



an injective envelope of it in Mod G Ak). Then ic 0^/ ■— >■ J '<S>kl is an injective 



envelope of tx ®^l in Mod G Al) . 



Proof. Let t : Ji ■=->■ J' be an injective envelope of J\ in Mod G ^(Z). We claim 
that the quotient is zero. Otherwise, there exists r G \yyq,cJA) such that 
Hom G (r, J'/Ji) 7^ 0. Since i is essential we have Hom G (r, J{) = HomG , (r, J') 
and so Ext G ^(r, J{) ^ 0. Since we are working in the category of locally 
finite representations, this implies the existence of a subobject k of J of finite 
length, such that Ext G ^(r, k{) ^ 0. Further passing to short exact sequence 
we may assume that k is irreducible and lies in the block of n. Proposition 
15.341 implies that k is absolutely irreducible, and applying it again we deduce 
that there exists a G Irr G ^(A;) such that r = a <S)k I- As J is injective in 
Mod G Ak) we have Ext G Aa, J) = and so Proposition 15.291 implies that 
Ext G At, Ji) = 0. This is a contradiction and so Ji = J' is injective. 

Since all the irreducible subquotients a of J are absolutely irreducible, all the 
irreducible subquotients of Ji can be defined over k. Since Hom G (cr/, J{) = 
Hom G (cr, J) i by Lemma [5. 1\ we deduce that -n\ '-¥ Ji is essential. D 

Let L' be a finite extension of L with the ring of integers O' and residue field 
k' . Let 7r be an absolutely irreducible k- representation of G with a central 
character ( and let P be a projective envelope of S := 7r v in €.{0). 

Corollary 5.36. P®oO' is a projective envelope of S®kk' in <L(0'). More- 
over, End c(0 /)(P ®o O') = End c(0) (P) ®o O' . 

Proof. It is enough to show that P ®o k! is a projective envelope of S 0^ k' 
in €(k'), see Corollary 15.1 7\ as P is (9-torsion free by Corollary 15. 161 Now, 



p® Q k' = j; ® k y = ( j w ® fc k') 
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where J^ is an injective envelope of it in £(k) and the last isomorphism 
follows from Lemma 15.11 Since J n £g>fc k! is an injective envelope of tc ®j. k' 
in €(k') by Corollary 15.351 we get the first assertion. The second assertion 
follows since O' is free of finite rank over O. □ 

Corollary 5.37. Let S be as above and suppose there exists Q in £(k) sat- 
isfying the hypotheses (H1)-(H5) of§j& Then Q ®fc k' and S <2>fc k' satisfy the 
hypotheses (H1)-(H5) in C(k'). 

Proof. Propositions EMI E29J □ 

Proposition 5.38. Let n G hraxik) be absolutely irreducible and let 53 be 
the equivalence class of n in lrra,c(k) under ~. Then one of the following 
holds: 

(i) if it is supersingular then 53 = {7r}; 
(ii) if it = IndpXi ® X2^ _1 with XiX^ 1 ^ l,w ±:l then 

53 = {Ind£ xi ® X2W" 1 , Ind^ X 2 <8> Xiw" 1 }; 

fmj »/ 7T = Indp x ® XW" 1 ^en 53 = {vr}/ 
(wj otherwise, 53 = {77, Sp <8>r/, (Indp a) <g> 77}/ 

where r\ : G — >■ fc x is a smooth character. 

Proof. If fe is algebraically closed this is the main result of [54]. It follows 
from Lemma l5~8l Propositions 15.341 and [57291 that the same statement is true 
over k. □ 

Corollary 5.39. Let II be an absolutely irreducible admissible unitary L- 
Banach space representation of G with a central character (, let be an 
open bounded G-invariant lattice in II and let it be an irreducible subquotient 
of <S>o k. Then either tc is absolutely irreducible or there exists a smooth 
character x '■ Qp — > k x such that I := fc[x(p)] ^s a quadratic extension of k 
and 

n(g) k l = Indp x ® X a ^ 1 © Indp x* ® XW~\ 

where x a is a conjugate of % by the non-trivial element in Gal(//fc). 
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Proof. We observe that for every finite extension I of k the irreducible sub- 
quotients of 7T; are contained in the same block. Since otherwise Proposition 
15.321 implies that Ul> is not irreducible, where V is a finite extension of L 
with residue field /. The assertion follows from the description of irreducible 
^-representations of G in Proposition 15.91 and Proposition 15.381 □ 

It follows from Propositions I5.38[ 15.91 and 15.291 that a block 53 contains only 
finitely many isomorphism classes of irreducible /c-representations of G. Fix 
a representative 7Tj for each isomorphism class in 23 and let P<g be a projective 
envelope of (©" =1 vtj) v then E<g := Eiad<r(o)(P<B) is a compact ring, see §|2j 

Proposition 5.40. The category Mod G ^(O)* 8 is anti-equivalent to the cate- 
gory of compact right E<%-modules. The centre of MckIq^O)^ is isomorphic 
to the centre of E& . 

Proof. See [Ml §IV.4 Thm 4, Cor 1, Cor 5]. □ 

5.6 Representations of the torus 

Let T be the subgroup of diagonal matrices in G, T := T fl /, T\ :— T n I\. 

Proposition 5.41. Every smooth irreducible k -representation ofT is finite 
dimensional and hence admissible. The absolutely irreducible representations 
are 1- dimensional. 

Proof. Let r be an irreducible smooth ^-representation of T. Since 7\ is a 
pro-p group we have t Ti ^ 0, and since T\ is normal in T and r is irreducible 
we obtain r Tl = r. Since Tq/Ti is a finite group of prime to p order and 
with all its absolutely irreducible representations defined over F p , we may 
find a smooth character \ : T — > k x , such that \ is a direct summand 
of t\t - Since T is commutative and r is irreducible we deduce that t\ To 
is isomorphic to a direct sum of x, in particular any fc-subspace of r is To- 
invariant. Choose ti, ti G T such that their images generate T/T as a group. 
Let i? = kitf 1 , tf ] C fe[T] then any R- invariant subspace of r is T -invariant 
and hence T-invariant. Thus r is an irreducible R- module and hence is 
isomorphic to R/m, where m is a maximal ideal of R. Since R is just the 
ring of Laurent polynomials in 2 variables, R/m is a finite extension of k. 
Thus, r is finite dimensional and R/m is an absolutely irreducible -R-module 
if and only if R/m ^ k. □ 
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Corollary 5.42. Let ti,t 2 be smooth irreducible k-representations of T . If 
Indp 7~i and Ind P r 2 have an irreducible subquotient in common then T\ — t 2 . 

Proof. If T\ and r 2 are absolutely irreducible then they are characters and 
the assertion follows from [2J, §7]. In general, since T\ and r 2 are finite dimen- 
sional, we may find a finite extension I of k such that 

o-eGal(7/fc) o-eGal(Vfc) 

where xi an d Xi are smooth characters T — > l x . From the absolutely 
irreducible case, we deduce that xi is Galois conjugate to X2 and thus 
n <g)fc / = r 2 ®,t /. Taking Gal(///c)-invariants gives 7~i — r 2 . □ 

Lemma 5.43. Let i/j : T — > k x be a smooth character such that ip\ z = C 
and let — > ip — > e — > ip — > be a non-split extension in Rep T ^ then 
dimExt T ^(?/>, e) = 2. 



Proof. After twisting we may assume that ip — £ = 1. As we have seen 
in Proposition 13.331 the hypotheses (H0)-(H5) are satisfied for T/Z = Q* 

and S = Q = l v . Moreover, the endomorphism ring E of the projective 
envelope of l v is isomorphic to 0[[x, y]] and E = E £g>e> k = k[[x,y}] with 
the maximal ideal m = (x,y). The non-split extension e v , defines a 1-di- 
mensional subspace W of m/m 2 , see §3.31 Without loss of generality we may 
assume that the image of x is a basis of W. Then the image of {x, y 2 } in 
(W + m 2 )/(Wm + m 3 ) is a basis and and the assertion follows from Lemma 

Km a 

5.7 Colmez's Montreal functor 

Let Mod^ z (0) be the full subcategory of Modg n (C) consisting of repre- 
sentations of finite length with a central character. Let Modg Q (O) be the 
category of (9-modules with continuous (?Q p -action, where Qq p is the absolute 
Galois group of Q p . Colmez in [23] has defined an exact covariant functor 
V : Mod^ z (0) -> Rep Q(} (O). If ip : G Qp -» O x is a continuous character 

and vr is in Mod^ z (0) then V(7r®^odet) = V(n)®iJ). Moreover, V(l) = 0, 

V(Sp) = u, V(Ind < f(xi®X2Lu- 1 )) = X2, V(7r(r,0)) = ind^ u r 2 + \ where 

w is the reduction of the cyclotomic character modulo p, w 2 is a fundamen- 
tal character of Serre of niveau 2 and < r < p — 1. In particular the 
representation V(7r(r, 0)) is absolutely irreducible. 
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Let C '■ Z — y O x be a continuous character and let <£(0) be the category 
dual to Mod 1 ^ (©). We define a functor V : €(0) -> Rep gQ (O) as follows. 

Let M be in £(£>), if it is of finite length then V(M) := V(M V ) V (>:C), where 

V denotes the Pontryagin dual, e the cyclotomic character and we consider 
( as a character of Qq via the class field theory. In general, we may write 
M = lim Mi, where the limit is taken over all quotients of finite length, 

we define V(M) := limV(Mj). Since we have dualized twice, the functor 

V is covariant. Moreover, it preserves exactness of short exact sequences of 
objects of finite length. Since all the maps M, — y Mj in the projective system 
are surjective with Mj and Mj of finite length, we deduce that the maps 
V(Mj) -y V(Mj-) are surjective. Hence, by Mittag-Lefner lim 1 V(M;) = 

and so the functor V is exact. Let us note that with our normalization of V 
we have: 

V(7r v ) = V(7r), V((Ind^ Xl ® X2 o;- 1 ) v ) = Xi, V((Sp ®T) o det) v ) = r,, 

where ir is a supersingular representation. 

Suppose that we have S and Q in €(0) satisfying hypotheses (H1)-(H5) of 
§3.11 and let P be a projective envelope of S and E its endomorphism ring. 
Let 21 be the category of finite local augmented possibly (non-commutative) 
(9-algebras as defined in Definition 13.191 

Lemma 5.44. Let A —y A' be a morphism in 21 and let Qa be a deformation 
of Q to A in the sense of Definition \3.2(A Then *V(Qa) is a flat A-module 
and 

A'®aV{Qa)=V{A'®aQa). 

In particular, k <%>a ~V(Qa) — V(Q) and \{Qa) is a finite free A-module of 
rank dim fc V(Q). 

Proof. This is identical to [3SI 2.2.2], via [3U1 1.2.7]. We recall the argument 
for the sake of completeness. Since A C Endc(o) (Qa) and V is a covariant 
functor, V(Qa) is naturally an A-module. Moreover, the exactness of V gives 
A n ® A V(Qa) = V(Q A ) n = V(A n (g) A Qa)- The isomorphism, exactness of 

V and the snake lemma implies that for any finitely presented A-module M 
we have a natural isomorphism M £8u *V(Qa) — ~V{M ®a Qa)- Since A is 
finite every finitely generated module is also finitely presented and since A' is 
finite it is finitely generated over A. Since Qa is flat over A we deduce that 
*V(Qa) is flat over A. Since Q is of finite length and irreducible subquotients 
are mapped to finite dimensional fc-vector spaces we deduce that V(Q) is 
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finite dimensional, as k cg)^ V(Qa) — V(fc 0a Qa) — V(Q) we deduce the 
last assertion from Nakayama's lemma for A. D 



Corollary 5.45. The functor V induces a natural transformation Defg — >■ 
Defv (Q) , DefJ -> Def$ (Q); Q^ ^ V(Q A ). 

Corollary 5.46. V(P) zs a free E-module of rank dim V(Q) ■ 



Proof. Since the hypotheses (H0)-(H5) are satisfied we know from Corollary 
I3.13l that P is P-flat and hence P/m n P is P/m n -flat for all n. The assertion 
follows from Lemma 15.441 □ 

Corollary 5.47. Let U be an admissible unitary L-Banach space represen- 
tation of G with a central character ( and the reduction U of finite length. 
Suppose that S v occurs in U and let H be an open bounded G-invariant lattice 
in II such that the natural map Hom^o) (P, H d ) ®^ P — )■ 5 d is surjective, see 
Proposition J^.lb\ (Hi). Then we have a surjection 



Hom e(0) (P, ~ d ) §£ V(P) - V(Hom c(0) (P, ~ d ) §^ P) -» V(~ d ). 

Proof. We note that since II is of finite length, Home(o) (P, S d ) is a finitely 
generated (9- module by Lemma 14.141 The isomorphism follows from Lemma 
I5.44[ the surjection from the exactness of V. □ 

Let Def^'l!. be a subfunctor of Def^.,^ parameterising deformations with 
determinant equal to ip := e£, where e is the cyclotomic character. If Def^w^N 
is pro-representable then so is Def^'f,,, see (32 §24], and we denote the 

corresponding ring by Rf, A maximal ideal of m of R^[l/p] with residue 
field M corresponds to a continuous representation p m of Qq p on an M- vector 
space such that det p m = ip and p^ ®o M ^ — V(Q) f° r some (?Q p -invariant 
Cjw-lattice pJJ, in p m . Let a be the intersection of those maximal ideals m 
of Rj\l/p\ for which p m is irreducible and let R! be the image of R^ in 
B?[l/p]/a. 

Proposition 5.48. Assume that 5* v is absolutely irreducible and S v is not 
a character, so that V(5) ^ 0. Suppose that the following hold: 

(i) Def^/QN is pro-representable; 
(ii) V induces an injection, 

Ext^ c (Q v ,Q v ) ^ Ext^ [g0p] (v(g v ), v(g v )) ; 
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(iii) for every irreducible representation p of Qq defined over some finite 
totally ramified extension M of L and satisfying ~p = V(Q) SS there 
exists an open bounded G-invariant lattice H in a unitary admissible M- 
Banach space representation UofG such that, ( is the central character 
of U, II is of finite length and contains S v with multiplicity 1 and 
p = V(E d )® L. 

Then there exists a natural surjection E ab -» R' . 

Proof. We note that in this Proposition we allow only commutative coeffi- 
cients for our deformations. In particular, all the rings representing different 
functors are commutative. Corollary 15.451 gives a natural transformation of 
functors Defq — > Def^^.,. Since both functors are pro-representable we ob- 
tain a map (p : R — > E ab , where R is the ring pro- representing Def^^. Now 
(ii) is equivalent to the assertion that V induces an injection 

Def#(*[e]) = Ex4 (fc) (Q,Q) <-+ Ext£ [CQp] (V(Q), V(Q)) = De# W) (*[*]), 

which is equivalent to the assertion that if induces a surjection 

m K /(m| + wR) -» m ab /{m 2 ab + wE ab ). 

Since both rings are complete we deduce that if : R -» E ab is surjective. Let 
rn p be a maximal ideal i?^[l/p] corresponding to an irreducible representation 
p. We claim that the map x p : R — ¥ R^ —¥ R^[l/p]/m p factors through 
if : R -» E ab , which is equivalent to Kenp C Kerx p . Since (Dm is a free finite 
rank O- module the latter is equivalent to (Ker (p) ® Om Q (Ker x p ) ®o Om- 
Hence, for the proof of the claim we may assume that M = L. Let II and S 
be as in (iii), so that p = V(S d ) ®o L. 

We may assume that II is irreducible, since if IL is a proper closed G-invariant 
subspace of IT then exactness of V gives a surjection V(H d ) -» V((H fl Hi) d ) 
and hence we have a surjection V(S d ) ®o L -» V((H fl IIi) d ) ®o L. Since 
p is irreducible this is either an isomorphism, in which case we replace II 
with Iii, or the zero map in which case we replace II with H/Hi. Since 
V is exact it maps (9-torsion free module to (9-torsion free modules and 
hence V((E n IIi) d ) ®ol = implies that V((S n Ili) d ) = and hence 
V^ nnQ^ o k) = V((E_n U^) ® o k = 0. Since V(S) ^ , we deduce 
that (n/IIi) respectively 111 does not contain S v , and hence the new II 
satisfies the conditions of (iii). 
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Since all open bounded lattices in II are commensurable, V(H d ) ® L does 
not depend on the choice of H. Since II is irreducible by Proposition 14. 161 we 
may choose 5 so that the natural map 

Rom €{0) (P,E d )^ E P^E d (84) 

is surjective. As S v occurs in II with multiplicity 1, Lemma 14.141 says that 
Hom,r(0) (P, S d ) is a free (9-module of rank 1. Hence, the action of E on it 

factors through the action of E ab and hence we get a surjection 

0® Sab P ab ^E d , (85) 

where P ab = E ab ®^ P. Since P ab is topologically free over E ab , it follows 
from Lemma [5.441 that applying V to (I85p we get a surjection 

0§ Eab V(P ab )^V(E d ) (86) 

Now k ® Eab V(P ab ) = Y(k ®£ ab P ab ) = V(Q) and since V(S d ) is a lattice in 
p with p = \(Q) SS we deduce that (j86"|) is an isomorphism. After tensoring 
( 186|) with L we deduce that the map R -» P^ -» P^[l/p]/m p factors through 
y> : P — >■ E ab and hence the map P — >■ P^[l/p]/a factors through 99, which 
gives a surjection P ab -» P'. D 

5.8 The strategy in the generic case 

We are now in a position to explain how in the generic case the proof of the 
main theorem reduces to a computation of dimensions of some Ext groups 
in the category of smooth ^-representations of G with a central character. 
By the generic case we mean that Q v is an atome atomorphe in the sense of 
Colmez, which is either irreducible supersingular, so that S = Q, or Q w is 
a non-split extension of IndpXi <8> X2^~ 1 by Indp%2 ® Xi u _1 with XiX^ 1 ¥" 
w ±:L , 1 and S' v is a principal series representation. 

We know that the hypothesis (HO) is satisfied by Proposition 15.161 and to 
verify (H1)-(H5) we only need to compute the dimensions of some Ext groups. 
Suppose that we can do this and (H1)-(H5) hold. Now V(Q) is 2-dimensio- 
nal and is either irreducible or a non-split extension of two characters X2 
by xi- Since p > 5 and and XiX^ 1 7^ ^ ±1 , 1 the universal deformation ring 
Def^ ((3 ) is representable by R = 0[[xi, . . . , 25]] and the deformation ring with 
the determinant condition R? is isomorphic to C?[[xi,o;2,^3]]- Moreover, one 
may show that the irreducible locus is dense, hence the ring R' introduced 
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before Proposition E3H1 is isomorphic to R^. The condition (ii) in Proposition 
15.481 in this case is a result of Colmez [231 VII. 5. 2], and the condition (hi) 
is a result of Kisin [381 2.3.8]. Hence, Proposition 15.481 gives us a surjection 
E ab -» R? = 0[[x 1 ,x 2 ,x 3 }}. One may calculate that dimExt^ c (Q v , Q v ) = 3 
and hence dimm/(m 2 + wE) = 3. If we can show that for every non-split 
extension -> Q v -> r ->■ Q v -> in Mod^ c (fc) we have dimExt^ c (S v , r) < 
3 then using Theorem 13.381 we may deduce that E = R?. In particular, E is 
commutative and hence Corollary 14.411 says that every absolutely irreducible 
admissible unitary L-Banach space representation II of G with the central 
character ( and such that II contains S v satisfies II C (Q v ) ss . 



6 Supersingular representations 

In this section we carry out the strategy described in §5.8l in the supersingular 
case. The main result is Theorem 16 .41 and its Corollaries. In §6.1l we carry out 
some Ext calculations, we suggest to skip them at first reading. We assume 
throughout this section that p > 5. Let n = 7i(r,0,r]) be a supersingular 
representation with a central character congruent to (. 

Proposition 6.1. The hypotheses (H1)-(H5) of$M\hold with Q = S = vr v . 
Moreover, dimExt c (5', S) = dimExt^ Jir, n) = 3. 

Proof. Let r be an irreducible representation in Mod^Jk) not isomorphic 
to Ti, then Ext(5^(r,7r) = 0, [54, 10.7]. Moreover, dimExt G ^(7r,7r) = 3, 
[541 10.13]. This implies (H3) and (H4) via Corollary 15.141 the rest holds 
trivially. D 

Since (HO) holds for G by Corollary 15. 161 we may apply the results of §3.1l and 
§H Let P -» S be a projective envelope of S in C(0), let E = End^o)(P), 
ffv the maximal ideal of E and let m be the maximal ideal of E ®e> k. We 
note that Proposition 16.11 and Lemma P3.28I imply that d := dimm/m 2 = 3. 
Let p := V(7r) then p = indw^ 1 ® f] is absolutely irreducible. We note 
that det p is congruent to (e, where e is the cyclotomic character. Let R p 
be the universal deformation ring of p and R'j, 6 be the deformation ring of 
p pro-representing a deformation problem with a fixed determinant equal to 
Ce. 

Proposition 6.2. The functor V induces a surjection 

E^Rf = 0[[ Xl ,x 2 ,x 3 }}. 

88 



Proof. This is a consequence of Proposition 15.481 We note that V(5) = 
V(7r) = p. Since p > 5 using local Tate duality and Euler characteristic, we 
may calculate that H 2 (CJQ p ,Adp) = and H 1 (Qq p , Adp) is 5-dimensional. 
This implies, see 06j §1.6], [33 §24], that the universal deformation problem 
Def^/m is represented by R p = 0[[xi, . . . , X5]] and the deformation problem 
with the fixed determinant is represented by PS p s = 0[[xi ) X2,x^\}. Since 
the residual representation is irreducible, the ring R' in Proposition 15.481 is 
isomorphic to R^ £ . Part (ii) of Proposition 15.481 is satisfied by [231 VII. 5. 2], 
and (iii) is satisfied by [38, 2.3.8]. □ 

Proposition 6.3. The functor V induces an isomorphism E = R^ . In 

particular, E is commutative and V(P) is the universal deformation of p 
with determinant (e. 

Proof. In view of Theorem 13.381 and Lemma 13.42} it is enough to find a 2-di- 
mensional subspace V of Ext G ^(7T, tc) such that for every non-zero £ G V, rep- 
resenting an extension 0— > n — > E^ — > n — >■ we have dimExtg^(7r, Eg) < 3 
or equivalently diiaExt q^(E^, ix) < 3. 

We have shown in [54, 10.14] that for any non-zero £ lieing in the image of 
Ext^(X(7r),X(7r)) in FiXtQ^n, ir) via (17T|) . we have dimExt^ JE^,ir) < 3. In 
the regular case, we have dimExt^(X(7r),X(7r)) = 2, [201 Cor 6.6], and so we 
are done. In the Iwahori case, dimExt^(X(7r),X(7r)) = 1, but in Proposition 
16.241 below, we find a two dimensional subspace V in Extg^(7r, re) such that 
for any non-zero £ G V we have dimExtg Jn, Eg) < 3. Hence, V induces 

an isomorphism of deformation functors, Corollary 15.451 and so V(P) is the 
universal deformation of p with determinant (e. D 

Theorem 6.4. Let U be a unitary absolutely irreducible L-Banach space 
representation with a central character (. Suppose that the reduction of some 
open G-invariant lattice in IT contains it as a subquotient then U = it. 

Proof. Since E is commutative the assertion follows from Corollary 14.411 □ 

Recall that the block 23 of tt consists of only one isomorphism class, Proposi- 
tion ESI Then Mod^O)* is the full subcategory of Mod^(O) consisting 
of representations with every irreducible subquotient isomorphic to n. 

Corollary 6.5. The category Mod G AO)® is anti- equivalent to the category 
of compact R^ e -modules. The centre ofMod G AO) <B is naturally isomorphic 
to Rf. 
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Proof. The assertion follows from Proposition 15.401 and Proposition 16.31 □ 

Remark 6.6. Since p is absolutely irreducible and p > 2 = dimp, sending a 
deformation to its trace induces an isomorphism between R^ £ and Rtrp, the 
deformation ring parameterizing 2-dimensional pseudocharacters with deter- 
minant (e lifting tr p, see 149]. 

Corollary 6.7. Let T : Qq p —¥ R^f 6 be the universal 2-dimensional pseu- 
docharacter with determinant £e lifting trp. For every N in £(0)® , V(iV) 
is killed by g 2 - T(g)g + (e(g), for all g E G Qp . 

Proof. Proposition 16. 31 and Remark l6.6l imply that the assertion is true ii N = 
P. In general, V(iV) = V(Hom £(0) (P, N) ® s P) =* Hom £(0) (P, N) § 5 V(P). 

D 

Let Bangui-)* 8 be as in Proposition EM and let Bang 1 " fl (L) !B be the full 
subcategory consisting of objects of finite length. 

Corollary 6.8. We have an equivalence of categories 

Bang^- fl (L) a8 = Bang^L)* 

nGMaxSpec R C p e [1/p] 

The category Ban^?' (-L)jf is anti- equivalent to the category of modules of 
finite length of the n-adic completion ofRp[l/p\. In particular, BanQ d ™' fl (L)® 
contains only one irreducible object. 

Proof. Apply Theorem IP51 with (HO) = g(Q) s . D 



6.1 Iwahori case 

Let ix = 7r(0, 0, 77) = tt(p — 1,0, rj). In this section we identify a two di- 
mensional subspace V of Extg A(7r,7r) such that for any non-zero £ G V, the 
equivalence class of an extension 0— > n — > E^ — > n — > 0, we have either 
dimExt G ^(P^, tt) < 3 or dimExt G ^(7T, E%) < 3, thus completing the proof of 
Proposition 16.31 The proof involves tracking down the dimension of various 
Ext groups. Essentially the same argument should also work for p = 3, but 
we have not checked the details. 
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Remark 6.9. Let p := mdoo 2 , thenExt 2 g Q (p, p) = H 2 (g Qp ,p(g)p*) = 0. Thus 
if we have two non-zero elements a,b E Extg (p,p), equivalence classes of 
— > p — )■ a — > p — > and — > p — > fi — > P — > 0, respectively, then there 
exists a commutative diagram: 



-*-CK- 



■P- 



-7- 



'P- 



P- 



-P 



To 7 one may associate a smooth representation k of P, see JB, $1-2]. The 
results of this section are equivalent to the assertion: the action of P on k 
extends to the action of G, if and only if a = [3. 



After twisting we may assume that rj is the trivial character, and so Z acts 
trivially on n. We will write Mod s ^ /z (k) instead of Mod^(fc) and Ext G/z 
instead of Ext G a. It follows from [16, 3.2.4, 4.1.4] that n 11 is 2- dimensional. 
Moreover, [161 4.1.5] implies that there exists a basis {v±, v 8t } of n 11 , such that 
Ilfi = f st , rif s t = vi and there exists an isomorphism of ^-representations: 



(K. Vl ) 



(K . v st ) =* st, 



17) 



where st is the inflation of the Steinberg representation of GL^Fp). In par- 
ticular, H acts trivially on vi and v st . We recall the results of [HH §4]. Let 



Mi:= (\0 J)«i : rc>0,&eZp), 



M 



Ht 



P 



2d 







v e t ■ n 



>Q,beZ p ). 



Then M 1; M st are stable under the action of J, [54, 4.6], Mj 1 = k L v\ and 
h 



M^ = k L v st . We set 



7Ti := M x + II . M t 



St; 



7T S 



M 8t + n . Mx. 



39) 



The subspaces 7Ti and 7r st are stable under the action of G + , [Ml 4.12]. More- 
over, we have 

7r| G+ *£ TTl © 7T st . (90) 

This implies 



7T = Ind G+ 7Ti 



Ind G+ a st . 



7T S 



(91) 
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Further, [SU 6.4] says that 

Tii 1 = M ± n ITM st = k L v ± , tt£ = M st n UM 1 = k L v st . (92) 

The key observation that goes into the proof of this result is that the re- 
strictions of Mi and M st to H (I fl U) are injective envelopes of the trivial 
representation in Rep H ^ InU y 

Lemma 6.10. Let N be a representation of I jZ\ such that N\j in u is an 
injective envelope of the trivial representation in Rep 7 nU . Let v E N such 
that H acts on v by a character x ond let k, := (I . v), then 

(i) &im(N/K) h = 1; 

(ii) H acts on (N/k) 11 by a character x^" 1 ; 
(Hi) x a± "~^ (N/ K )\H(hnu) i s an injective envelope of ' x°~ X ^ n R- e VH(hnu)- 

Proof. Since N is smooth and k is finitely generated, k is of finite length. We 
argue by induction on the length £ of k. Suppose the length of k is 1, then 
k = N 11 = N IlC[U and the assertion follows from [5U Prop. 5.9]. In general, 
let Ni := N/N 11 and let K\ denote the image of k in iVj. Now [54} Prop. 
5.9] says that Ni\i in u is an injective envelope of the trivial representation in 
Rep /inC/ . Since N Tl = N IlC[U is 1-dimensional and nC\ N !l = k Ti ^ we have 
£(ni) = £(n) — 1, and hence we get the assertion by induction. □ 

Proposition 6.11. Let 

Wl := £ A (J M \M) ft*, Wa := Y, * (\ [ f) «<*. (») 

and set r := (K . %) + (K . (Uwi)) C 7Ti. There exist an exact non-split 
sequence of K -representations 

-)- 1 ->■ r ->■ Indf a -> 0. (94) 



Moreover, 


Ext} /Zl 


(1, 


7ri/r) = 


: and 


(tt/t)* = 


a~ 2 © 


a 2 


Proof. From (1931) 


we 


get 




















G 


M' 


J s(nwst) 


= Wi. 





(95) 
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Let r, U\ and w 2 be the images of r, w-^ and Iho st in 7Ti/l, respectively. Now 

implies ^\jk L v\ = Mxjk L v\ © U(M st /k L v st ). Hence, {ui,u 2 } is a basis 



K 



for (7Ti/l) 71 . Moreover, (1531) implies that the natural surjection Ind 7 a -» 
(if . M2) is injective, since it induces an injection on (Indj a) h . Thus f = 
Ind 7 a and the extension 0— > 1 — > t — > f — ^ is non-split, since soc^ r C 
soc^ 7Ti = 1. Now su 2 is the image of 

s(Uw Bt ) = tw st =J2 X (l Pi i ] ) ^ 

which lies in M\. Since f = ki,ui © (ii . (51*2)) we obtain 

ttx/t = Af 1 /(J . (fc^)) © U(M st /(I . w st )). 

Let Ni : = M 1 /(/.(ttf st )). Lemma r6.10l gives that A^ 1 is 1-dimensional, if acts 
on N^ 1 by the character a~ 2 and a~ 2 ■— >• Niln^nu) ls an injective envelope of 
a~ 2 in Repjj(/ in m. Let ?/> : 7 — >■ £;£ be a smooth character, [5U Prop. 7.9] says 
that Ext}/ Zi (^, Ni) ^ if and only if i/j = a -1 or ^ = a~ 2 . Since p > 5 we 
get Ext} /Zl (l,iVi) = 0. Similarly, one gets Ext} /Zl (V>,II(M st /(I . w st ))) ± 
if and only if -0 = (a _1 ) n = a or ip = (a~ 2 ) n = a 2 . Again we obtain, 
Ext} /Zi (l,n(M st /(J . Wet ))) = and hence Ext} /Zl (1, TTi/r) =0. D 

Lemma 6.12. We have 

(1) ExtJ, /Zi (st, 1) = Ext^ /Zi (l, st) = 0; 
(ii) dimExt^/^st, st) = 1; 
(m) dimfl' 1 (//Zi,st) = 1. 

Proof. Since 1 and st are self dual, sending an extension to its dual induces 
an isomorphism Ext^y Zl (st, 1) = Ext^y Zi (l, st). So for (i) it is enough to 
prove Ext^/ Zl (st, 1) = 0. Let k be a smooth representation of K/Zi, then 

Hom^ /Zl (st, k) = Hom x/Xl (st, k Ki ), (96) 

since K 1 acts trivially on st. Now st is a projective object in Rep K / Kl , [59J, 
§16.4]. Thus, Homx/Ki(st, *) is exact and we get: 

Ext} </Zi (st , k) <* Hom K/Kl (st , H 1 {K x /Z x , «) ) . (97) 

If K\ acts trivially on k we have an isomorphism of /^-representations: 

H x {K x jZ x , k) = EomiKt/Zx, k L )®K = (Sym 2 k\ © det" 1 ) © k, (98) 
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see [20, Prop 5.1]. Now Hom^-(st, Sym 2 k\ © det -1 ) = as p > 5 and 
dimHom x (st,st®Sym 2 fc^tgidet" 1 ) = 1, by [2U] Prop 5.4 (ii)]. So we get the 
assertions (i) and (ii). For fiii) we observe that 



H\I/Z U st) = Ext^ /Zi (Indf 1, st) = Ext^ /Zl (l © st, st). 



□ 



Lemma 6.13. We have dimExt}/ Zi (st, a) = 1. The natural map 

Ext} /Zi (st, a) -)- Ext[ /nP)/Zi (st 7 , a) (99) 

is an isomorphism. 

Proof. Since Ind 7 1 = 1 © st, we have an isomorphism st|j = lnd HKl 1 and 
hence 

Ext} /Zi (st,«) S Ext^ i/Zi (l,«) S H l (K 1 /Z 1 ,a) H , (100) 

which is one dimensional, see the proof of [Ml Prop. 5.4]. If we identify 
H 1 (Ki/Zi, a) with Hom(i ; C 1 /Z 1 , fc^) the group of continuous group homo- 
morphism, then Ext}/ Zl (st, a) identifies with kzK, where 

<9) = (bp- 1 ) (modp), \/g=(- b d )eK l . 

Let 0— > a — > E — >■ st — >• be the unique non-split extension and let v be 
the basis vector of a. For each coset c £ I /HK\ fix a coset representative c 
of the form (n i ) ■ We note that given g £ I\ the element ~gc~ 1 gc lies in K\. 
The isomorphism st | j = \wd HK 1 and fllOOp imply that there exists w £ E 
such that the image of {cw : c £ I / HK{\ is a basis of st and for all g £ K\ 
we have gw = w + n(g)v. Let wi = ^2 c cw, then the image of W\ in st spans 
st 7 . We have 

gwi = 9^2 cw = ^gcigc' 1 gc)w = w x + S ^K{-gcr l gc)v 

(101) 



Wi 



+ K (Yl(gc 1 gc))v. 



If g = ( J I ) then g commutes with all the coset representatives, and so 
WJj)c~ X gc) = g p , thus gw\ — w± + v. This implies that the map ( 199]) is 
non-zero. Moreover, the target is 1-dimensional by [54, Prop. 5.4], hence 
(|99|) is an isomorphism. □ 



Corollary 6.14. Let a = 1 or a = st then dim Ext^y Zi (cr, m) = 1 and 
Ext-K/ZifaniM =0. 
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Proof. It follows from 16 .1T1 that 

Ext^ /Zi (Indf 1, tti/t) = ExtJ /Zl (l, tti/t) = 0, 

Hom A7Zl (Indf 1, TTx/r) = Hom //Zl (l, vn/r) = 0. 

Since Indf 1 — 1 © st, we get Ext -/ Zi (cr, 7Ti/r) = and Homier, 7Ti/t) = 0. 
Thus, applying Hornier, *) to the exact sequence 

-)- Indf a ->■ tti/1 ->■ tt/t -> 

we obtain 

Ext^ /Zl ((7,^/1) = Ext^ /z >,Indf a) = Ext] /Zl (cr, a). 

Now Extj/ Z (st, a) is 1-dimensional by Lemma 16.131 and Exti/ Zi (l,a) is 1- 
dimensional by [54"| Prop. 5.4]. Hence, 

Ext} /Zi (l, 7Tx/l) = Ext^(l © St, 7Ti/l) 

is 2- dimensional. We know that Ext}/ Zl (l, 1) = 0, [53J Prop. 5.4], so 

Ext} /Zl (i,7n) -> Ext} /Zl (i,7n/i) (102) 



is an injection. The source has dimension 2 by [54"1 Thm. 7.9]. Hence, 

is an isomorphism. Using Ind 7 1 = 1 © st again we get that Extw Zl (st, 7i"i) 

and Ext-/ Zl (l, 7Ti) are both 1-dimensional. □ 

Lemma 6.15. We /iai>e exact sequences of G + -representations: 

->■ c-Ind|n z 1 -> c-Ind^ 1 ->■ tti ->■ (103) 

-> c-Ind|n z st n ->■ c-Indfz st ->■ vr st -»> 0. (104) 

Proof. Below we let (a = st and a = 1) or (a = st and a — 1). Let 
^+ := {/ G c-Indg z a : Supp /CG+}^ c-Indf z a, 
jr- := {/ e C -Ind£ z a : Supp / C UG + } ^ c-Ind£n z a n . 

We have c-Ind AZ a\a+ — F + © -T 7- - Let if G c-Ind xz a, such that Supp ip = 
KZ and <p(l) spans a 71 . Then F + = (G+ . ip) and J 7 " = (G+ . Uip). It 
follows from Lemma [5.101 that Tip G T~ and TTI<^ = nTy? G J-" + . Hence, 
r(J^+) C J- and T(J^) C 7"+. Hence, 

tt| g+ =* J-+/T(J-) © J-/T(J-+). (105) 

Now ([22]) implies that Hom K (<7, vr CT ) = 0, and thus (jHUD and ffTOoD give vr CT ^ 
J r+ /T(J r_ ), 7To- = J r ~/T(J r+ ). Since T is an injection we obtain the result. 

□ 
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Proposition 6.16. We have 
(i) dimExt^ +/z (7r st ,7Ti) = dimExt G+/z (7ri,7r st ) = 2; 
(ii) dimExt G+/z (7r st ,7r st ) = dimExt G+/z (7ri,7ri) = 1; 
Proof. By applying Hom G +/ z (*, 7Ti) to f 1 1 3 j) we get an exact sequence 

Hom^n(l,7T 1 ) -> Extg +/z (7Ti,7ri) ->■ Ext^ /Zl (1, 7Ti). 

It follows from flHHj) that n^ = n st , hence 

Hom x n(l,7Ti) = Hom^(l,7r st ) = 

and so dimExt G+ / z (7r 1 , 7Ti) < 1. Similarly, by applying Hom G +/ z (*, 7Ti) to 
(11041) we obtain dimExt G + /^(vr st , n-^) < 2. On the other hand n = Ind G+ 7ti 
and we know that 

Ext G/z (7T, 7r) = Ext G+/z (7Ti © 7T st , 7Ti) 

is 3-dimensional, [5H 10.13]. Hence, both inequalities are in fact equalities. 
We obtain the rest by using 7r st = n^ and -k\ = n^. D 

Corollary 6.17. We have dim Ext ^/^(st, 7r st ) = dimExt^/ Zl (l, 7r st ) = 1. 
Proof. Applying Hom G / z (*, 7r st ) to (11031) we get an exact sequence: 

Hom x n(l,7T st ) M- Ext G/z (7Ti,7T st ) -» Ext^ /Zl (1, 7T st ). 

It follows from Proposition 16.161 that dimExt^/ Zi (l, 7r st ) > 1. Applying 
Homft-/z 1 (*, 7r st ) to (I104p we get an injection 

Proposition 16.161 implies that dimExt^/ Zl (st, 7r st ) > 1. We know [54, 7.9] 
that 

Ext} /Zl (l, 7r st ) = Ext^ /Zi (Indf 1, 7r 8t ) =* Ext^ /Zi (l © st, 7r st ) 

is 2-dimensional. This implies that both inequalities must be equalities. □ 

Lemma 6.18. Let E be the unique non-split extension 0— > 1 — > E — > 1 — > 

of (I D P) j Zi-representations. Then the natural map 

Ext[ /nP)/Zi (£, a) -> Ext; /nP)/Zi (l, a) (106) 

is zero. 
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Proof. We know that Ext} InP y Zi (1, 1) = Hom((i fl P)/Z 1 , k^) is one dimen- 
sional and we may choose a basis {wi,w 2 } of E such that w 2 is fixed by 
I fl P and dwi = w 2 + u>i, mwi = Wi, where d = ( 1 q P 5) and w = ( g i) , 
[Ml 5.7]. Suppose that the map is non-zero, then we have an extension 
0— > a —*■ E' — > E ^ 0. Since Ext/ InP y Zl (l, a) is one dimensional, [5H 5.7], 
we may choose a basis {v i, v 2 , v 3 } of E' such that I acts by a on t> 3 , t> 2 maps 
to w 2 , dv 2 = v 2 , uv 2 = v 2 + f 3 , t>i maps to Wi and if act trivially on v\ 
and v 2 . Now if act trivially on (d — l)t>i, hence (d — l)t>i = Ai>i + \xv 2 . By 
considering the image in E we get dv\ — V\ + v 2 . The image of (u — l)t>i is 
zero in P. Hence (u — l)t>i = \v%, for some A, (u p — l)v — (u — l) p t>i = 
and so ■u p+1 t> 1 = io>i = t>x + At> 3 . Now 

duv\ = d(vi + Xv 2 ) = v x +v 2 + AW3, 

u p+1 dvi = u p+1 (vi + t> 2 ) = f i + Af 3 + V 2 + t>3- 
Since <iu = u p+1 d in i fl P we deduce that £" cannot exist. D 

Lemma 6.19. Let e be the unique non-split extension — ;> st — > e — >■ st — > 
of K J Zi-representations. Then e InU is the unique non-split extension — > 
1 — > e InU — > 1 — > of (i fl P) / Zi-representations. 

Proof. By taking i-invariants we obtain an exact sequence: 

st 7 -W ^ st 7 4 if 1 (i, st). 

Now dime 7 = 1, otherwise K x would act trivially on e, and e would split 
as st is an injective object in Rep K / Kl . Hence, d is an injection. Since by 
Lemma 16.121 dimiPfi/Zi. st) = 1 we get that d is an isomorphism. Fix a 
non-zero v G st 7 = e 7 . To prove the assertion it is enough to give a 1-cocycle 
/ : I jZ\ — > st, such that for some scalar A^O we have 

/((5S)) = ^A« ) V(82)6iinp. (107) 

Since then there exists w G e such that (g — l)u> = /(g), for all g G i, as 9 
is an isomorphism. Then (I1U7P implies that w G e 7nC/ and w G" e 7nP . Thus 
v and u> are linearly independent, and so dime 7n(7 > 2. Since st 7 = st 7nf/ 
is 1-dimensional we get that e InU = (v,w). thus we have an exact sequence 
— > st 7 — > e InU — > st 7 — > and (11071) implies that this sequence is non-split. 

We will construct a cocycle / satisfying (11071) . We have Z* = yU p _i x (l+pZ p ), 
let pr : Z* — > 1 + pZ p denote the projection and let 5 : K — > 1 + pZ p be 

the character 5(g) = pr(det(g)). Let M := Sym p_1 l? v £g> 5^~ , then K acts 
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on M, Z\ acts trivially and M/pM = st. We have an exact sequence of 
Z p / p 2 Z p [K]-m.odu\es 

-► M/pM 4 M/p 2 M -> M/pM -> 0. 

Let w := x p_1 + p 2 M G M, then the image of w in M/pM is /-invariant. 
Thus /(#) := (g — l)w takes values in pM/p 2 M = st for all g G /. Moreover, 
it is immediate that / satisfies f ll07p with v = x p ~ x + pM and A = ^-. 

D 



Lemma 6.20. Let e 6e i/ie unique non-split extension — > st — > e — >• st — > 
of K / Zi-representations. Then the natural map 



Ext //Z! (e, a) -> Ext} /Zl (st, a) 



(108) 



zs zero. 



Proof. Lemma 16.191 gives a commutative diagram 



^st J ^e InU ^st J - 



0- 



-st- 



^e- 



-st- 



-0 



with exact rows, and the top row a non-split extension of JflP-representations, 
with middle vertical arrow / flP-equivariant. Applying Hom//^ 1 (*, a) to the 
bottom row, and Hom(/ n p)/z 1 (*, ex) to the top row we obtain a commutative 
diagram: 

Ext|/ 7 . (e, a) ^ Extj/Zi ( st ? a ) 



=j/ziie,aj 



(T99l 



Extf/nPV^l^' ' •") 



3 /n!7 



| r ExtJ /nP)/Zl (st 7 ,Q ; ). 



JToet 



It follows from the diagram that /3 is the zero map. 



□ 



Lemma 6.21. Let e be the unique non-split extension — >• st — >• e — )■ st — > 
of K I ' Zi-representations, then dimExtL/ Zi (e, 7i"i) = 1. Moreover, let 

0-)-7ri-)-^i— ► e — ► 

fre an exaci sequence of KjZ\-representations, then Homx(st,£'i) 7^ 0. 
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Proof. Applying Kotd. k /zi(*j^"i) to — > st — )■ e — > st — > we get an exact 
sequence 

Ext^ /Zi (st,7ri) ^ Extir/ZiCe,^!) -»- Ext^ /Zl (st,7ri) 

We claim that the right arrow /3 is zero. The claim and Lemma 16.131 gives 
dimExt^/ Zl (e, 7Ti) = 1. The Yoneda interpretation of the claim gives the 
second assertion. Let r C 7Ti be the representation considered in Proposition 
I6.11[ then Hom^(st, tti/t) = 0, hence Hom K (e, tti/t) = 0. Moreover, Corol- 
lary EZEH says that Ext 1 K , Zi (st,n 1 /r) = 0, this implies Ext 1 K , Zi (e,TT 1 /r) = 0. 
Hence, we have a commutative diagram: 

Ext K/z 1 (e, r) — ^ Ext^/zx ( st ; r ) 



Ext^ /Zl (e, tti) Ext^ /Zl (st, 7Ti). 

Recall that (1M|) is an exact sequence — y 1 — )■ r — )■ Indf" a — )■ of K/Zy 
representations. Lemma 16.121 savs that Ext^-/ Zi (st, 1) = 0. This implies 
Ext^y Zi (e, 1) = 0. Thus applying Hom^^e,*) and Hom^/^^st, *) to ([9] 
we get a commutative diagram: 

Ex t^(e, r) - ^Ext^ /Z (st, r) 



Ext^/ Zi (e, Ind^ a) *■ Ext^/ Zl (st, Indf" a). 

Now 5 is zero by Shapiro's lemma and Lemma [6.201 hence 7 = (5 = 0. □ 
Proposition 6.22. Lei 

-)■ 7Ti -»■ £?i -► 71* -)■ (109) 

fre a non-split extension of G + jZ representations. Suppose that E x is 1-di- 
mensional, then Ext]^/ Zi (st, E\) = 0. 

Proof. We note that the assumption dimi*^ 1 = 1, implies that E x = n^ and 
hence Horn^st, Ei) = 0. Let — > st — > e — > st — > be the unique non-split 
extension of if/Zi-representations. Now, e cannot be a subrepresentation of 
7r st , since in that case by pulling back we would obtain a subrepresentation 
E[ C Ei such that we have an exact sequence — > 7i"i — > E[ — > e — > of 
Lf/Zi-representations with Hom^st, _E{) = Horn^st, Ex) = 0, which would 
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contradict Lemma 16.211 Hence, Horrid (st, 7r st /st) = and so we obtain an 
injection 

Ext^/ Zl (st, st) -> Ext^ /Zi (st, 7r st ) (110) 

Corollary 16.171 asserts dimExt^y Zl (st, 7r st ) = 1, so the map of (IllOp is an 
isomorphism. The Yoneda interpretation of this says if we let 

->• 7T st ->■ A 2 -> St -> (111) 

be the unique non-split extension of AT/Zx-representations, then A 2 contains 
e as a subrepresentation. Corollary 16. 141 savs that dimExt^y Zl (st, 7Ti) = 1 so 
applying HoniR-/ Zl (st, *) to (1109P gives us an injection 

Ext^ /Zl (st,£?i) <-> Ext^st,^). (112) 

Suppose that Ext^/ Zl (st, E\) ^ then (11121) would give a non-split extension 
of AT/Zi-representations 

-> A : ->■ A 3 -» st -» (113) 

such that E 3 /iTi = E 2 . Now, Hom^(st, Ai) = and so Hom^(st, E 3 ) = 0, as 
otherwise we would obtain a splitting of (11131) . As e is a subrepresentation 
of E 2 , by pulling back we obtain a subrepresentation £3 C £3, which sits in 
an exact sequence: 

-»- 7Ti -»- A 3 ->■ e -)- 0. 

Since Homx(st,A 3 ) = 0, we have Horn^st, A 3 ) = 0. Hence, we obtain a 
contradiction to Lemma [6.211 □ 

Corollary 6.23. Let Ai 6e as above, then dim H 1 (I 1 /Z 1 , E x ) < 2. 

Proof. Taking A/Zi-invariants of (11091) gives us an exact sequence: 

uil <-* H\h/Z x ,m) -)• H\hjZ x ,E 1 ) -)■ H\h/Z x ,n«) (114) 

By [54, 7.9] A" acts trivially on A^Ii/^i^i) and H^h/Z^ir^). Hence, 
^(A/Zi, A0 = iJ^A/Zi, A0 H = ExtJ /Zl (1, A0 

= Ext^ /Zi (Indf 1, A x ) = Ext^ /Zl (1, A0 © Ext^ /Zl (st, A x ) 

Application of Hom^/ Zl (l, *) to (11091) gives an exact sequence: 

Ext^ /Zl (l,7n) <-+ Ext^ /Zl (l, Ax) -> Ext^ /Zl (l,7r 8t ). (116) 

It follows from ffTTHD and Corollaries lQ4"l KTT7I that dimExt^ /Zl (l, Ai) < 2. 
Proposition 16. 221 says Ext^/ Zl (st, Ai) = 0, hence f 1 1 1 5 j) gives us the assertion. 

□ 
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Recall that n = Ind G + 7Ti = Ind G+ 7r st . Thus we have an injection 

Ext G+/z (7r st ,7r 1 ) <->• Ext G+/x (7T st ©7Ti,7Ti) = Ext G/z (vr, 7T). (117) 

Proposition 6.24. Lei £ /ze m t/ie image of (1 1 1 7j) . Suppose that C, ^ 
then either dimExt G / z (7r, i^) < 3 or dimExt G / z (i?^, 7r) < 3, where E^ is the 
corresponding extension of n by it. 

Proof. Since £ lies in the image of fll 1T|> we have E$ = Ind G +-Ei, where 
E\ is an extension of G + /Z- representations: — y 7i"i — y E\ — y 7r st — y 0. 
Moreover, £ 7^ implies that .Ei is non-split. If dim i^ 1 = 2 then dimiL 1 = 4 
and hence £ lies in the image of Ext^(7r Jl , tc Ti ) ^-> Ext G / z (7r, 71") via (ITTj) 
and we know that the assertion is true for such £ by [5H 10.14]. Suppose 
that dim Ei 1 = 1 then, since E^\ h = E 1 © Sf, we get dim^ 1 = 2, hence 
Eg = tt 11 and [20, 6.7] gives dimExt^(7r 71 , Eg) = 1. Moreover, Corollary 
E23] implies that dim H^h/Z^E^) = 2dim# 1 (/ 1/ %, £ x ) < 4. Since vr' 1 
is an irreducible "H-module and its underlying vector space is 2- dimensional, 
we deduce from Lemma 15.191 that dimHom^(7r /l ,IR 1 X(£'^)) < 2. Now (ITTj) 
implies that dimExt G / z (7r, E%) < 3. □ 

7 Non-supersingular representations 

We recall the properties of Emerton's functor of ordinary parts. This functor 
is an extremely useful tool for calculating Ext groups, when some principal 
series are involved. In §7.21 we discuss Banach space representations of G 
obtained by parabolic induction of admissible unitary Banach space repre- 
sentations of the torus T. In §7.31 we carry out the strategy described in §5.81 
in the generic residually reducible case. 

7.1 Ordinary parts 

Let A be a complete local noetherian commutative (9-algebra with a finite 
residue field. Emerton in [30J has defined a functor Ordp : Mod G] ™(v4) — y 
Mod^ d c m (A), satisfying 



C 



Hom A[G] (Ind£C/, V) = Hom A[M] ([7, Ord P (V)), (118) 

where P is the parabolic subgroup of G opposite to P with respect to T, see 
Theorem 4.4.6 in [30] if U is admissible, the general statement follows from 
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the fact that Ordp and Indp commute with inductive limits, see Lemmas 
3.2.2 and 4.1.4 in [3U]. Since induction is an exact functor, [501 4.1.5], the 
functor Ordp is left exact. It follows from [301 Prop. 4.3.4] that for every U 
in Mod l T d ™(A) we have: 

Ord F (Indf U) ^U. (119) 

From now on we suppose that A is artinian. It is shown in [311 §3-7] that 
(11181) induces an ^-spectral sequence: 

Exttp X (U, W Ordp V) => Ext£g(Indg U, V). (120) 

We note that the Ext groups in [21] are computed in the category of locally 
admissible representations. However, we have shown in Corollary 15.141 that 
for G = GL 2 (Q P ) and A = k these groups coincide with the Ext groups com- 
puted in Mod^(fc). This answers a question raised in [311 3.7.8]. It follows 
from [33] that W Ordp = for j > 2. Moreover, it follows from Proposition 
13.331 that the category Modp^ m (fc) is anti-equivalent to the category of com- 
pact k[[x, y]]-modules. Hence, Ext T( ^ = for i > 3. Thus (I120p yields an 
exact sequence: 

Ext TiC (£/, Ordp V) -4 Ext^ iC (Indf U, V) -4 Hom T (f/, R 1 Ord P V) 
-4 Ext| >c (Z7, Ordp V) -4 Ext| !C (Indg[/, 1/) -» Ext T]C (£7, M 1 Ord P V) 

and an isomorphism 

Ext^ )C (Indf U, V) £ Ext rc ([/, M 1 Ord P V). (122) 

Moreover, we have Ext G * (Indp U, V) = for i > 4. Since, we prefer working 
with P instead of P we note that the map / 4 [5 4 /( s s0] induces an 
isomorphism: 

Ind£[/^rndg[/ s (123) 

It follows from [31, 4.2.10] that 

Ord P (Ind^ U) = U s , R 1 Ord P (Ind£ U) = U ® u~ l (124) 

Proposition 7.1. Let \ '■ T -4 A; x fre a smooth character such that x\z = C- 
Let t : Indp-x ^-^ J be an injective envelope oflnd-pX i> n ModJ 1 > m (v4). Then 
the following hold 

(i) Ordp(Ind-p-x) c -4 Ordp J is an injective envelope of x in M.odrff m (A); 
(ii) the adjoint map Indp Ordp J -4 J is injective; 
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(Hi) There exists a natural surjective ring homomorphism 

End A[G] (J) -» End A[G] (IndgOrd P J) = End A[T] (Ordp J). 

Proof. Since Ordp is right adjoint to the exact functor Ind-p- , Ordp J is in- 
jective in Mod^'/ n (A) and we obtain an injection Ordp i : x c_ * Ordp J. For 
every r in Mod^'/ n (A) we have a commutative diagram: 

Hom^p] (r, x) c »- Hom^p] (r, Ord P J) (125) 



Hom A[G] (Indfr r, Ind^ x) c »" Hom A [ G ] (Indf r, J) . 

We claim that if r is irreducible then the bottom arrow is an isomorphism. 
Suppose that Hom^r^] (Ind-p r, J) is non-zero, then as i : Ind-p x <->■ J is 
essential, the representations Ind-p- r and IndpX have an irreducible subquo- 
tient in common. In this case it follows from Corollary 15.421 that r — x- 
If X ¥" X s then Indp-x is irreducible and the claim follows from the essen- 
tiality of l. If x — X s then x factors through the determinant and thus 
extends to a character x '■ G — > k x and we have an exact non- split sequence 
— > x ~ * I n dpX — > Sp ®x — >* 0. Since the sequence is non-split, J is 
also an injective envelope of x an d any non- zero map A[G]-equivariant map 
IndpX - > J is an injection. Thus the claim in this case is equivalent to the 
assertion that Ext G / z (Sp, 1) is one dimensional. This is shown in [54"| Thm 
11.4]. The claim implies that the top arrow in (I125P is an isomorphism and 
hence Ordp i is essential, which proves (i). 

We claim that the map Indp-Ordpt : Ind^x ~~ >" Ind^Ordp J is essential. Let 
ev : Ind-p Ordp J — > Ordp J be the evaluation map at the identity / i-> /(l). 
If f(g) 7^ for some g <E G, then ev(gf) = f(g) ^ 0. Thus ev(U) is non-zero 
for all non- zero A [Gj-sub modules U of Ind^Ordp J. Since ev is T-equiva- 
riant ev(U) is an y4[T]-submodule of Ordp( J). Since x ^ Ordp J is essential, 
ev(U) contains x an d hence the composition 

U ->■ (Indg Ordp J)/(IndJx) = Indp- (Ord P J/ x ) 

cannot be injective, thus U fl (Ind-p- x) 7^ and so we get the claim. The 
claim implies (ii) as we have a commutative diagram 



-IndgOrdpJ 
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Since the horizontal arrow is essential and diagonal arrow is an injection, we 
get Ker j = 0. 

Applying Hom^c] (Ind^ Ordp J, *) to the injection Ind^Ordp J ■— > J we get 
a commutative diagram 



Honiyip] (Ordp J, Ordp J) >- Hom^p] (Ordp J, Ordp J) 



Horn4 [G] (IndprOrdp J, Indp-Ord P J) ^ Hom^p] (Indg Ord P J, J). 

Hence, the bottom arrow is an isomorphism. Applying Hom^[G](*, J) and 
using injectivity of J we get a surjection 

Rom A[G] (J, J) -» Hom A[G] (IndgOrdp J, J). 

This implies that every endomorphism of J maps Ind-p Ordp J to itself and 
every endomorphism of Indp Ordp J extends to an endomorphism of J, which 
implies (iii). □ 

Corollary 7.2. Let x '■ T — > k x be a smooth character such that \\z = C- 
Let P be a projective envelope 0/ (Ind-p x) v * n £g,c,{@), let P\ v be a projective 
envelope of x v in £t,c(C) an d let M = (Indp^(P x v) v ) v then there exists a 
continuous surjection of rings: 

End ff(0) (P) -» End £(0) (M) = 0[[x,y}]. (126) 



Proof. It follows from Proposition 17. II that Ordp(P v ) is an injective envelope 
of x m Mod^ m (C). Since injective envelopes are unique up to an isomor- 
phism we deduce that Ordp(P v ) = (P x v) v . Duality induces an isomorphism 
between the endomorphism ring of an object and the opposite of the endo- 
morphism ring of its dual. Thus it follows from Proposition 17.11 (iii) that we 
have natural maps: 

End £G(0) (P) -» End £G(0) (M) = End £T(0) (P x v). 

The last ring is isomorphic to 0[[x,y]] by Proposition 13.331 D 

Corollary 7.3. We keep notations of Corollary \7.2\ Let R := End<r(o)(M) 
and let m be a compact R-module then there exist a natural isomorphism: 

m§pM^ (Ind^(m§pP x v) v ) v . 

In particular, m 1— > m ®p M defines an exact functor fromjhe category of 
compact R-modules to €(0). Moreover, Hom^o) (P, m ®p M) = m. 
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Proof. The assertion is true by definition if m = R. If m = Yiiei R ^ or some 
set / then 



(m § R M) v ^ M v ^ Ind£ (0 P x v ) = Ind^ (m § P x 






In general, we may present m as Yljej R ~~ >* Yliei P — *• ni — )• and argue as 
in Lemma 12.91 Since P x v is a free P-module of rank 1 by Proposition I3.33[ 
the functor m i— y m ® p P x v is exact and since induction and Pontryagin dual 
are exact functors m i— y m (§># M is exact. 

The last assertion is proved similarly. It follows from Proposition 17.11 that 
we have an isomorphism Hom^©) (P,M) = Homo[r](Ordp J, Ordp, J) = 
Endc(o)(M). Hence the assertion is true when m = R and thus it is also 
true when m = Yiiei R for some set I. In general, we may present m as 
YIjgj R ~~ *" Yliei -R — ^ m — ^ and argue as in Lemma 12.91 D 

Lemma 7.4. Let U and J be in Modrp/ n (k) and suppose that J is infective. 
Then 

Ext^ c (Ind£ U, Ind^ J) = Hom T ([/ s , J ® a" 1 ) (127) 

and Exf G)C (Ind£ U, Indf J) =0, fori > 2. 

Proof. It follows from (jI23|) that Ord P (Indp J) and R 1 Ord P (Indp J) are 
both injective objects. Thus the terms Ext T ^ in f)12ip and f)122p vanish and 
we get the assertion. □ 

Proposition 7.5. Let x '■ T — y k x be a smooth character, such that x ¥" X s 
and x 7^ X Sq;2 - Then there exists an exact sequence in €o,c(k): 

-y P s > -y P s ->■ M x v -» (128) 

where S = (Ind P x) v ; S' = (Ind P x s a;) v , Ps a projective envelope of S in 
(£gc(^) and 

M x v:=(Ind£(P x v)T, 

where P x v is a projective envelope of % v in (^^(fc). 

Remark 7.6. // we wnte x — Xi ® X2&~ 1 then % s a = X2 ® Xi w X anc ^ we 
exclude the case XiX^ 1 = u ±l . In particular, both principal series repre- 
sentations are irreducible. For analogous sequences, when XiX^ 1 = u±1 see 
Proposition WTR and (12271) , (J22HD ■ 
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Proof. We show the existence of the dual sequence in Mod.G,((k). Let J x be 
an injective envelope of x hi Mod T a A m (fc) and let J 7Tx be an injective enve- 

idn 



lope of 7r x := IndpX in Mod G r m (k). Then Proposition 17. II gives an injection 



Indp J x ^-> J„- x and we denote the quotient by K\. Let n be an irreducible 
smooth representation of G, then by applying Hom G (7r, *) we get an isomor- 
phism 

Hom G (7T, «i) ^ Ext^ c (vr, Ind^ J x ). (129) 

If Hom G (7r, Ki) 7^ then 7r lies in the block of Ind P x- Hence, ir = Ind P x 
or 7r = Ind P x s a, see Proposition 15.381 It follows from Lemma 17.41 and (1129ft 
that 7r = Indp x Sa an d Hom G (7r, «i) is one dimensional. Thus we may embed 
m '—¥ J n , where J n is an injective envelope of n. Let k 2 be the quotient. Then 
for every irreducible r we have isomorphisms 

Hom G (r, k 2 ) = Ext^ c (r, m) = Ext G c (r, Ind^ J x ). (130) 

If HoniG(r, k 2 ) 7^ then r lies in the block of Ind P x- Hence, r = Ind P x or 
r = Indp X s a - K follows from Lemma I7T41 and (11291) that Ext 2 term vanishes. 
Since every non-zero object of Mod G /" (k) = Mod G ^(fc) has a non-zero socle, 
we deduce that k 2 = 0. □ 

Corollary 7.7. Let x '■ T — > k x be a smooth character, such that x ¥" X s 
and x 7^ X Sft2 - Then there exists an exact sequence in €g,c(0): 

O^Ps'^Ps^ M x v -)■ (131) 

where S = (Ind P x) v ; S' = (Ind P x s a;) v , Ps a projective envelope of S in 
£ GiC (£>) and 

M x v:=(Ind£(P x v) v )V 5 

where P x v is a projective envelope of x v in £-t,c(0)- 

Proof. Recall that if A is an object in C(k) and P -» A is a projective 
envelope of A in €(0) then P jwP — > A is a projective envelope of A in £(k), 
see Lemma 12.111 From this and Corollary 17.31 we deduce that M x v ® k = 
M x v. Proposition 13.331 says that P x v is 0-torsion free, hence its dual is w- 
divisible, hence Indp P^ v is ro-divisible and so M x v is (9-torsion free. The 
assertion follows from Corollary 15. 181 and Proposition 17.51 □ 
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7.2 Parabolic induction of unitary characters 

Let Mod^ (O) be the full subcategory of Mod™(0) with objects locally finite 
representations on which Z acts by (. The irreducible objects correspond to 
the maximal ideals of k[T]/(z — ((z) : z G Z), or alternatively Gal(k/k)- 
orbits of smooth characters \ : T — y k x , such that the restriction of x to Z is 
congruent to (, and are of the form V x , see Proposition 15.91 It follows from 
the proof of Proposition 13.331 that there are no extensions between distinct 
irreducible representations. Hence, each block consists of only one irreducible 
representation and so if 53 = {r} then Modi^O) 35 is a full subcategory of 
Mod T AO) with objects locally finite representations with all the irreducible 
subquotients isomorphic to r. It follows from [34"1 §IV.2] that we have a 
decomposition of categories: 

ModJ^(O) = JlMod^O) 25 , (132) 

where the product is taken over all the blocks 03. Using f 1 1 3 2 j) and arguing as 
in Proposition 15.321 we obtain a decomposition of the category of admissible 
unitary L-Banach space representations of T on which Z acts by ( into a 
direct sum of subcategories: 

Ban^ c m (L) = Ban^L) 25 , (133) 

where II is an object of Ban^ ^(L) 58 if and only if all the irreducible subquo- 
tients of Q/wQ lie in 03, where G is an open bounded T-invariant lattice in 
II. By Proposition 15.411 irreducible r is absolutely irreducible if and only if 
it is a character. 

Let x '■ T — y k x be a smooth character with x\z = (, let P -» x v be a projec- 
tive envelope of x v in £t,((0), the category anti-equivalent to Mod^(C) by 
Pontryagin duality, and let E be the endomorphism ring of P in £t,c{0)- We 
have showed in Proposition 13.331 that E = 0[[x,y]]. In particular, E is com- 
mutative and noetherian. Let 03 be the block of x an d let Ban^ d ? lfl (L) !B be 
the full subcategory of Ban^ d ™(L) iS consisting of all objects of finite length. 

Lemma 7.8. We have an equivalence of categories 

Ban^(Lf = Ban^ fl (L)f . 

neMaxSpec E[l/p] 

The category Ban^? 1, (L)^ is anti- equivalent to the category of modules of 

finite length of the n-adic completion of E[l/p\. In particular, BanQ d ™' fl (L)® 
contains only one irreducible object U n . 
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Proof. Apply Theorem E33I with C(0) = Cr lC (0) 5B . □ 

Lemma 7.9. Let n be a maximal ideal of E[l/p] and let U n be as above then 
Il n is finite dimensional over L, with dim^ Il n = [E[l/p]/n : L\. 

Proof. Let G be an open bounded T-invariant lattice in Il n . It follows from 
Theorem 14 . 331 that m(IT n ) := Hom<r TC (P, Q d )L is an irreducible .E[l/p] -modu- 
le killed by n. Since E[l/p]/n is a field we have m(n n ) = E[l/p]/n. Lemma 
14.141 says that y occurs in Q/zuQ with multiplicity [E[l/p]/n : L\. Corollary 
14.381 implies that £g>e> k is of finite length and the irreducible subquotients 
are isomorphic to y. Hence, [E[l/p]/n : L] = dim fc 6 ®o k = dim^ II n . D 

Let II be in Ban T ?*(L) and let | . | be a T-invariant norm defining the topology 
on IT. We may consider II as a representation of P by letting U act trivially. 
We let (Indp II) cont be the space of continuous functions / : G — >■ IT such that 
f{bg) = bf(g) for all b G P and g G G. The function g \- > \f(g)\ is continuous 
and constant on the cosets Pg since the norm on II is T-invariant. Since P\G 
is compact, the function / \-¥ \\f\\ := sup sGG \f(g)\ defines a G-invariant norm 
on (Indp II) cont with respect to which it is complete. If B is an open bounded 
T-invariant lattice in IT, then (Indp 0) con t is an open bounded G-invariant 
lattice in (IndpII) cont and we have 

(Ind£ 6) con4 ® 0/(zu n ) = Ind^ (&/zu n &), Vn > 1. (134) 

Using f )134p one may show that the admissibility of II implies the admissi- 
bility of (IndpU) cont . Let M := (IndpP v ) v and recall that End CGc( o)(M) is 
naturally isomorphic to E — End£ T f (o)(P) by Corollary 17.21 

Lemma 7.10. Let II be in Ban T d ? 1 (L) <8 ; let be an open bounded T-inva- 
riant lattice in II and let m := Homj T( ( )(P, Q d ). Then 

(Indg Q) d CO nt = m®#, (Ind? U) cont = Hom^(m ® E M, L). 

Proof. Since y is the only irreducible object of Mod T ^(C) 58 , for every object 
iV of er )C (0) B , Hom £T((0) (P,iV) = is equivalent to iV = 0. Thus, it 
follows from Lemma 12.91 that the map Horrid (q)(P, N) ®pP — > iV is an 
isomorphism. In particular, m ®p P — Q d , (m/-07 n m) ®p P — Q d /w n Q d , for 
all n > 1. It follows from (JHSD that &/w n & = ((m/w n m) §pP) v , for all 
n > 1. Hence, 

(Indg Q) d cont ®o 0/(^ n ) ^ (Ind? (e/tu"6)) v =* (m g^ M) ® 0/(^ n ), 
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where the first isomorphism is (151)1) and (11341) , the second is given by Corollary 
17.31 We get the first assertion by passing to the limit. The second assertion 
follows from [58]. □ 



Proposition 7.11. Let U be an absolutely irreducible admissible unitary L- 
Banach space^representation of G with a central character (. Suppose that 
Hom£ G c (e>)(M, S d ) ^ for some open G-invariant lattice S in U, then either 
II = r] o det or II = (Ind P ^) cont for some continuous unitary character 
ip : T —y L x lifting x with ip ^ ip s . 

Proof. Let S := (Indp xY an d let Ps -» S be a projective envelope of S in 
£(3^(0). We note that if Indp x is reducible then it is a non-split extension of 
two irreducible representations, hence Ps is a projective envelope of an irre- 
ducible object in Cg,c(0), namely the cosocle of S. Let E$ '■— Ende GC (o)(Ps) 
and let E = End CGC (e>)(M) as above. Recall that in the Corollary 17.21 we 

have shown that the natural map Ps -» M induces a surjection of rings 
if : Eg -» E. 

Lemma 14.51 allows us to assume that there exists a surjection <p : M -» 
S d in Cg,^(0). Let 7 be the composition P — y M — y S d and let m := 
Hom<r (0)(P, H d ). It follows from Proposition 14. 161 that m = 7 o Eg- Since 

7 factors through M it will be killed by any <p\ G Ker<£>. Hence, m = 
cf) o E = Hom,r (e>)(M , S d ) and the action of E$ on m factors through the 

action of E. By Proposition I4.16[ m^ is an irreducible P[l/p]-module and, 
since E = 0[[x,y]], Proposition 14.161 implies that m^ is finite dimensional. 
Since Kenp is a two-sided ideal of E$ we have Endp (m) = Endp(m). 

Since m^ is finite dimensional, E is commutative and IT absolutely irre- 
ducible we deduce from Proposition 14.171 and Lemma 14.11 that nij, is one 
dimensional and so m is a free O- module of rank 1. Since G m the map 
ev : m £g>p M — y "E d is surjective. Dually this means that we have an injection 
LT --)• Homo nt (C® p M, L) = (lnd$ip) cont , where the last isomorphism is 
given by Lemma 17.101 which identifies LT with a closed G-invariant subspace 
of (Indp ip) CO nt- (We note that both Banach space representations are admis- 
sible.) If ip j^ ip s then (Indp ip) CO nt is topologically irreducible and if ip — ip s 
then it has a unique closed G-invariant subspace isomorphic to a character, 
[281 5.3.4]. This implies the assertion. □ 
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7.3 Generic case 

In this section we deal with the case where in Colmez's terminology the 
atome automorphe consists of two distinct irreducible representations. More 
precisely, let XitXi : Qp — > k x be smooth characters and assume that 
XiX^ 1 7^ l,w ±:L . Let x '■ T — > k x be the character x = Xi ® X2W 1 then 
X s « = X2®X\U~ l - Let 

7Ti := IndpX, 7T 2 := IndpX s «- 

We note that the assumption on xi and X2 implies that both representations 
are irreducible and distinct. Let 7r be an irreducible smooth representation 
of G with a central character. It is well known, see for example [5H 11.5], 
that if Extg f (tt, 7Ti) 7^ then ix = 7Ti or 7r = 7r2. Moreover, 

dimExt G ^(7Ti,7ri) = 2, dimExt G ^(7T2,7ri) = 1. 

Let 

->■ 7Tl ~> K ~> 7T 2 ^ (135) 

be the unique non-split extension. 

Lemma 7.12. Ord P « = Ord P tti = X s , K 1 Ord P « = M 1 Ord P tt 2 = x '■ 

Proof. Since M* Ord P = for i > 2, we apply Ord P to (11351) to get an exact 
sequence: 

— > Ord P 7Ti — ► Ord P k — )■ Ord P 7r 2 

-> M 1 Ord P 7Ti -> M 1 Ord P k -> M 1 Ord P vr 2 -> 0. 

It follows from (11241) that Ord P 7Ti = % s and Ord P 7r 2 = x a_1 - Hence, if the 
map Ord P k — > Ord P 7r 2 is non-zero then it must be surjective. Hence, we 
have an exact sequence of T-representations — > x s ~ > Ord P k — > x al ~ ► 0- 
Since x s 7^ X a ~ l this sequence must split, see Corollary 13.341 But then using 
adjointness (11181) we would obtain a splitting of (11351) . Hence, the map 
Ord P 7r 2 — > IR 1 Ord P 7Ti is non-zero, and since M 1 Ord P m — x a ~ X the map is 
an isomorphism. Thus we obtain the claim. D 

Lemma 7.13. Let ix be irreducible and suppose that Ext^(7r, k) 7^ then 
7r = 7Ti. Moreover, dimExtg Airi, k) < 3 and Ext^. a(vt 2 , k) = for all i > 0. 

Proof. If Ext G (7T, k) 7^ then Ext^(7r, 7Ti) 7^ or Extg(7r, 7r 2 ) 7^ and hence 
ix = tt 1 or 7r = 7r 2 . The assertion follows from the degeneration of spectral 
sequence (I12ip . Lemma [7.121 and the fact that for distinct characters x^ '■ 
T -> k x we have Ext TC (x, ip) = for all i > 0, see Corollary KM □ 
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Proposition 7.14. Let S := n^ and Q := k w then the hypotheses (H1)-(H5) 
of S jff.il are satisfied. 

Proof. (HI) holds because ( 11351) is non-split, (H2) holds as 7Ti ^ n 2 , (H3), 
(H4) and (H5) follow from Lemma 17.131 □ 

Since (HO) holds for G by Corollary 15. 161 we may apply the results of §3.1l and 
§H Let P -» S be a projective envelope of S in £(0), let E = End^) (P) 
and let m be the maximal ideal of E ®e> k. Let p := V(Q) then since V is 
exact we get an exact sequence of Galois representations 

-> X2 -)■ P ->■ Xi ->■ o. 

This sequence is non-split by [231 VII. 4. 13]. We note that detp is congruent 
to e(, where e is the cyclotomic character. 

Proposition 7.15. The functor V induces a surjection 

E^Rf = 0[[x,y,z}}, 
where Ry pro-represents the deformation functor of p with determinant e(. 

Proof. Since xi ¥" X2 and the sequence is non-split, we get that Endfc[g ] (p) = 
k and hence the universal deformation functor Def° is representable. Since 
XiX^ 1 7^ w±1 a calculation with local Tate duality and Euler characteristic 
gives H 2 (GtQ p ,Adp) = and H l (QiQ p ,Adp) is 5- dimensional. This implies, 
see HH §1.6], g2 §24], that Def;f is represented by P S C[[xi, . . . ,x 5 ]] and 
the deformation problem with the fixed determinant is represented by P £< > = 
0[[xi,X2,x 3 }}. It follows from [38, 2.3.4] that SpecE ab is a closed subset of 
Spec R and contains Spec P e< >, which is stronger than (iii) in Proposition 15.481 
Since P e< > is reduced we obtain a surjection E ab -» P e< » = 0[[xi,X2, X3]]. D 

Corollary 7.16. We have 

dimExtg^(7Ti,«) = dimExt^ fe )(Q, S) = dimExtL k JQ, Q) = 3. 

Proof. We note that all three Ext 1 groups are isomorphic, the first two by 
anti-equivalence of categories, the last two by Lemma I3TT1 Now ExtL^JQ, Q) 
is isomorphic to (m/m 2 )* by Lemma [3.281 and the surjection of Proposition 
17.151 implies that dinifcm/m 2 > 3. Since dimExt G ^(7Ti, k) < 3 by Lemma 
17. 131 we are done. □ 
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Proposition 7.17. Let — > k — )■ t — )■ k — >■ be a non-split extension in 
Modg^Jfe), then dimExt^^TT^r) < 3. 

Proof. Proposition 17.151 Corollary 17.161 and Lemma 13.401 imply that the 
equivalent conditions of Lemma 13.391 are satisfied and thus by Lemma 13.421 
it is enough to check the statement for every non-split extension in some 
2-dimensional subspace of ExXqAk, k). Let T be the image of: 

Ext l T:C ( x s ,X s ) = Ext^ c (7n,7n) M- Ext^ )f (7ri,«) = Ext^ >c («,«). 

The extension class ofO— > k, — > r — > k, — > lies in T if and only if there exists 
an extension 0— > x ~ > £ — > X ~ *• in Mod^(fc) and an injection Ind P e M- r. 
We denote the quotient by k,\. Since the semi-simplification t ss = nf 2 © 7r® 2 
we have nf = 7r® 2 . As x ¥" X s a > the 5-term sequence (11211) implies that 
Extjj a(7t 2 , Ind P e) is 1-dimensional. Since Hom G (7r 2 ,r) = we deduce that 
K\ cannot be semisimple. We use (11211) again to obtain Ext G( -(7r 2 , vr 2 ) = 
Ext T ^(x s o, X Sq )- Hence, K\ — Ind P 8, where — > x Sa — > 8 — ► X Sa — ?• is an 
extension in Rep T( ^. Applying Ordp to — > Indp e — > r — > Indp<5 — > gives 
an exact sequence: 

->■ e s -> Ordp r -»■ 8 s A ecT 1 -> R 1 Ord P r -► 8a' 1 ->■ 0. 

Since Hohi g (7t 2 ,k) = we have Hom r (xa _1 , Ordpr) = Hom G (7r 2 ,r) = 0. 
Since x s ¥" X a ~ X we have Ext T( -(xa _1 , x s ) — and hence d is injective. 
Since the source and target are 2-dimensional d is an isomorphism and hence 
Ordp r = M 1 Ordp r = e s and we have an exact sequence 

-> Ext TC ( X s , e s ) -> Ext^vn, r) -► Hom T ( X s , e s ) 

Since the first term is 2-dimensional by Lemma 15.431 and the last term is 
1-dimensional as e is non-split, we deduce that dimExt G ^(7Ti,r) < 3. □ 

Corollary 7.18. The functor V induces an isomorphism E = R e ^ . In par- 
ticular, V(-P) is the universal deformation of p with determinant (e. 

Proof. The first assertion follows from Theorem 13.381 . We then deduce that 
V induces an isomorphism of deformation functors, Corollary 15.451 and thus 
V(P) is the universal deformation of p with determinant (e. □ 

Theorem 7.19. Let U be an admissible unitary absolutely irreducible L- 
Banach space representation of G with a central character (. Suppose that 
the reduction of some open bounded G-invariant lattice in U contains 7i"i as 
a subquotient then IT C n 1 © 7r 2 . 
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Proof. The Schikhof dual of an open bounded G-invariant lattice in II is an 
object of €(0) by Lemma \4. Ill Since E is commutative the assertion follows 
from Corollary 14.411 □ 



Corollary 7.20. Let II be as in Theorem \7.iy\ and suppose that II does 
not contain 7r 2 then U = (Ind P ip)cont for some continuous unitary character 
ip : T — > L x lifting x an d satisfying ip\z = C- 



Proof. Let P 2 be a projective envelope of n^ in (Lq^{0) and let be an 
open bounded G-invariant lattice in II. Theorem 17.191 implies that II = 7Ti- 
Hence Lemma 14.141 says that Hom^er^P^, © d ) = and Hom C (o)(P, Q d ) 7^ 
0. We deduce from Corollary O that Hom c{c , ) (M, Q d ) ^ 0, where M = 

(Indp -P^v) v and P x v is a projective envelope of x v m ^t,c,{0). The assertion 
follows from Proposition 17.111 □ 



Recall that the block 53 of -K\ contains only two irreducible representations 
7Ti and 7r 2 , Proposition I5.38[ and so Modg^O) 23 is the full subcategory of 
ModJ^°((9) consisting of representations with every irreducible subquotient 
isomorphic to either iri or 7r 2 . Let fi^O) 53 be the full subcategory of €,{0) 
anti-equivalent to Mod^^O)* 8 , as in Proposition 15.311 Let P\ and P 2 be 
projective envelopes of S\ := n\ and S 2 := 7T 2 in £(0), respectively. Let 
Pb ■= Pi © % and E<& := End t r (0) (P< B ). 

Lemma 7.21. Let M and N be object of £(0)® t/ien V induces an isomor- 
phism Hom €(0) (M,iV) =* Homg Qp (V(M), V(iV)). 

Proof. Since V commutes with projective limits it is enough to show the 
statement for objects of finite length. Now €(0)^ has only two irreducible ob- 
jects Si, S 2 and for A and B isomorphic to Si or S 2 we have Honiefoj (A, B) = 
Homg„ (V(A), V(P)), since both sides are equal either to A; or to and an 
injection Ext^ (0) (A,P) ^ Ext^ (V(A), V(P)) by [23, §VIL5]. We then 
may argue by induction on £{M) + £(N), where £ denotes the length, see the 
proof of Lemma A.l in [54] . D 

Let p\ and p 2 be 2-dimensional ^-representations of Qq such that we have 
exact non-split sequences of Galois representations: 

-> X2 ->■ Pi ->■ Xi ->" °> ° -> Xi ->" P2 ->■ X2 ->■ 0. 

Since Extg {X11X2) an d Exti (X2,Xi) are one dimensional such represen- 
tations exist and are uniquely determined up to isomorphism. We note that 
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det p\ = det p 2 is congruent to (e. Let pf 1 and p^ 1 be the universal deforma- 
tions of p\ and p2 respectively with determinant (e. Let x := to pi — to p^ 
and let B^^ be the universal deformation ring parameterizing 2-dimensional 
pseudocharacters with determinant (e lifting \. 



Corollary 7.22. The category Mod G A((9) is anti- equivalent to the cate- 
gory of compact Endg Q (p" n © pi 111 ) -modules. The centre of Mod G AO)® is 
naturally isomorphic to R^^ £ . 

Proof. Corollary 17.181 and Lemma 17.211 imply that 

E* = Endg Qp (V(P 1 ) © V(P 2 )) = Endg Qp ( P r © fi»). 

In Proposition IB.22I we have showed that Endg Q {p\ n © p^ 1 ) is a free PP S,< ^- 
module of rank 4 and its centre is isomorphic to P P / 3,< ' £ . The assertion follows 
from Proposition 15.401 □ 

Corollary 7.23. Let T : Qq p — > R^^ e be the universal 2-dimensional pseu- 
docharacter with determinant (e lifting x- F° r every N in €.{0)^ , V(iV) is 
killed by g 2 - T(g)g + (e(g), for all g e Gq p - 

Proof. Corollary 17.181 and Proposition IB. 181 imply that the assertion is true 
ii N = Pi or N = P2. Hence, the assertion holds for iV = P<g. We obtain the 
claim in general from the isomorphism ~V(N) = V (Homj (o)(P«8, N) ©^ Ps) = 

Let Bangui-)* 8 be as in Proposition EM and let Ban^ 1 " fl (L) !B be the full 
subcategory consisting of objects of finite length. 

Corollary 7.24. We have an equivalence of categories 

Ban^Lf = Bang^L)?. 

neMaxSpeci?P s ' C£ [l/p] 

The category Ban G d ™' fl (L)jf is anti- equivalent to the category of modules of 
finite length of the n-adic completion of Endg Q (p" n ©p^MVp]- 

Proof. Apply Theorem EM with £(£>) = £(0)®. □ 

Corollary 7.25. Suppose that the pseudo-character corresponding to a max- 
imal ideal n of R™ e [l/p] is irreducible over the residue field of n then the 
category Bang? 1 ' (I/)jf is anti- equivalent to the category of modules of finite 
length of the n-adic completion of R^ e [l/p]. In particular, it contains only 
one irreducible object. 
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Proof. It follows from Corollary IB.23I that for such n the n-adic completion 
of Endg Q (p" n © P2 n )[^/p] i s isomorphic to the ring of two by two matrices 
over the n-adic completion of R^ £ [l/p]. □ 

Let n be a maximal ideal of R^ e [l/p] with residue field L, let T n : Qq p — > L 
be the pseudocharacter corresponding to n and let Irr(n) denote the set (of 
equivalence classes of) irreducible objects in Ban^™' fl (L)jf . 

Corollary 7.26. IfT n = ip\ + ip2 with ^1,^2 : Gq p — > L x continuous homo- 
morphisms then 

Irr(n) = {(Indp Vi © fa£~ l )conu (Indp V2 g> ipis' 1 ) cont } ■ 

Proof. Corollary 17.231 implies that, since 

V((Ind£ Vi ® ^e -1 )^) = fa, V((Ind£ ^ 2 ® fae- l ) cont ) = fa, 

both Banach space representation lie in Irr(n). Since X1X2. 1 ¥" w±1 > 1 we a l so 
have fafa^ ¥" £±l i 1- Thus the Banach space representations are irreducible 
and distinct. It follows from the explicit description of Endg Q (p" n © p^™) 
in Proposition IB. 221 that the ring Endg Q (p" n © P2 n )[l/p]/n has two non- 
isomorphic irreducible modules. □ 



8 Non-generic case I 

In this section we deal with the case where in Colmez's terminology the 
atome automorphe consists of two isomorphic irreducible representations. 
Let 7r := IndpX, where x '■ T — > k x is the character \ — Xi ® Xi w ~\ for 
some smooth character xi '■ Qp — * k x . We note that x s<y = X- We show that 
the formalism of $3] applies with Q = S = tt v . The new feature in this case is 
that the ring E is non-commutative and in this section we use in an essential 
way that we allow the coefficients in our deformation theory be non-commu- 
tative. Let -R2Y1 b e the universal deformation ring parameterising 2-dimen- 
sional pseudocharacters of Qq with determinant (e lifting 2\(ir) = 2x\ and 
let T : Qq p — >■ -R2X1 b e the universal pseudocharacter. We show that E is 
naturally isomorphic to R^ [[Gq p ]]/J, where J is a closed two-sided ideal 
generated by g 2 — T(g) + (e(g) for all g G Qq . The idea to look for a ring of 
this shape was inspired by [11]. 

Proposition 8.1. Let S = Q = tt v then the hypotheses (H1)-(H5) of $3l\ 
are satisfied. Moreover, d := dim ExtL fc ) (S, S) = 2. 
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Proof. Let r be irreducible in Mod§ r V(fc). It is well known, see for example 
[511 Thm 11.5], that if Ext^ c (V, tt) ^ then vr ^ r and dimExt^ c (7r, tt) = 
2. Dually this implies (H3) and (H4) and all the other hypotheses hold 
trivially □ 

Since (HO) holds for G by Corollary 15. 161 we may apply the results of §3.1l and 
§H Let P -» S be a projective envelope of S in £(G), let E = Ende(o)(P), Si 
the maximal ideal of E and let m be the maximal ideal of E £g>e> k. We note 
that the last part of Proposition 18.11 and Lemma 13.281 gives dimm/m 2 = 2. 

Let P x v be a projective envelope of x v in <£t,((0) and let M := (IndpP^ v ) v . 
Corollary 17.21 gives us a surjection 

E -» End €Gc(0) (M) =* End £Tc(0) (P x v) =* 0[[s,j/]]. (137) 

Let a be the kernel of (11371) . Since dimm/m 2 = 2 we deduce from (I137p that 

E/a 9* E ab . 

Lemma 8.2. There exists { 6 in 2 such that a = Et and <pt ^ for all 
non-zero <f) G E. 

Proof. Since x — X s a Corollary 17.71 gives us an exact sequence 

O^MP^M^O. (138) 

Applying the exact functor Hom^o) (P, *) to (I138P we get an exact sequence 

-> E h E -> Hom £(0) (P, M) ->■ 0. (139) 

The last term is isomorphic to Endc(o)(M) by Proposition 17. II (iii) . Corollary 
17.21 Hence, a = t*(E) = Et and since i# is injective we get that (j>t = implies 
= 0. As the image of t in P a6 is zero, the image of t in the commutative 
ring E/m 2 will also be zero. Hence, t G in 2 . □ 

Lemma 8.3. Let (p : E —» R be a quotient such that R ab = 0[[x,y]] and 
there exists an element t' G R such that Ker(P -» R ab ) = Rt' and at' = 
implies that a = for all a G R. Then if is an isomorphism. 

Proof. The composition E -» R -» R ab factors through E ab and since both 
rings are formally smooth of the same dimension we deduce that ip ab : E ab — y 
R ab is an isomorphism. Thus Ker(P — y R ab ) = Rtp(t). Hence, we may write 
<p{t) = at' and t! = b(p(t) for some a,b G R. Hence, (1 — ba)t' = and so 
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ba = 1 and this implies that b and a are units in R. (Note that any element 
of 1 + xxin is a unit and hence if the image of a in R ab is a unit then a is a 
unit in R.) So we may assume that t' = </?(£). 

Since a is a two-sided ideal and a = Et, for every b e E there exists a e E 
such that £6 = at. This implies that for n > 1 we have a™ = -Et™. Moreover, 
since the right multiplication by t is injective multiplication by t n induces an 
isomorphism E/a = a n /a n+1 . Since the multiplication by (p(t) is injective in 
R, multiplication by ip(t) n induces an isomorphism R/<p(a) — (p(a) n / <p(a) n+1 . 
Hence, (p induces an isomorphism d n /a n+1 = (p(a) n / \p(a) n+1 , for all n > 1. 
Thus an isomorphism E/a n = R/(p(a) n for all n. Passing to the limit we get 
E^R. U 

Now V(S') is a 1-dimensional ^-representation of Qq , the absolute Galois 
group of Q p . Let 21 be the category of local finite artinian augmented 
(possibly non-commutative) (9-algebras defined in Definition 13.191 and let 
Def y(5) : 21 — > Sets be the functor, such that Def y-ts) (^) ^ s ^ e se ^ °^ i somor - 
phism classes of deformations of V(S) to A, see Definition 13.201 Lemma T3.3 II 
says that the functor Def^s) : 21 — > Sets is pro-represented (in the sense of 
Theorem MB by the ring 0[[G\]°p = End [[g]){0[[g]}) , where Q := g Qp (p) is 
the maximal pro-p quotient of Qq p and [[£?]] is the universal deformation. 

It follows from Corollary 15.451 that V induces a natural transformation V : 
Def 5 — > Defv(5). Since Def 5 is pro- represented by E by Theorem 13.251 we 
deduce from Yoneda's Lemma in this non-commutative context, see Lemma 
I3.29[ that the natural transformation of functors is induced by 

y?v : 0[[G]r -+ E, 

where the morphism tpy is uniquely determined up to conjugation by E x . 
Since by a result of Colmez, [23]. VII. 4. 15], we know that V induces an 
injection 

we deduce via Lemma 13.281 and the proof of Proposition 15.481 that (pij- is 
surjective. 

A note on actions: our groups always act on the left, (g,v) 1— > gv, hence a 
representation (p, V) of Q gives rise to a left 0[[£]]-module, which we may 
write down as a homomorphism p : 0[[Q]] — > Endo(V). In our context, it is 
also natural to consider p as a right (9[[(?]] op -module, via the isomorphisms 
Romo[[g\](0[[g]],p) = p, ^ 0(1), and 0[[£]p = End 0[m (0[[G}}) ■ Having 
made this point we will not distinguish between left (9[[^]]-modules and right 
0[[£]] op -modules. 
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Ext* , k) (S,S) <-* Ext^ (V(S), V(S)), 



Proposition 8.4. Let M be a finite extension of L and let p : 0[[G]\ — > 
End^f (iy) be a continuous absolutely irreducible representation of Q with 
diniM W < 2. Then Ker<pv C Ker p. 

Proof. If dim W = 1 then p factors through (9[[£]] a6 . Since p > 2, Q is a free 
pro-p group on 2-generators, [3HI 7.5.8]. It follows from f)137p that <p induces 
an isomorphism 0[[£]] a6 = E ab and we are done. 

Suppose that dimW 7 = 2 by base change we may assume that M = L. 
It follows from [38| 2.3.8] that there exists an open bounded G-invariant 
lattice E in a unitary admissible L-Banach space representation II of G such 
that L <S>o V(H d ) = p and II = 7r® 2 . Since all open bounded lattices are 
commensurable, L ®q V(E d ) does not depend on the choice of S. Thus we 
may choose S so that we have a surjection 

Hom c(0) (P,H d )^P^S d , 

see Proposition 14.161 Corollary 15.461 says that V(P) is a free P-module of 
rank 1 and Corollary 15.471 gives us a surjection 



d\ 



Hom e( o)(P,H d )ggV(P)^V(S 

Choose a basis element of V(P) over P, then this gives us an isomorphism of 
P- modules, P = E and hence a map [[£?]] -» P compatible with <p^-. (We 
note that all such choices differ by a unit in P x , and in the non-commutative 
setting ify is uniquely determined up to conjugation by P x .) And thus we 
have a surjection of ^-representations 

Hom £(0) (P, E d ) = Hom £(0) (P, E d ) § op]]oP 0[[0]] 

-» Hom £(0) (P,E d ) §£ V(P) - V(~ d ), 

where the first isomorphism is given by <f> i-> ® 1 . The action of Q on 
Homj(o) (P, S d ) is given by 

g . <p = g . (0 § 1) = § g = <p §(1 . g) = o <Pv(flO) ® 1 = ° ^v(fl')- 

Since II = 7r® 2 Lemma 14.141 says that Homj^j (P, S d ) is a free (9-module of 
rank 2, and hence Hom £ (o)(P, S d ) = V(S d ). Since V(S d ) is a lattice in p we 
deduce that Ker <py C Ker p. D 

Corollary 8.5. Le£ <p : 0[[£?]] -» R be a quotient such that f] Kerp = ; 
where the intersection is taken over all continuous representations p : R — >• 
EndAf(W), where M is a finite extension of L, dini^ W < 2 and (p,W) is 
absolutely irreducible. Then Ker<p^ C Ker<p. 
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We will construct a quotient C? [[£?]] -» R, satisfying the conditions of Corol- 
lary \S.5\ and such that R op satisfies the conditions of Lemma 18.31 This will 
imply that E = R op . After twisting we may assume that xi is trivial and 
( = e^ 1 . The ring R will turn out to be isomorphic to -R ps,1 [[^]]/J, where 
R pS)1 is a (commutative) deformation ring parameterizing all 2-dimensional 
pseudocharacters lifting the trace of the trivial 2-dimensional fc-representa- 
tion of Q with determinant equal to 1, see the conditions (o)-(iii) in Proposi- 
tion [8T9] below, and J is a closed two-sided ideal generated by g 2 — T(g)g + 1, 
for all g £ Q, where T : Q — y i? ps,:L is the universal pseudocharacter with 
determinant 1 . Using this we will show that for a finite extension M of L an 
absolutely irreducible finite dimensional M-representation of Em can be at 
most 2-dimensional. 

Recall that the maximal pro-p quotient Q of Qq p is a free pro-p group gener- 
ated by 2 elements, which we denote by 7 and 5. We let 

R: _ 0[[tut2,t 3 ]]®oOM\ t (140) 

where J is a closed two-sided ideal generated by 

7 2 - 2(1 + £1)7 + 1, 5 2 - 2(1 + t 2 )6 + 1, (141) 

( T( J)2 _ 2(1 + t 3 ) 7 5 + 1, (5 7 ) 2 - 2(1 + £3)^7 + 1- (142) 

Sending x ^y ^ — 1, y \-^y S — 1 induces an isomorphism between [[£/]] and 
(9[[x,y]] nc , the ring of non-commutative formal power series. We denote the 
images of ti,t2,t 3 ,x,y in R by the same letters. We note that the elements 
£1, t 2 and £3 are central in R. 

Substituting 7 = 1 + x and 5 = 1 + y in the relations defining the ideal J we 
get that the following relations hold in R: 

x 2 = 2£i(l + x), y 2 = 2t 2 (l+y), (143) 

(x + y + xy) 2 = 2t 3 (l + x + y + xy), (x + y + yx) 2 = 2t 3 (l + x + y + yx) (144) 

Since 2 is invertible in R, and every a £ 1 + tor is a unit, we get that 
ti,t 2 ,t 3 £ m 2 R . Thus the natural map C? [[£/]] — y R is surjective on tangent 
spaces and, since both rings are complete, 

0[[g\\ -» R (145) 

is surjective and dimmR/(m^ + ru L R) < 2. Let J ab be the ideal generated 
by the relations (11431) . 01441) in the commutative ring 0[[ti,t2,t 3 ,x,y]]. Then 
we have a natural surjection 

R ^ 0[\ tl M,t^y]] ^ 0[[xy]l (146) 
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Since the target is commutative, f )146p factors through R ab -» 0[[x, y]]. Since 
dim m.^/Crafj + w L R) < 2 we obtain R ab = 0[[x,y)] and dimm R /(m| + 
w L R) = 2. 

Lemma 8.6. The natural map 0[[ti, ^2^3]] —$■ R is injective. 

Proof. Let A be the commutative ring 

0[[ti,t 2 ,t 3 ]][a 1 , a 2 ,bi,b 2 ] 



(d + a 2 - 2ti, aia 2 - 2t±, bi + b 2 - 2t 2 , bib 2 - 2t 2 ) 

and rru be the maximal ideal of A. Let 21 := (^ ^), ty = (^ „^ ) . Then 
*P is a two sided ideal of 21 and 21 is ^-adically complete. Let 

VO a 2 / \b b 2 

with 6 = 2 + 2t 3 - (1 + ai)(l + 61) - (1 + a 2 )(l + b 2 ) E m A . Sending 
g h-)- g — 1 induces an isomorphism (l+*p j )/(l + *}3 J+1 ) = ^J l /^p i+1 , where the 
left hand side is a group with respect to addition. Since *py*}3* +1 is a finite 
dimensional O/w^C^-vector space, we deduce that 1 + *}3 is a pro-p group. 
Hence, 7 H- 1 + a and <5 1— > 1 + /3 induces a group homomorphism £ — > 1 + *}3 
and hence an algebra homomorphism 

0[[t u t 2 ,t 3 ]][[g]} ^21. (147) 

By construction of A we have det(l + a) = det(l+/3) = 1, tr(l+a) = 2(1+£ 1 ) 
and tr(l + 0) = 2(1 + t 2 ). Hence, det((l + a)(l + /?)) = 1 and a direct 
calculation shows that tr((l + a)(l + /?)) = 2(1 + £3). Hence, (11471) factors 
through p : R — )■ 21. Since the composition 0[[ti, £2,^3]] — >■ -R — )■ 21 is 
injective, we obtain the claim. □ 

Let H be an abstract subgroup of Q generated by 7 and 5. There is a natural 
length function £ : H — > Z> , £(h) = min(^ i>:l \rrii\), where the minimum is 
taken over all finite expressions h = 'j mi S m2 . . ., with rrij G Z. We let 

r := {1,7,5,7(5,57} 

and given an integer m>0we define 

S m :={geH: £{g) < m}, 

and for a subset S of if we define 

£(£) : = {fi'i^ : 9i,92,gi l g2 e S} u {^rV : 91,92,9192 e 5}. 
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We note that if 1 G S then by taking g\ — 1 we obtain that E(S) contains 
5* and by taking g 2 = 1 we get that E(S') contains S" 1 , the set of inverses of 
the elements of S. 

Lemma 8.7. (i) S 2 C E(E(r)); 

(ii) S m C S(S(S(5' m _i))) ; for m>3. 

Proof. Since 1 G T, E(r) will contain T U T _1 and also 7 2 , <5 2 , 7 _1 <5, 5 -1 7. 
Thus S 2 is contained in E(r) U E(r) _1 , which gives (i). 

Let g = ■y mi S m2 ... be an expression of g such that £(g) = J2i>i l m «l — 3. 
Without loss of generality we may assume ni\ ^ 0. If |mi| > 1 then g G 
E(S' m _i) as we may take #i = 7 e , g 2 = 7 _e 5' where e = mi/\mx\, so that g = 
gig 2 and gf 1 ^ G <Sm-i- Hence, if |mj| > 1 for some j, then g G S(S(5' m _i)), 
for we may take (for odd j ) gi = 7" 11 . . . 5 mj - 1 ^ m: > and g 2 = 5 mj+1 . . . and 
so g = g\g 2 and g^ x g 2 G E(5' m _i) by the previous calculation. Thus we 
may assume \rrii\ = 1 for all i and since £(g) > 3 this implies 7713 7^ 0. 
Let g\ = '-f rni S m2 , g 2 = r y mz . . ., if vfi\ and m 3 have the same sign then 
9i l 92 e S^-i, if not then g^g 2 = r m2 7 m3 ~ mi • • • e E(E(5' m _ 1 )). D 

Corollary 8.8. Lei B be a topological ring and let f : Q ^r B be a continuous 
function such that 

f(g- 1 h)-f(g)f(h) + f(gh)=0, \/g,heG. (148) 

Then f is uniquely determined by its values at the elements ofT. Moreover, 
the image of f is contained in the closure of the subring of B generated by 

/(s),jer. ' 

Proof. Since / is continuous and H is dense in Q, f is uniquely determined 
by its restriction to H. Using (11481) and Lemma IH7H we deduce that f\u is 
uniquely determined by f(g), gGT and f(H) is contained in the subring of 
B generated by f(g), g G I\ Since H is dense in G, f(G) is contained in the 
closure of this ring. □ 

Proposition 8.9. For each g G Q, let T(g) := g + g' 1 G R, then T(g) G 
0[[ti, £2, £3]]. Moreover, T is the unique continuous function T : Q — > 
0[[ti, t 2 ,t 3 }} su °h that 

(0) T(l) = 2; 
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(ii) T{gh)=T{hg); 
(iii) T(g~ l h) - T(g)T(h) + T(gh) = 0; 
(iv) Tin) = 2(1 + h), T{8) = 2(1 + h), Tir/8) = T(<J 7 ) = 2(1 + * 3 ). 

Proof. We note that T : Q — > R is continuous and satisfies (o), (i) and (iv). 
Now 

T{g- l h) - T(g)T(h) + T{gh) = h^g) - T{g)h~ x . (149) 

So (iii) holds for all g,h G G such that T(g) is central in R. Since T(g) is 
central in R for every g G T, using Lemma [8.71 we deduce that (iii) holds for 
every g,h G H and by continuity of T and density of H, we get that (iii) 
holds. It follows from Lemma 18.61 and (iv) that the closure of the subring of 
R generated by T(g), g G r is 0[[ti, £2, £3]]- It follows from Corollary 18 . 81 that 
T(g) G 0[[ti, t2,t 3 }} and is uniquely determined. It remains to show that T 
satisfies (ii). Let p : R — > 21 be the homomorphism constructed in the proof 
of Lemma 18.61 Recall that 21 is a subring of the ring of 2 x 2 matrices over 
a commutative ring A. Hence for every a G 21 we have 

a 2 — tr(a)a + det a = 0, (150) 

where tr : 21 — > A and det : 21 — > A are the usual trace and determinant. 
Since by construction det p(j) = det p(S) = 1 we get that det p(g) = 1 for all 
g G Q, and so we may rewrite (J150P to get 

p(T(g)) = p(g) + p(g)- 1 = tr(p(g)) (151) 

and hence p(T(gh) — T(hg)) = 0. The restriction of p to 0[\pi, £2,^3]] is 
injective and this implies (ii). □ 

Corollary 8.10. Let r\ : Qq p — ¥ k x and ip : Qq p — ¥ O x be continuous charac- 
ters such that ifi = rf (mod pi). Then the universal deformation ring R ps ^ 
parameterizing 2- dimensional pseudo- characters of Qq lifting 2r] with deter- 
minant ip is isomorphic to 0[[xi,X2,xs]] and the universal pseudocharacter 
is equal to the trace of the representation constructed in Lemma \8.6\ twisted 
with y/^. 

Proof. Since ip modulo pL is a square and p ^ 2 there exists a continuous 
character ipi : Qq p — > O x such that ip± —ip. Corollary I A. 3 1 implies that it is 
enough to show that the assertion after replacing Qq with its maximal pro-p 
quotient Q and this follows Proposition 18.91 □ 
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Following [TT] we introduce an involution * on R, by letting g* := g 1 , 
extending it linearly on G[[ti, t 2 ,t 3 ]] [[G]] and observing that J* = J. 

Lemma 8.11. 0[[t u t 2 , t 3 ]] = {a G R : a = a*}. 

Proof. Every a G 0[[£i, t 2 , £3]] is fixed by * by construction. The map R — >• 
R, a h-» ^y- is continuous and maps the subring 0[[ti, t 2 ,t 3 ]] [G] + </ into 
0[[ii, £2, £3]] by Proposition 18.91 Since the subring is dense in R, we conclude 
that the fixed points of * are contained in 0[[£i, £2, £3]]- d 

Corollary 8.12. Let a G R then a + a* and a*a are in 0[[ti, £2,^3]]. 

Proof. This follows from (ab)* = b*a* and (a*)* = a and Lemma [S7TT1 □ 

Corollary 8.13. Let p : R — > 21 be the representation constructed in the 
proof Lemma \8.6l Then 

p(a + a*) = tr(p(a)), p(a*a) — det(p(a)), Va G R. (152) 

Proof. The function i? — )• 21, a 1— > p(a + a*) — tr(p(a)) is 0[[ti, t 2 ,£3]]-hnear, 
continuous, and zero on G by (11511) . Hence, it is zero on 0[[ti, t2,t 3 }} \Q] + J 
and since it is dense the function is zero on R. Now a 2 — (a + a*)a + a* a = 
in R. Hence, 

= p(a) 2 — p(a + a*)p(a) + p(a*a) = p(a) 2 — ti(p(a))p(a) + p(a*a). 

Since, p(a) 2 — tr(p(o))p(o) +det(p(a)) = in 21 we get p(a*a) = det p(a). □ 

Corollary 8.14. Let g G G andT as in Proposition ^. 9\ then g 2 — T(g)g + l = 
in R. 

Proof. We have T(g) = g + g^ 1 = g + g* and the assertion follows from (I152|) 
and the identity g 2 - (g + g*)g + g*g = 0. □ 

To ease the calculations we set 

u :— x — t\ — 7 — 1 — t\, v := y — t 2 = 5 — 1 — t 2 . (153) 

We note that the images of u and v form a fc-basis of raR/(m 2 R + zulR) and 
hence it follows from (11451) that u and v generate R topologically over O. 
Then (11431) reads 

u 2 = 2t x - tj, v 2 = 2£ 2 - t\. (154) 
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In particular, u 2 and v 2 are central in R. Hence, 

u(uv — vu) = — (uv — vu)u, v(uv — vu) = — (uv — vu)v. (155) 

We also note that substituting t x = ^^ 1 and t 2 = ^4 1 in (I153p 



2 

gives u = 2^ — , v = d ~i \ Hence, 



7-7" 1 „ _ S-S- 1 
2 ' v 2 



u* = —u, v* = —v, (uv — vu)* = —(uv — vu), (uv + Vll)* = UV + VU 

(156) 

Lemma 8.15. Every element a e R maybe written as 

a = Ai + X 2 u + X3V + X^uv — vu) (157) 

with Xi e 0[[t l ,t 2 ,t 3 }}. 

Proof. It follows form (11451) that a may be written as a formal power series 
with coefficients in O in (non-commuting) variables u, v. It follows from 
(11541) that u 2 ,v 2 G 0[[ti, £2,^3]] so we only need to deal with monomials 
of the form (uv) n , (uv) n u, (vu) n , (vu) n v. Lemma 18.111 and (1 1 5 6 [) give that 
(uv — vu) 2 ,uv + v u G C[[ti,t2,£3]] and since 2 is invertible in R, we may 

1 1 •; j (UV — VU) + (UV+VU) 1 (UV+VU) — (UV — VU) rpi / ^2 

substitute uv = '-^ and vu = '-^ • lhus [uv) = 

Xuv — Xvu + u and (vu) 2 = Xvu — Xuv + u with X, u G 0[[ti, t 2 , t 3 ]], which 
leaves us to deal with uvu and v uv. Since uv u = (uv + v u)u — u 2 v and 
vuv = (uv + vu)v — v 2 u we are done. □ 

Proposition 8.16. Let M be a finite extension of L and W a finite dimen- 
sional M -vector space with continuous R-action r : R ® M — > Endjw(H / ). 
Suppose that the representation W is absolutely irreducible, then dinijvf W < 
2. 

Proof. Since W is absolutely irreducible and finite dimensional over M we 
have Endg(H / ) = M and thus r induces a continuous homomorphism of 
C-algebras 0[[ti, ^2^3]] — ► M. Since W is absolutely irreducible r is sur- 
jective. It follows from Lemma 18.151 that (dim M W) 2 = dim M EndM W = 
dim M (T(R) Oo M) < 4. D 

Lemma 8.17. (uv — vu)*(uv — vu) ^ in R. 

Proof. It follows from (11531) that uv — vu = 7<5 — Sj. Using Corollary 18. 131 it 
is enough to show that det(p(j5 — Sj)) 7^ 0. If we specialize t 1 = t 2 = this 
means it is enough to show that the determinant of 

1 lUl 0\_ / 1 Q\fl l\ (2t 3 
l) \2t 3 l) \2t 3 l)\p l) \ -2t 3 

is non-zero in (^[[£3]], which is clear. D 
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Lemma 8.18. Let f G 0[[a;i, . . . , x n ]] be non-zero then there exists a>i G p^, 
1 < i < n such that f{a\, . . . , a n ) 7^ 0. 

Proof. Since 0[[xi, . . . ,x n ]] is a unique factorisation domain, [451 20.3], / 
is divisible by only finitely many prime elements. Hence, we may find 
o n £ Pl such that x n — a n does not divide /. Let /i be the image of / 
in C[[xi, . . . ,x n ]]/(x n — a n ) = 0[[xi, . . . , x n -i]]- By construction f x is non- 
zero and we proceed as before. □ 

Proposition 8.19. Let a = Ai + X2U + A%v + \±{uv — vu) G R with Aj G 
©[[^1,^2,^3]] and not all \ equal to zero. Then there exists a finite extension 
M of L and a 2-dimensional M vector space W , with a continuous action 
t : R ® M — > Endjv/ W such that r is absolutely irreducible and r{a) 7^ 0. 

Proof. Let A = (uv — vu)*(uv — vu) G R, we note that A is non-zero in 
R by Lemma [8.171 Let / G C?[[£i, £2^3]] be the product of A and non-zero 
Aj. By Lemma 18. 181 we may find 01,02,03 G pi such that /(ai, 02,03) 7^ 0. 
Let A be as in Lemma 18.61 and let m be any maximal ideal of Al containing 
(£1— ai,£2 — 02,£ 3 — 03). Then M := Ai/m is a finite extension of L. Moreover, 
the image of / in M is equal to f {0,1,0,2,0,3} and hence is non-zero. So the 
image of A in M is non-zero, and not all Aj map to in M. Let r be the 
composition 

R A 21 -> 21 ® A M. 

We claim that r is absolutely irreducible. Suppose not then after replacing 
M by a finite extension r becomes reducible, and since r is 2-dimensional, 
we get that the image of uv — v u = jS — £7 in 21 ®a M is nilpotent. Thus 
= det t{uv — vu) = t{\) by Corollary 18. 131 However, r(A) G M which was 
constructed so that r(A) 7^ 0. Hence, r is absolutely irreducible. Thus, r is 
surjective. Since diniM2l ®a M = 4, we deduce from Lemma f8. 151 that 1, 
t{u), t{v) and r{uv — vu) are linearly independent. Hence, r{a) 7^ 0, as M 
was constructed so that the images of non-zero A, are non-zero. □ 

Corollary 8.20. The centre of R is equal to 0[[ti,t2,t 3 ]]. 

Proof. Suppose there exists a non-zero element z in the centre of R such 
that z* = —z. Let (r, W) and M be as in Proposition 18.191 with t{z) 7^ 
then t{z) is a scalar matrix in EndA/(H / ). It follows from Corollary 18.131 
that tr t{z) = r{z* + z) = and thus r{z) = 0. We obtain a contradiction. 
Since 2 is invertible in R, Lemma 18.111 implies that the centre is contained 
in 0[[ti, t2,t 3 }}. The other inclusion holds by construction. □ 

Corollary 8.21. R is a free O[[ti,t2,t3]]-module of rank 4. 
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Proof. If = Ai + A2M + X3V + X^(uv — vu) then it follows from Proposition 
18.191 that all \ = 0. The result then follows from Lemma [8.151 □ 

Corollary 8.22. Let a 6 R and suppose that a{uv—vu) = or (uv—vu)a = 
then a = 0. 

Proof. Since (uv — vu) 2 = — (uv — vu)(uv — vu)* is in 0[[ti, t 2 , ^3]] and is 
non-zero by Lemma 18.171 the assertion follows from Corollary 18.211 □ 

Corollary 8.23. E = R op . In particular, the functor V induces an equiva- 
lence of categories between £(0)® and the category of compact R op -modules. 

Proof. Proposition 18.191 says that if : 0[[Q}} -» R satisfies the conditions 
of Corollary 18.51 and thus we have Ker^ Q Ker</> and hence a surjection 
E -» R op . Corollary 18.221 implies that R op satisfies the conditions of Lemma 
18.31 with if — uv — vu, hence the surjection is an isomorphism. The last 
assertion follows from Proposition 15.401 □ 

Corollary 8.24. Let Z be the centre of R and let n be a maximal ideal of 
Z[l/p\. Suppose that the image of {uv — vu){uv — vu)* in Z[l/p]/n is non- 
zero then R[l/p]/n m R[l/p] is isomorphic to the ring of 2 x 2 matrices over 
Z[l/p]/n m for all m > 1 . 

Proof. Let R m := R[l/p\/n m R[l/p\ and let Z m := Z[l/p]/n m . Since the 
image of (uv — vu)(uv — vu)* in Z\ is non-zero it follows from the proof of 
Proposition 18. 191 that R\ is isomorphic to the ring of 2 x 2 matrices over Z\. 
Let e e R\ be an idempotent such that R\ = End^-Rie). We may lift e to 
an idempotent e m G R m since nR m is nilpotent. It follows from Corollaries 
18.201 and 18.211 that R m is a free Z m module of rank 4. Since R\e is 2-dimen- 
sional over Z\, Nakayama's lemma implies that R m e m is a free iJ m -module 
of rank 2. Another application of Nakayama's lemma shows that the natural 
map R m — > Endz m (R m e m ) is surjective and hence an isomorphism as both 
ring are free i^ m -modules of the same rank. □ 

Corollary 8.25. Let Z be the centre of R and let n be a maximal ideal of 
Z[l/p\. Suppose that the image of (uv — vu)(uv — vu)* in Z[l/p]/n is zero 
then R[l/p]/nR[l/p] has at most 2 non-isomorphic irreducible modules. 

Proof. Let Ri := R[l/p]/nR[l/p], V := Z[l/p]/n and let 8 be the image of 
uv — vu in Ri. Let V be an irreducible right i?i-module. It follows from 
(11551) that V6 is an ii^-sub module of V. Since the image of (uv — vu) 2 = 
— (uv — vu)(uv — vu)* in L' is zero, we deduce that 9 2 = and since V is 
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irreducible we get V9 = 0. Thus Hom Rl (i^/i?^, V) ^ and it is enough to 
show that dim^/ R1/R18 < 2. It follows from Corollary 18.211 that R\ is a 4- 
dimensional V vector space. Let me : Ri — > R±, a i— >■ a6, then dimKermg + 
dimlmme = 4 and since 9 2 = we have dimlmme < dimKermg. Thus 
dim L ,Pi/Pi# < 2. □ 

Theorem 8.26. Let U be a unitary absolutely irreducible admissible L-Ba- 
nach space representation with the central character (. Suppose that the 
reduction of some open bounded G-invariant lattice in U contains it as a 
subquotient then IT C ir © n. 

Proof. By Proposition 14.161 we may choose an open bounded G-invariant 
lattice S in II such that the natural map Homjp) (P, S d ) ®^ P — > S d is 

surjective. It follows from Corollaries 18.211 and 18.231 that the centre of P is 
noetherian and P is a finite generated module over its centre. Hence E ®e> k 
is of finite length by Corollary 14. 381 and Hom^ei) (P, 5 d )^ is finite dimensional 
over L. Since the block of it consists only of n itself we deduce that 

n = ((s d ® k) ss ) v = tt®"\ 

where m is equal to the dimension of B.om. € ^(P , S d )i by Lemma f4. 141 Since 
IT is absolutely irreducible, Homc(o)(P, S d )^ is an absolutely irreducible right 
Pi-module by Proposition 14.391 Since P = R op we deduce from Proposition 
18. 161 that the dimension of B.om.n^(P , S d )^ is at most 2. □ 

Corollary 8.27. Let IT be as in Theorem \8.26\ and suppose that U = n then 
LT = (lnd p -ip) con t for some continuous unitary character ip : T — >■ L x lifting 
X and satisfying ip\ z = (■ 

Proof. Let H be as in the proof of Theorem 18.261 Since LT = ir we deduce 
from Lemma [4.141 that Hom£(o)(P, S d ) is a free (9-module of rank 1. Hence, 
the action of P on it factors through the action of E ab . In particular, the 
element t e P defined in (11381) kills Hom £ (o)(P, S d ), and hence it follows from 
that we have an isomorphism Homey©) (M, S d ) = Homj(o)(P, S d ). The 



assertion follows from Proposition 17. Ill □ 

Let Xi '■ Qp — )■ A; x be a continuous character. Recall that the block 53 of 
7r := Indp Xi ® Xi 1 ^ -1 consists of only one isomorphism class, Proposition 
EM So Mod l £%{o)® is the full subcategory of Modg(C) consisting of rep- 
resentations with every irreducible subquotient isomorphic to it. Let PFf'^ 
be the universal deformation ring parameterizing 2-dimensional pseudochar- 
acters of Qq p with determinant (e lifting x '■= 2>Xi an d let T : Qq p — > PP S ' £ ^ 
be the universal deformation of x- 
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Corollary 8.28. The category Modg^O)^ is anti- equivalent to the category 
of right compact -R^ s '^ e [[^Q p ]]/ J -modules, where J is a closed two-sided ideal 
of R p x s ' (e [[Gq p ]} generated by g 2 - T(g)g + e((g) for all g G £ Q ». 

Proof. By twisting we may assume that Xi is trivial and ( = e~ l , see the 
proof of Corollary 18.101 We have shown in Corollary 18.101 that T factors 
through Gq p (p) the maximal pro-p quotient of Qq p . Corollary IA.4I says that 
R x' Ce [[SQ P ]]/J = RT (£ [[Gq p (p)]]/J', where the ideal J' is a closed two-sided 
ideal of -R£ s '^ e [[£?Q p (p)]] defined by the same relations. It follows from Propo- 
sition [E33 and Corollary 18. 141 that R^UGq^p)]]/ J' is the ring R considered 
above. The assertion follows from Corollaries 18. 20 \ I8.23l and Proposition 15.401 
We also note that the involution * induces an isomorphism between R and 
R op , so the category of right compact R is equivalent to the category of left 
compact i?-modules. □ 

Corollary 8.29. The centre of the category ModgA m (C) 3S is naturally iso- 
morphic to RP?^ 5 . 

Proof. Corollary [8. 24} Corollary [8. 10[ Proposition 15.401 □ 



Let Bang^L) 23 be as in Proposition EM and let Bangui-)* 8 be the full 
subcategory consisting of objects of finite length. Let II be in Ban^ 1 ? L ' fl (L) !B , 

and let m(II) := Honi£(0) (P, Q d ) ®o L, where is an open bounded G- 
invariant lattice in II. It follows from Proposition 14.191 that m(II) is a finite 
dimensional L-vector space with continuous P-action. Let n be a maxi- 
mal ideal in R^ e<: [l/p\, recall that Bang™- fl (L)® is the full subcategory of 
Ban^.? 1 ' (L)* 8 consisting of those II such that m(II) is killed by a power of n. 

Corollary 8.30. We have an equivalence of categories 

Bang^L) 35 = Bang° lfl (L)®. 

neMaxSpec,RP s ' Ce [l/p] 

The category Ban^?' (L)jf is anti-equivalent to the category of modules of 
finite length of the n-adic completion of {R^^WQq^/ J)\i/p\. 

Proof. Apply Theorem WM with £(£>) = £(0)®. □ 

Corollary 8.31. Suppose that the pseudo- character corresponding to a max- 
imal ideal n of R^^ e [l/p] is absolutely irreducible over the residue field of 
n then the category Bang?' (£)jf is anti-equivalent to the category of mod- 
ules of finite length of the n-adic completion of R^^ e [l/p\. In particular, it 
contains only one irreducible object. 
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Proof. Corollaries 18.241 and 18.301 The last assertion follows from the fact 
that the only irreducible module is -RP s '^ e [l/p]/n. □ 

Let n be a maximal ideal of R^ £ [l/p] with residue field L, let T n : Qq p — > L 
be the pseudocharacter corresponding to n and let Irr(n) denote the set (of 
equivalence classes of) irreducible objects in Ban^?' fl (L)jf . 

Corollary 8.32. IfT n = fa + fa with fa, fa '■ Qq — > L x continuous homo- 
morphisms then 

Irr(n) = {(Indp fa ® fae~ x ) cont , (Indp V>2 ® fae~ x ) CO nt}- 

Proof. Let Z be the centre of E. We may identify E with R and 2 with 
R^'^ £ . Corollary 18.101 says that the universal pseudocharacter is equal to 
the trace of the representation constructed in the proof of Lemma 18.61 In 
particular, if the image of (uv — vu)(uv — vu)* in Z[l/p]/n is non-zero, then 
T n is the trace of absolutely irreducible 2-dimensional representation, see the 
proof of Proposition 18.191 Since T n = ipi + fa we deduce that the image of 
(uv — vu)(uv — vu)* in Z[l/p\/n is zero. Corollary 18.281 implies that for every 
N in £(£>), V(N) is killed by g 2 - T(g)g + e£(g), for all g e G Qp . Since 

V((Indp fa (8) fae- l ) CO nt) = fa, V((Indp fa <8> fae' l ) CO nt) = fa, 

both Banach space representations lie in Irr(n). If fa ^ fa then the rep- 
resentations are non-isomorphic and we are done, since Corollary 18.251 says 
that Ban^ d ™' (I/)jf has at most 2 irreducible objects. Suppose that fa = fa 
and Irr(n) contains an irreducible object II ^ (Indp^i £g> fas'^amt- Then it 
follows from the proof of Corollary 18.251 that m(II) is one dimensional. By 
Corollary 18.271 II is isomorphic to the parabolic induction of a unitary char- 
acter, and thus must be contained in one of the components that we have 
handled already. Hence, if fa = fa then | Irr(n)| = 1. □ 



9 Non-generic case II 

In this section we deal with the case, where in Colmez's terminology the 
atome automorphe consists of three distinct irreducible representations. Af- 
ter twisting we may assume that our fixed central character is trivial and the 
block 53 consists of 1, Sp and ir a := Indp a. The formalism developed in §3 
does not work in the category C((9)' 8 . However, Colmez's functor kills off 
all the representations on which SL2(Q„) acts trivially and so it is natural to 
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work in the quotient category. We show in §9.31 that the category of compact 
(9-modules with the trivial G-action is a thick subcategory of (£((9) and 
the formalism of £|3] applies in the quotient category £l(0) <B to a projective 
envelope P^v of tt^. Using Proposition 15.481 we show that V induces a sur- 
jection ip : E := End ( r(o)(P 7r v) -» R%, where p is the non-split extension 
0— ^ 1 — > p — > oo — > and R^ is the universal deformation ring of p with 
a fixed determinant. The proof requires all kinds of Ext calculations, which 
are carried out in §9.1[ §9.21 (We suggest to skip them at first reading.) 

The second difficulty is that Rz is not formally smooth and hence we cannot 
use the same argument as in the generic case. The functor Ind P Ordp is left 
exact and we have a natural transformation to the identity functor. This 
induces a functorial filtration on every object of Mod G r m (0) and dually on 

every object of €.{0)^ and by functoriality on E. In §9.41 we compare this 
filtration to the filtration on RJ induced by powers of the ideal defined by the 
intersection of R^ and the reducible locus in R^[l/p\. We show in Theorem 

19.601 that p is an isomorphism and \(P n v) is the universal deformation of p 
with the fixed determinant. In order to do this we need a good knowledge of 
the ring R%. This is done in the appendix ^JB] using results of Bockle [9]. 

In §9.51 we compute the endomorphism ring of Piv © P Sp v © P^v and show 
that its centre is naturally isomorphic to R^i and it is a finitely generated 
module over its centre. As a consequence we may describe £((9)® as a module 
category over an explicit ring. 

In §9.61 we apply the theory of £jU to describe the category of admissible 
unitary L-Banach space representations of G of finite length whose reduction 
mod w lies in Modg 111 ^) 25 . 

If 7r and r are smooth ^-representations of G on which Z acts trivially, in 
order to simplify the notation we will write: 

e l (-K, t) := dim fc Ext J G/z (7r, r). 

We assume all the way till §9.61 that our fixed central character ( is trivial. 
This is harmless since we may always twist to achieve this, see Lemma [9.9Q[ 
We recall that the representation 7r(0, 1), defined in (|6"oT) . is the unique non- 
split extension of Sp by 1 with 2-dimensional p-invariants. 
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9.1 Higher Ext-groups 

The dimensions of Eixt G , z groups between irreducible representations in the 
block of the trivial representation, are given by: 

e^l, 1) = 0, e^Sp, 1) = 1, e^Indp" a, 1) = 1, (158) 

e 1 (l,Sp) = 2, e 1 (Sp,Sp) = 0, e^Indfa, Sp) = 0, (159) 

e 1 (l,lnd?a)=0, e 1 {Sp,Ind$a) = 1, e 1 {Ind$a,Ind ( fa) = 2, (160) 

see Theorems 11.4 and 11.5 (ii) in [51]. We are going to determine the 
dimensions of higher Ext-groups. It is shown in J3TJ 4.1.3] that 

Ord P l = 0, M 1 Ord P l = a- 1 , (161) 

Ord P Sp = l, M 1 Ord P Sp = 0. (162) 

It follows directly from (JI2IJ1 . (jI22|l and (jTSI]l that 

4 /z (Ind£l,l) =0, z>0 (163) 

and from (JT2B . ffT22|) . ffT62|) and Corollary E31 that 

4 /z (Ind£ 1, Sp) = e T/z (l, 1) = 2, e^ /z (Ind? 1, Sp) = e T/z (l, 1) = 1 

(164) 
and e i (hid$ 1, Sp) = for i > 3. 

Proposition 9.1. E^l) = Z(Ind£a), M 2 Z(1) = l(Ind$a), M 3 X(1) = 
1(1) and Wl(l) = for i > 4. 

Proof. The first assertion is given by [5H 11.2]. Since I\jZ\ is a Poincare 
group of dimension 3, see the proof of Corollary 15.201 H 3 (Ii/Zi, 1) is one 
dimensional and H^h/Z^ 1) = for i > 4. We deduce that 1R 3 X(1) = 
X(7r £g> ft), where n = 1 or n = Sp and /i : G — > k x is a smooth character, 
since all the 1-dimensional modules of the Hecke algebra Tt are of this form. 
It follows from Proposition 15.231 that Ext 3 s ,/ z (7r®/i, 1) ^ 0. Hence, 7r£g>/i is in 
the block of 1 and so /i is trivial. If n = Sp then the same argument implies 
Ext^ /z (Ind£ 1, 1) ^ 0, thus contradicting (T163]) . It follows from ipijl . ffT22|) 
and (HSU) that e*(Ind? a, 1) = for i > 4 and 

e 3 (Ind£a,l) = l, e 2 (Ind^a, 1) = 2. (165) 

Proposition E23] implies that Hom w (X(Indp«),M 2 X(l)) ^ 0. Since I 1 /Z 1 is 
a Poincare group of dimension 3 we have 

dim H 2 (h/Z u 1) = dhnH 1 (I l /Z 1 , 1) = 2. 

As X(Indp a) is irreducible and 2-dimensional we obtain R 2 X(1) = X(Ind P a). 

a 

131 



Corollary 9.2. Fori > 2, e*(l, 1) =0 and e*(Sp, 1) = 0, ezcepi e 3 (l, 1) = 1 
and e 4 (Sp, 1) = 1. 

Proof. The only non-zero Ext^ groups for % > 1 between 1(1) and X(Sp) 
are Ext^(X(l),X(Sp)) and Ext^(X(Sp),X(l)), see Lemmas E2H and EM 
which are 1-dimensional. The assertion follows from Proposition 19.11 and 
Proposition 15.231 □ 

Lemma 9.3. Let x '■ T — > k x be a smooth character, then H 2 (Ii/Zi,Ind P x) 
is 2 -dimensional and FL % {I\jZ\, Ind P x) — 0, for % > 3. 

Proof. By restricting to I\ we obtain 

{ln4x)\h =Indg nP l©Indg nps l. (166) 

Shapiro's lemma gives 

K\hlZ u Ind£ x) = H l ((h n P)/Zi, 1) © H\{h n P s )/Z 1; 1). (167) 

Since (ii n P)/Z\ = {I\ fl P s )/Z\ = 7L V x Z p is a compact torsion- free p-adic 
analytic group of dimension 2, the assertion follows from [SI V.2.5.8] and 

□ 



Proposition 9.4. R x X(Sp) S X(Ind P 1) ; R 2 X(Sp) S X(l) and R*X(Sp) = 
/or « > 3 . 



Proof. Proposition 11.2 of jH] says that the natural maps induce isomor- 
phisms R^Ind^ 1) = R X X(1) ©R^Sp) and R x X(Sp) ^ Z(Ind? 1). Hence, 
applying X to the exact sequence — ¥ 1 — ¥ Ind P 1 — > Sp — >■ we get 

R 2 X(1) «-> R 2 Z(Ind£ 1) ->■ R 2 X(Sp) -» R 3 X(1) (168) 

The first arrow in f !168|) is a surjection, since both the source and the target 
are 2-dimensional, see Proposition 19.11 and Lemma 19.31 respectively. This 
implies the last arrow is an isomorphism. Further, we deduce from Lemma 
Id and Proposition ED that R^X(Sp) = R l+1 X(l) = for i > 3. □ 

Proposition 9.5. Let U be in Mod P /^ n (fc) then for all i > we have an 
exact sequence 



Ext^ /z (Sp, Ind£ U) ^ Ext^Ind^ 1, Ind^ U) -» Ext l G/z (l, Ind£ U). 



(169) 
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Proof. Recall that by Corollary 15. 141 it does not matter whether we compute 
the Ext groups in Mod s J) z (k) or in Mod^^fc). If V is in Modg/ z (fc) then 

Ext^V, Ind£ U) =* Extj^V, U), (170) 

see [31, 4.2.1]. Since the sequence — > 1 — > Indp 1 — > Sp — > splits, when 
restricted to P, we obtain the result. □ 

Corollary 9.6. Let k be in Mod^™(fc) such that Hom T (x, k) = for all 
X e liT T /z{k), X ^ It- Then e*(Sp,Ind?K) = and Ext G/z (l, Ind^ «) S 
Ext T / z (l, k) /or all i > 0. 

Proof. Suppose that k = J is injective in Mod^, z ^(k). Then it follows from 
PUD and ffT22|) that Ext G/z (Indp 1, Ind^ J) = for all i > 1. Proposition 
19. 51 implies that Indp J is acyclic for Hom G / z (l, *) and Hom G /z(Sp, *). More- 
over, since R 1 Ordp Sp = 0, the [7-coinvariants Sp^ are zero by [31j 3.6.2]. 
Hence, Hom G (Sp, Indp J) = and Hom G (l G , Indp J) = Hom T (l T , J). 

In general, let k <-$■ J' be an injective resolution of k in Mod T / z (k). Since 
the block of It contains only lp itself, see Corollary I3.34[ we may assume 
that for each z > 1 all Honip(x, J 1 ) = for all x £ I rr T/z(&), X ¥" It- 
By inducing we obtain a resolution Indp k ■— > Indp J* by acyclic objects 
for functors Hom G (l,*), Hom G (Sp, *). Since Hom G (Sp, Indp J 4 ) = and 
Hom G (l, Indp J 1 ) = Homp(l, J 1 ) we obtain the assertion. □ 

Corollary 9.7. Let k be in Modp/™(£;) such that Hom T (x, k) = for all 
X G lrr T / z (k), x^a, i/ien e*(l, Indp k) = /or a// i > 0. 

Proof. It is enough to show the assertion when k is an injective object in 
Modp/™(fc), since then we may deduce the general case as in the proof of 
Corollary 19.61 Suppose that k = J is injective, it follows from Proposition 
19.51 and Lemma 17.41 that Ext 4 vanishes for i > 2. It is enough to show 
the statement for i = 1. We know that Ext G / z (l, Ind P a) = 0, [SU 11.5]. 
Hence, if U is any representation of finite length with irreducible subquotients 
isomorphic to Indp a then Ext G / z (l,[/) = 0. Since Indp J is a union of 
subobjects of finite length with the irreducible subquotients isomorphic to 
Indp a we deduce the assertion. □ 

Corollary 9.8. We have Ext G , z (l, Indp a) = for all i > 0. Moreover, 

e G/z (Sp, Ind£ a) = 2, e G/z (Sp, lnd$ a) = 1, (171) 

and e G , z (Sp, Indp a) = for % > 4. 
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Proof. The first assertion follows from Corollary 19.71 It follows from Propo- 
sition E51 that Ext^ /z (Sp,ind^a) ** Ext' G/z (Indp 1, Indp a), for all i > 0. 
The last assertion follows from (j!20p . D 

Corollary 9.9. R 1 !^) = l(n a ) ©X(tt(0,1)), M 2 X(tt q ) = X(tt(0, 1)) and 
WI(7c a ) = fori > 3. 

Proof The first assertion is [201 Thm. 7.16]. Since Ext G / z (Sp, Indp a) ^ 
by Corollary 19.81 and M 3 X(Ind P a) = by Lemma 19.31 Proposition 15.231 im- 
plies that Ext^(X(Sp),M 2 X(Indpa)) ^ 0. For an irreducible "H-module M, 
Ext^(X(Sp), M) ^ implies that M = 1(1), see pS 11.3]. Thus X(l) is an 
irreducible subquotient of lR 2 X(Indpa). Since Ext 2 ?//Z (l, Indp a) = 0, it fol- 
lows from Proposition 15.231 that X(l) cannot be a submodule of R 2 X(Ind P a). 
If M is an irreducible %-module then Ext^(X(l),M) ^ implies that 
M = X(Sp), [5U 11.3]. Since by Lemma I9T31 the underlying vector space 
of IR 2 X(Indp a) is 2-dimensional, we deduce that there exists a non-split se- 
quence: 

O^X(Sp) ->R 2 X(Indpa) -► Z(l) ^0 (172) 

Now Ext^(X(l),X(Sp)) is one dimensional, [5H 11-3], and the only non-split 
extension is obtained by applying X to (16"5"j) . □ 

We record below the dimensions of Extg/^(7r,r), where r, -n are 1, Sp or 
Indp a. All the other Ext-groups vanish. 



T= 1 

i 


1 


2 


3 


4 


r = Sp 
z 1 


2 


3 


t = Indp a 
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3 


1 








1 





1 2 
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Sp 


1 








1 


Sp 





1 


Sp 


1 


2 


1 


Indp a 


1 


2 


1 





Indp a 








Indp a 


2 


1 






Using the table one can construct minimal injective resolutions of 1, Sp and 



Indp a. Let k be an object of Mod G /™(A;) and t : socg k H J an injective 



envelope of socg k in Mod G /™(k). Since J is injective there exists : k — >• J 
such that the composition soc^ k — > K — > J is equal to i. Since t is an 
injection, we deduce that soccKer0 = and since Ker0 is an object of 
Modg/™(fc), we deduce that <fi is injective. Since i is essential, so is <fi and 



hence for every irreducible object it of Mod^ i z (k) we have HoniGyz(7r, k) = 
Hom G /^(7r, J) and thus Hom G /^(7r, J/k) — Ext G / z (7r, «). Hence, if we know 
the dimensions of Ext G / z (7r, k) for all irreducible n then we may determine 
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socq(J/k) and thus construct the next step in the injective resolutions. Using 
the table we get: 

->• 1 -»• J t -> J Sp © J Wa -► J® 2 -> J^ © Ji -)• J Sp -)• (173) 

->■ Sp ->■ J Sp ->■ A® 2 -»> A® 2 ->■ ^s P ->• (174) 

-)• 7r a -)• J^ Q ->■ J Sp © J® 2 -> J s ® p 2 © J^ Q ->• J Sp ->• (175) 
where 7r a = Ind P a and J^ denotes an injective envelope of it. 



9.2 Preparation 

Since e 1 (l, Sp) = 2 there exists a unique smooth /c-representation r x of G/Z 
such that Hohig(1, t%) = and we have an exact sequence: 

->■ Sp -> n -> 1 © 1 -> 0. (176) 

Applying Ordp to ( I176p and using (I16ip . (j!62p we get 

Ordp n = Ordp Sp S 1, M 1 Ord P n = (M 1 Ord P l)® 2 S (o^ 1 )® 2 . (177) 

Lemma 9.10. e^l,^) = 0, e^Sp.n) = 2, e^Ind^a,^) = 2. 

Proof. Since e 1 (l, 1) = 0, we get the first claim by applying Hom<3/.z(l, *) to 
(I176p . From f llTTj) and the 5-term sequence for Ordp, see f)12ip . we get that 

Ext G/z (Ind£ 1, n) = Ext T/z (l, 1) (178) 

Ext G/z (Ind£ a, n) = Hom T /z(a~\ (a" 1 )® 2 ) (179) 

are both 2-dimensional. Since e 1 (l, ri) = 0, by applying Hom G /^(*, n) to the 
exact sequence — > 1 — > Indp 1 — >■ Sp — y we deduce that Ext G / z (Sp, ri) = 
Ext^(Ind^l,ri). □ 

Proposition 9.11. X(n) = I(tt(0, 1)), R^n) = X(Sp) ©I(Ind^a)® 2 , 
M 2 X(r 1 )^X(l)©X(Ind^«) e2 . 

Proof. We apply X to (J176J) . Suppose that the connecting homomorphism 

d : X(l)® 2 — y M 1 X(Sp) is zero. Then we would have an exact sequence of 
^-modules -» X(Sp) -» X(n) -> X(l)® 2 -> 0. Since Ext^(X(l),X(Sp)) = 1 
by [S3 11.3], we would obtain Hom G (l,Ti) = Hom w (X(l),X(r 1 )) ^ con- 
tradicting the construction of T\. Hence, d is non-zero. Since M 1 X(Sp) = 
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X(Ind P 1), the image of d is 1-dimensional. Hence, we obtain a non-split ex- 
tension — > X(Sp) — > X(ri) —)• X(l) — y 0. Since the only non-split extension 
between X(Sp) and X(l) is realized by applying X to (1651 we deduce that 
X(ri) = X(7r(0, 1)). The cokernel of 9 is isomorphic to X(Sp). Hence, we 
obtain an exact sequence 

-)■ X(Sp) -)■ R^n) -)> R^l)® 2 . (180) 

As e^Indpa,^) = 2 by Lemma 19101 and Ext^(X(Indpa),X(n)) = by 
Lemma E22 Proposition I5T231 implies that Hom w (X(Indpa),M 1 X(ri)) = 2. 
Since R X X(1) = J(Ind?a), [HS 11.2], we deduce that the last arrow in ffT80|) 
is surjective. Since Ext^(X(Indp«),X(Sp)) = by Lemma 15.241 we obtain 
R 1 X(r 1 ) =* X(Sp) ©X(Indp'a)® 2 . As R 3 X(Sp) = by Proposition El we 
have an exact sequence: 

-> R 2 X(Sp) -)> E 2 X(n) -)■ R 2 X(1)® 2 -)> 0. (181) 

Propositions E3 and [O give R 2 X(Sp) ^ X(l) and R 2 X(1) = X(Ind^a). 
Lemma 15.241 implies that the sequence (j!8ip is split. This gives the last 
assertion. □ 

Since e*(l,Ind P a) = for i > 0, Corollary 19. 8 \ by applying Hom(*, Indpa) 
to ffTTHj) . we deduce that Ext G/z (ri,Indpa) = Ext* G/z (Sp,Indpa) for all 
i > 0. In particular, e 1 (ri,Ind P a) = 1 and hence there exists a unique 
smooth ^-representation r 2 of G/Z such that Hom G (Sp,r 2 ) = and there 
exists an exact sequence: 

->■ Ind^ a ->■ r 2 ->■ n ->■ 0. (182) 

Lemma 9.12. Ord P r 2 = a -1 , R 1 Ord P r 2 ^a^eaT 1 . 

Proof. We apply Ordp to (11821) . Since Hom G (Sp,r 2 ) = Hom G (l,r 2 ) = we 
have Hom T (l, Ordpr 2 ) = Hom G (Indp 1, r 2 ) = 0. Since OrdpTi = 1 and 
there are no extensions between a -1 and 1, we deduce that the connecting 
homomorphism d : OrdpTi — > R 1 Ordp(Ind P a) is injective. Since both the 
source and the target are 1-dimensional we deduce that d is an isomorphism. 
Hence, Ord P r 2 = Ord P (Ind^ a) and R 1 Ord P r 2 = R 1 Ord P r x . U 

Corollary 9.13. e i (Ind%l,T 2 ) = 0, fori > 0. 

Proof. Lemma EM AMD- □ 

Lemma 9.14. e 1 (l,r 2 ) = 0, e 1 (Sp,r 2 ) = e 2 (Sp,r 2 ) = 0, e^Indf a,r 2 ) < 4. 
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Proof. Since e 1 (l,Indpa) = e 1 (l,r 1 ) = we deduce that e 1 (l,r 2 ) = 0. By 
applying Hom G/ / z (*, r 2 ) to the exact sequence — >■ 1 — Y Ind p 1 — > Sp — > 
and using Corollary 19.131 we obtain Ext G / z (l,r 2 ) = Ext^ z (Sp, r 2 ) for 

i > 0. Hence, e 1 (Sp,r 2 ) = e 2 (Sp,r 2 ) = 0. Since e 1 (Ind P a, Indp a) = 
e 1 (Ind P a, ri) = 2 the last assertion follows after applying Hom G /^(Ind P a, *) 
to (HH2D- □ 

Let J a , J a -i and Ji T be injective envelopes of a, a -1 and the trivial rep- 
resentation in Mod P /™(/c), respectively. Let J la , Js p and J 1Ta be injective 
envelopes of the trivial representation, Sp and n a := Ind P a in Mod^/™(/c), 
respectively. 

Proposition 9.15. There exists exact sequences: 

-> Ind^ J lT -» J lG -» J^ Q -> (183) 

-> Ind£ J a -> J ffa -> J Sp -> (184) 

-)■ (Ind? Ji T )/l G -> ^s P -> J® 2 (185) 

Proof. The injections in (1183P and (I184p follow from Proposition 17. II Lemma 
17.41 gives Ext G / z (Ind P 1, Ind P J\) — for i > 1. Proposition 19.51 implies that 
Ext G/z (l,Indp Ji) and Ext G/z (Sp, Indp Ji) = for i > 1. Lemma [73 gives 
Ext G / z (Ind P a:, Indp Ji) is 1-dimensional, and Ext G / z (Ind P a, Ind P Ji) = 
for all % > 2. This gives (11831) . see the discussion at the end of §9.11 Simi- 
larly we obtain (I184J) . noting that Ext G / z (l,Indp J a ) = for all % > 0, see 
Corollary 19.71 Applying Hom G /z(l,*) to the exact sequence: 

-)- 1 G ->■ Ind£ Ji ->■ « -> (186) 

we get Ext G/z (l, «) = for i = and i = 1. Note that e^l, 1) = e 2 (l, 1) = 
e^l, Ind£ Jx) = 0. As e x (Sp, 1) = 1 and e^Sp, lnd$ J x ) = e 2 (Sp, 1) = we 
get dimHom G /^(Sp, k) = 1 and Ext G / z (Sp,/t) = 0. Since all the irreducible 
subquotients of Indp Ji are either 1 G or Sp we have Hom G / z (Ind P a, k) = 0. 
Moreover, e 1 (Indp a, 1) = e 1 (Ind$a,lndpJ 1 ) = 1, e 2 (Indpa, Indp J x ) = 
and thus Ext G / z (Ind p a, k) = Ext G / z (Ind P a, 1) is 2-dimensional. Hence, we 
deduce the existence of (11851) . □ 



Let 



k -»■ n a -»■ (187) 
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be a non-split extension. Since Ext^/ Z (7r a , 1) is one dimensional k is uniquely 
determined up to isomorphism. Applying Ordp to ( I187P we obtain: 

Ord P K = 0, R 1 Ordp k = M 1 Ordp vr Q = 1. (188) 

It follows from (TT2B that 

e\7i a ,K) = 0, e 1 (Ind?l,«) = l. (189) 

Lemma 9.16. e l (K, k) = 0, e^Sp, «) = 2, e 1 ^, Sp) = 2. 

Proof. The first assertion follows since e 1 (l, 1) = 0, e 1 (l,7T a ) = thus 
e 1 (l, k) = and e 1 (7r Q ,, «) = by (11891) . For the second apply Hom G /z(*, k) 
to -)> 1 -»■ Indp 1 ->■ Sp ->• and use (11591 . Since e 1 (7r a , Sp) = e 2 (7r a , Sp) = 
we have e 1 (K, Sp) = e 1 (l, Sp) = 2. D 

Lemma 9.17. Let (3 inMod s £) z (k) be such that socg (3 — Sp and the semisim- 
plification is isomorphic to Sp©l © n a then e l {f3,[3) < 3. 

Proof. Since e l {ir ai Sp) = e 2 (7ra,, Sp) = there exists an exact sequence — > 
Sp — > j3 — > K — y 0. Since e 1 (Sp,Sp) = e 2 (Sp, Sp) = we get e 1 (Sp,/3) = 
e 1 (Sp, k) = 2. Since e 1 (/t, n) = we get e 1 («, /3) = e x (K, Sp) — e°(n, k) = 1. 
Thus e 1 ^, /?) < e^K, /?) + e^Sp, /3) = 3. D 



Remark 9.18. Using the bound of Lemma\9.17\ and the results of Kisin ' t 3, 



one may show that V induces an isomorphism between the deformation func- 
tors of (3 with a fixed central character and V(/3) with a fixed determinant. 

Lemma 9.19. Let G be a compact torsion-free p-adic analytic pro-p group of 
dimension d and let r be in Mod^ n (/c) then there exists a natural isomorphism 
Ext G (l,r) = r G . 

Proof. Since H°(G, *) = Hom G (l, *) and H l (G, *) is the i-th derived functor 
of H°(G, *), [601 §2-2], for alH > we have a natural isomorphism of functors 
Ext G (l, *) = H l (G, *). Since G is compact torsion-free and p-adic analytic, 
it is a Poincare group of dimension d, [Ml 2.5.8], [61]. Since G is pro-p, it acts 
trivially on the dualizing module. If r is finite then Poincare duality induces 
an isomorphism H d (G,r) = H°(G,r*)* = r G , [601 1-4.5], where * denotes k- 
linear dual. In general, we may write r as a union of finite subrepresentations 
t = lim n . We have 

H d (G, r) - lim H d (G, r t ) - lim (r 4 ) G - r G , 

where the first isomorphism is given by [601 1-2.2 Cor. 2]. □ 
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Lemma 9.20. H*(I x /Z 1: k) = 0. 

Proof. Since Ext^(X(vr a ),X(l)) = 0, Lemma EMI we have X(k) = 1(1). 
Lemmas 19.31 19.191 imply that the /i/Zi-coinvariants of ir a are zero. Hence, 
ii/Zi-coinvariants of k are also zero, since otherwise we would obtain a I\- 
equivariant splitting of (11871) . which would contradict X(k) = X(l). D 

Lemma 9.21. R 1 !^) = X(tt(0, 1)) ; R 2 X(k) = X(Sp) ; WX(k) = for i > 3. 

Proof. Lemmas 15.191 19.201 imply that R 3 X(n) = 0. It follows from Lemma 
15.201 that R z X(k) = for i > 4. Applying X to (1187P and using Lemma 19.11 
and Corollary 19.91 we obtain an exact sequence: 

R 1 X(k) <-» X(n a ) © X(tt(0, 1)) -► X(tt q ) -4- M 2 X(k) -4- X(tt(0, 1)) -» X(l). 

It follows from Proposition I5T231 and ffT89|) that Hom w (X(7r Q ),lR 1 X(fi;)) = 0, 
which implies the assertion. □ 

Lemma 9.22. e^O, 1), «) = 2, e 2 (7r(0, 1), «) = 1. 

Proo/. Using Lemmas E2H E21 one obtains Ext^(X(7r(0, 1)),X(tt(0, 1)) is 1- 
dimensional and Ext^(X(7r(0, l)),X(Sp)) = for % = 0, i = 1. The assertion 
follows from Proposition 15.231 and Lemma 19.211 □ 

9.3 Quotient category 

Lemma 9.23. Let — \ i\\ — > n 2 — > n 3 — > be an extension in Mod b £) z (0) 
then G acts trivially on <K\ and n^ if and only if it acts trivially on 1x2- 

Proof. Choose v in 1T2 then the map g 1— > (g — l)v defines a group homomor- 
phism ip : G — > (ir 1 ,+). Since Z acts trivially on 7r 2 , ip will factor through 
G/Z SL 2 (Q P ). The order of G/Z SL 2 (Q P ) is prime to p, as p > 2. Since every 
element of 7r 2 is killed by a power of p, we deduce that ip is zero. Hence, G 
acts trivially on 7r 2 . The other implication is trivial. □ 

Let %{0) be the category of compact 0-modules with the trivial G-action. 
It follows from Lemma 19.231 that T(0) is a thick subcategory of <L(0) and 
hence we may build a quotient category 0.(0) := C(0)/%(0). Recall, [3H 
§111.1], that the objects of 0.(0) are the same as the objects of £(0), the 
morphisms are given by 

Hom Q(0) (M, N) := lim Hom £(0) (M / , N/N'), (190) 
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where the limit is taken over all subobjects M' of M and N' of N such that G 
acts trivially on M/M' and N' . Let T : €(0) -)- 0(0) be the functor TM = 
M for every object of C(0) and T/ : TM -> TA^ is the image of / : M -4 JV 
in lim Honi£(©)(M', N/N') under the natural map. The category 0(C) is 

abelian and T is an exact functor, J35J Prop 1, §111.1]. In our situation it is 
easy to describe the homomorphisms in the quotient category explicitly. For 
an object M of £(£>), we denote by I G (M) : = (M V /(M V ) G ) V C M. 

Lemma 9.24. Let M and N be objects of£(<D), then Hom €(C)) (J G (M), 1) = 
and (N/N G ) G = 0. In particular, 

Hom Q(0) (TM,TN) = Hom c(0) (/ G (M),iV/iV G ). (191) 

Proof. The first two assertions follow from Lemma 19.231 For example since 
ExtgY ) (1; N G ) = 0, applying Hoxa^o) (1, *) to the exact sequence, — > 
iV G -4 N -4 A^/A^ G -> we get (iV/iV G ) G = Hom £(0) (l, N/N G ) = 0. Hence, 
it follows from the definition that 

Hom Q(0) (T(/ G (M)),T(iV/iV G )) = Hom e(0) (/ G (M), iV/iV G ). 

Moreover, Lemme 4 in [3~4"t §111.1] implies that the natural maps induce 
isomorphisms TI G (M) = T(M), TN = T(N/N G ). □ 

Lemma 9.25. Let P be a projective object of €.{0) with Hom£(o)(P, 1) = 
then TP is a projective object of 0.(0) and 

Hom £(0) (P,N) = Rom Q{0) (TP,TN) 

for all N. 

Proof. Since Hom £(0 )(P, 1) = we get Rom £(0) (P, N G ) = 0. Since P is 
projective we deduce Hom^o) (P, N) = B.om.^ )(P,N/N G ). The second as- 
sertion follows from Lemma [9 .241 The exactness of HonxQ(o) (TP, *) follows 
from J3U Cor 1, §111.1], which says that every exact sequence of 0.(0) is iso- 
morphic to an exact sequence of the form — > TM\ — > TM 2 — > TM3 — > 0, 
where — > Mi — > M 2 — >■ M 3 — > is an exact sequence in <Z{0). □ 

Lemma 9.26. The category 0(0) has enough projectives. 

Proof. Let M be in £(0) and let P -» I G (M) be a projective envelope of 
I G (M) in £(£>). Since Hom s3(0) (/ G (M), 1) = by Lemma I9T241 we also have 
Homfl(0)(P, 1) = 0. Thus TP is projective in 0(0) by Lemma T9.25I and 
since T is exact we have TP -» TI G {M) ^ TM. □ 
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Lemma 9.27. Let q : M —» N be an essential epimorphism in £(0) with 
Hom,r(0) (iV, 1) = 0. Then Tq : TM -» TN is an essential epimorphism in 
0(0). ' 

Proof. Let a, : T — > 7~M be a morphism in 0(0) such that the composition 
Tq o a : T — > TA" is an epimorphism. We claim that a is an epimor- 
phism. After replacing T with the image of a we may assume that a is 
a monomorphism. It follows from [3H Prop 1, §111.1] that there exists a 
monomorphism u : M' — >• M in £(0) such that ct ; T —¥ TM is isomorphic 
to Tu : TM' -> TM. Now TqoTu = T{q o u) : TM' -> 7~iV' is an epimor- 
phism, and hence G acts trivially on the cokernel of qou in £(0), see Lemme 
3 in [3H §111.1]. As Homj(o) ( A/", 1) = 0, we get that q o u is an epimorphism, 
and since q is essential, u : M' — > M is an epimorphism, which implies that 
Tm (and hence a) is an epimorphism. □ 

We note that the category 0.(0) is 0-linear. Since T is exact we have 
(TM)[w\ = T{M[w\) and TMjwTM S T{M/wM). Further, the compo- 

sition £(fc) — >• £(0) — > 0(0) factors through the quotient category Q.(k) : = 
£(k)/%(k) and induces an equivalence of categories between 0(/c) and the 
full subcategory of 0(0) consisting of the objects killed by w. We denote 
by T\ and T a the following objects of 0(fc): 

Tx := T(Ind£ l) v , T Q := T(Ind£ a) v . 

We note that since T(l) = in 0(fc) and T is exact we have 

Tx = TSp v ^Tr 1 v , (192) 

where T\ is the representation defined by (11761) . 

Lemma 9.28. Hom Q(fc) (TM,Ti) = Hom G (Ind£ 1, M v ), /or a// M m £(&). 

Proo/. Since Ext G/z (Ind£ 1, 1) = for i > by (jlggjl . we have 

Hom G (Ind£l,M v ) = Hom G (Ind£ 1, M V /(M V ) G ) = Kom m (TM,^). 
The last isomorphism follows from Lemma 19.241 □ 

Proposition 9.29. The hypotheses (H1)-(H5) hold in 0(/c) with S = T a 
and Q = Tr% , where r 2 is the representation defined by (I182J1 . 
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Proof. If 71"!, 7r 2 are irreducible non-trivial in Mod^ /zik) then it follows from 
Lemma 19.241 that Tvr^ and TV^ are irreducible in 0.(k) and T^J 7 = T7r 2 
implies tti = 7r 2 . In particular, Ti and T a are irreducible, non-zero and 
non-isomorphic in Q(k). Conversely, it follows from Lemma [9.241 that every 
irreducible non-zero object of 0.(k) is isomorphic to Tvr v , where ir is an 
irreducible non-trivial representation in Mod^/f (k). Let J be an injective 
envelope of Ind P a in Modg/™(/c), then P := J v is a projective envelope of 
(Ind P a) v in C(k) and it follows from Lemmas 19.251 and 19.271 that TP is a 
projective envelope of T a in 0.(k). It follows from Lemma 19. 141 that we have 
an exact sequence in Mod^/™: 

-> r 2 ->• J -)■ J eo! -> « -> 0, (193) 

where d = dimExtg/ z (Ind P a, r 2 ) < 4 and HoniG(Ind P 1, k) = by Corollary 
19.131 By dualizing fll93|> and applying T we get an exact sequence: 

-)■ Tk v -> TP ed ^TP ^ TtI -> 0, (194) 

Let 7r be an irreducible representation of Mod^/™(&;) with 7r ^= 1 and 7r ^ 
Ind P a. Since T7r v is irreducible in Q.(k), is not isomorphic to T a and TP is 
a projective envelope of T a in Q.(k), we deduce that B.om.Q^(TP, Ttt v ) = 0. 
Applying Houlq^^*, Tir v ) to (1194p we get that 

Hom Q(fc) (Tr 2 v , Ttt v ) = 0, Ext^ (fe) (Tr 2 v , Tvr v ) = (195) 

Ex4 w (Tt 2 v , Ttt v ) = Hom Q(fe) (rft: v , Tvr v ) (196) 

It follows from (11951) that (HI) and (H3) hold. Dualizing (11821) and applying 
T we get an exact sequence — > T x — > Tr^ — > T a — > 0. Since T a ^ Ti, (H2) 
holds. Further, applying Houlq^^*, T a ) to (I194J) we deduce that 

dimExt^ (fc) (rr 2 v ,r a ) < d < 4, (197) 

hence (H4) holds. The maximal proper subobject of Tr^ is T x . Since 
Homc(Ind P 1, k) = we deduce from Lemma [9.281 that Hom J Qo ; )(7"K v , Ti) = 
0. It follows from (jT55]| that (H5) is satisfied. D 

Lemma 9.30. ExtL fe )(Ti,Ti) ; Ext^) (T 1( T a ), ExtL fc ) (T a ,T Q ) are 2- dimen- 
sional and ExtQ/ fc ) (T a , Ti) zs 1- dimensional. 

Proof. Let Js p and J„. a be injective envelopes of Sp and 7TQ, := Ind P a in 
Mod^/™(fc). It follows from Lemma [9. 101 that we have an exact sequence: 

-* n -* J Sp -> J s ® 2 © J® 2 (198) 
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Moreover, if we let k be the cokernel of the second arrow then the monomor- 
phism k <-> JS 2 © J®^ induced by the third arrow is essential. Let 7r be 
Sp or it a then we know from Lemmas 19.251 and 19.271 that TJ y is a projec- 
tive envelope of Ttt v in Q.(k). By dualizing (11981) . applying T and then 

Q(fc)(*,' 



HomnrA-i(*, T7T V ) we obtain 



Ext^ (fe) (T^T^) - Hom Q(fc) (T«: v ,r7r v ) - Hom QW (TJ v ,T7r v ), 

where J = J2 2 © J^ 2 . The last isomorphism follows from the fact that 
T7r v is irreducible, and TJ y -» Tk v is essential by Lemma 19.271 Hence 
ExtQ( fe )(Ti,Ti) and ExIq/m (Ti,T a ) are 2-dimensional. To calculate dimen- 
sions of Ext Q ( fc ) (T a ,T a ) and ExtQa.)(T a ,Ti) the same argument may be ap- 
plied to (HZSD . D 

The functor V : <£(0) —¥ Kepg (O) kills the trivial representation and hence 

every object in %{0). It follows from Corollaire 2 in [M| §111.1] that V factors 
through T : £(£>) -)■ Q(O). We denote V : 13(C) ->■ Repg Qp (£>) by the same 
letter. We have 

V(Ti) = V(Sp) v ( £ ) S 1, V(T Q ) S V(Ind£ a) v (e) S w . (199) 

Lemma 9.31. 27ie functor V induces an injection 

V : Ext^Of?!,^) ^ Ext^^V^), V(5 2 )), 

for Si,S 2 6 {Ti,T Q }. 

Proof. We interpret Ext 1 as Yoneda Ext and the extension — > 1S2 — >• £? — >■ 
^1 -> is mapped to ^ V(£ 2 ) -»■ V(£) -► V(Si) ->■ 0. If this extension 
splits, then V(£) = V(Si) © V(5 2 ) is killed by ro. Since V(Si) and V(S 2 ) 
are non-zero by (11991) the exactness of V implies that E is killed by w. Thus 
it is enough to show that V induces an injection 

Exe m) (S h S 2 ) <-+ Ext 1 [g0p] (V(5 1 ), V(5 2 )). 

This assertion follows from the work of Colmez. We first treat the case 
S\ = S 2 . Let x '■ T/Z — > k x be a smooth character. Since T/Z = Q* the 
space Ext-/ Z (l, 1) = Hom(Qp , k) is 2-dimensional. Fix r E Hom(Q* , k) and 
let Y T be the corresponding extension of 1 by itself. Since parabolic induction 
is exact we have an exact sequence 

-)- Indp x -► Indp F T ® x -»- Indp x -> 0. 
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We denote tc x := IndpX- Since x ls trivial on Z we may write it as x — 
Xi l <8> Xi, then V(7T X ) = Xi^- It is shown in the proof of [221 VII.4.14] that 
the composition of 

Hom(Q x , k) -> Ext^(vr x , tt x ) 4 Ext£ [s%>] (xiW, Xiw) = Hom(Q p x , fc) 

is the identity map. Using the anti-equivalence of categories, we obtain a 
surjection 

Ext^Tr^O X Ext^,^ 1 ,^ 1 ) = Hom(Q*, fc). 
Since V factors through T, we obtain a surjection 

Exti (fe) (T<,T<) X Exti^CxrSxr 1 ) = Hom(Q x , fc). 

When x = 1 or x = a we know by Lemma 19.301 that the source is 2-dimen- 
sional. Since the target is 2-dimensional, the map is an isomorphism. We 
deal with the case S\ ^ S 2 similarly. 

We claim that the map V : Ext^) (T^Tq,) — ¥ Ext k <g ](l,w) is surjective. 
For every non-zero smooth homomorphism r : Q x — > fc, Colmez constructs 
an extension — > Sp — > E T — > 1 — > 0, see [231 VII. 4. 19] and shows that 
FixtQ, z (Ind P a, E T ) is 1-dimensional, [231 VII. 4. 26], see also Lemma 19.161 
If we let e T be a non-split extension — )■ E T — )■ II — )■ Indp a — > 0, then 
V(e T ) defines an element of Ext fe rg i(l,u;). It follows from [231 VII. 4. 25], 

that the V(e T ) for different r span the 2-dimensional space ExtLg Al,u). 

Since TE y T = T\ we get our claim by applying V to the extension — > T a — > 
Tn v ->■ TE% ->• 0. Since Ext^ (fe) (Ti,T a ) is 2-dimensional by Lemma ESQ] 
we deduce that V induces an isomorphism. 

Finally, since ExtL fc - ) (T Q ,,T 1 ) is 1-dimensional, it is enough to produce an 
extension ->■ Indp a -> II -> Sp ->■ 0, such that ->■ 1 ->• V(I1) -> w -)• 
is non-split. We know that Ext^/ z (Sp, Ind P a) is 1-dimensional, see [541 11.5 
(ii)]. Let — >■ Indp a — > II — >• Sp — > be a non-split extension. Applying 
Or dp to it gives an isomorphism IR 1 Or dp II = IR 1 Ordp Sp = 0. It follows 
from [311 3.3.1] that the space of ?7-coinvariants of II is zero. Since the space 
of £7-coinvariants of Indp a is 1-dimensional, we deduce from [23l VII. 1.8] that 
the space of Gal(Q p /Qp b )-invariants of V(II) is 1-dimensional, where Q° b is 
the maximal abelian extension of Q p . Hence, V(II) can not be split. □ 

Let 25 = {1, Sp v , (Ind P a) v } be the block of the trivial representation. Let 
£ S (C) be the full subcategory of <t(0) consisting of all M whose irreducible 
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subquotients lie in 03. It follows from 15.51 that € (O) is abelian and C(0) = 
£*(C?) © Cgj(0), where £«s(C) is the full subcategory of £(£>) consisting of 
those M which no irreducible subquotient lies in 23. Since %{0) is contained 
in £*(£>) we may build a quotient category 0®(£>) := £®(C?)/X(C?) and we 
have an isomorphism of categories £2(0) = Q. m {0) © £%(0). Let Repj? Qp (£>) 
be the full subcategory of Rep G (C) with objects r such that there exists 
M in €*{p), such that r =* V(M). 

Proposition 9.32. 27ie junctor V induces an equivalence of categories be- 
tween 0^(0) and RepJ Qp (C). 

Proof. We note that since (0) is a direct summand of 0(C), for every 
object M of Q®(0) a projective envelope of M in 0(C) lies in 0®(0). 
This implies that if M and JV are objects of £p(0) then Ext^ S(0) (M, JV) = 

Ext£j/ -)(M, AT) for all z > 0. It is enough to show that for M and A" objects 
of 3S (O), V induces a bijection 

Rom Q(0) (M,N) 4 Hom 0[% ](V(M), V(JV)), (200) 

where Homo^ ] means morphisms in the category Rep e (C). We may write 
M = limMj and A" = lim Nj, where the limit is taken over all the quotients 

of finite length. Then V(M) = limV(M») and V(iV) = lim V(Nj), where 

V(Mj) and V(JV,-) are of finite length. Now 

Hom 0[gQp] (V(M), V(AT)) - Urn Eom 0[ g Qp] (V(M),Y(N j )). (201) 

The kernels of V(M) — >■ V(Mj) form a basis of open neighbourhoods of in 
V(M). Since 'V(Nj) is of finite length it carries the discrete topology and 
hence every : V(M) -> V(Nj) in Rep g (C) factors through V(Mj) ->• 

\(Nj) for some i. We obtain: 

Hom 0[ ^](V(M), V(A>,.)) = hm Hom 0[ g Qp] (V(M,), V(ty)). (202) 

Since f[2"0T|) and (I202|) also hold for M and JV in 0(C), it is enough to verify 
when M and A" are of finite length. 



One may show that (I200p holds, when M and A" are of finite length, by 
proving a stronger statement: (12001) holds and V induces an injection 

Ext^ (0) (M,AT) «-> Ext 1 0[gQp] (V(M),V(N)). 
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The proof is by induction on £(M) + £(N), where £ denotes the number of 
irreducible subquotients, see the proof of Lemma A.l in [54J. Since the only 
irreducible objects in (O) are T a and Ti the initial induction step follows 
from Lemma 19.311 □ 

Corollary 9.33. The category Rep? (O) is abelian and hypotheses (HO)- 

(H5) hold in Rep^ (O) with S = V(T Q ) = u and Q = V(Tt%) = V(r 2 v ), 
which is uniquely determined up to isomorphism by the non-split extension 

0^1^ V(r 2 v ) ->■ u ->■ 0. (203) 

Let P -» (Ind P o;) v be a projective envelope of (Ind P a;) v in <L{0). Then 
TP -» T a is a projective envelope of T a in 0(0) by Lemma 19.251 and hence 
V(P) -» us is a projective envelope of u in Rep? (O). Let 



r ~ v 

jcont 



E := End £(0) (P) = End Q(0) (TP) = End c °g Jp] (V(P)), 

where the first isomorphism is given by Lemma f9. 251 and the second by Propo- 
sition |932j Since the hypotheses (H0)-(H5) hold in Rep? (O) we may apply 
the formalism developed in §3.1l with G = Gal(F(p)/Q p ), where F = Q p (fJ, p ) 
and F(p) denotes the maximal pro-p extension of F. Using the equivalence 
of categories established in Proposition 19.321 we may then apply the formal- 
ism of §3.11 to 3S ((9) . (This detour is probably not necessary, but we do 
use in §3.11 that there is a natural forgetful functor from our locally finite 
category <L(0) to the category of compact O- modules.) Let us note that 
Proposition I9.32[ Corollary 19.331 and Corollary 13.131 imply that the functor 
m i— Y m ®g TP from the category of right compact P-modules to (O) is 
exact. 

Lemma 9.34. T(m<§gP) = m®^TP. 

Proof. It is enough to prove the statement for m = Yl^j E, since then we 
may argue as in the proof of Lemma 12.91 using exactness of T ■ Since ®^ 
commutes with direct products we have to produce a natural isomorphism 
between T(Yl ieI P) and Yl ieI TP. It follows from Proposition 19.321 that for 
M and TV in £(0), V induces an isomorphism 

Hom Q(0) (TM, TN) - Hom c 74 p] (V(M), V(iV)). (204) 

Since V by construction commutes with projective limits we have a natural 
isomorphism V(FJ ie/ P) = ILe/ V(P) and using (12041) we are done. □ 
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Let R be the universal deformation ring of V(r^) and let Ry be the defor- 
mation ring parameterizing deformations of V(r^) with determinant equal 
to the cyclotomic character. Here we consider the usual deformations with 
commutative coefficients. In the appendix £jB]we have recalled a construction 
of an explicit presentation of R and R^ due to Bockle, [9]. 

Proposition 9.35. The functor V induces a surjection (p : E -» Ry . 

Proof. The intersection of maximal ideals of Ry[l/p] corresponding to the 
irreducible representations is zero by Lemma fB.101 Moreover, it follows from 
Corollary IB. 51 that By is O-torsion free. The assertion follows from Proposi- 
tion E3H1 Part (i) of Proposition 15.481 is satisfied since V(r^ / ) has only scalar 
endomorphisms, part (ii) holds tautologically since Rep? (O) is a full sub- 
category of Repg {O) and part (iii) follows from [381 2.3.8]. We also note 

that one may interpret E ab as the ring representing the categorical deforma- 
tion problem of Q, so that it parameterizes all the deformations of V(r^) 
which lie in the category Rep? (O), as is done in the appendix in [51]. □ 

Corollary 9.36. Let m be the maximal ideal of E then dimm/(m 2 -|-cu.E) = 4. 

Proof. It follows from Corollary IB. 51 that the tangent space of By is 4-di- 
mensional. Hence, Proposition 19.351 implies that the tangent space of E is at 
least 4-dimensional. Since (H1)-(H5) hold in Q.(k) we have: 

Ext^ (fe) (V(r 2 v ), V(r 2 v )) = Ext^ (fe) (V(r 2 v ),T Q ) 

and is of dimension at most 4 by ( I197P . Hence it follows from Lemma 13.281 
that the tangent space of E is at most 4-dimensional. □ 

Let P a v be a projective envelope of a v in <£ T / Z {0) and M = (Indp (P Q v) v ) v . 
All the irreducible subquotients of M are isomorphic to (Ind P a) y and hence 
T induces an isomorphism End^o) (M) = End^o) (TM) by Lemma 19.241 
Thus it follows from Proposition 17.21 that we have a natural surjection 

E S End Q(0) (TP) -» End Q{0) (TM) = 0[[x, y}} (205) 

We let a be the kernel of (I205p . then a is also the kernel of Endc(o)(P) -» 
End c(0) (M). 

Proposition 9.37. The image of o in Ry is equal to x := By fl P) m x where 
the intersection is taken over all maximal ideals of By\\/p\ such that the 
corresponding representation p x is reducible. Moreover, E/a = R^/(p(a). 
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Proof. Since we know that R?/t ^ 0[[x, y]] by CorollaryESl E/a ^ 0[[x, y]] 
by ( I205p , and (p is surjective, it is enough to show that r contains (p(a). 

Let x be a maximal ideal of R^[l/p] with residue field L and let p x be 
the corresponding representation. Suppose that p x is reducible then since 
det p x = e we have an exact sequence — y <5 _1 — y p x — y 6e — y 0, where 
S : Qq v —y L x is a continuous character, lifting the trivial character 1 : 

Let x '■ T — y L x be the character % := fe eg) S~ 1 e~ 1 . Then \ is trivial on 
Z and is a deformation of a : T — y k x and hence defines a maximal ideal 
y :E -y End c(0) (M) -> L, such that Homg n *(C?®g M, L) = (Ind? x)c<mt- It 
follows from the construction of Colmez's functor that V((Ind P x)cont) — 5 1 
and hence L g)^ V(M) = V(£> ® f)j/ M) L = fe. Since V(P) is a free 
P-module of rank 2 by Corollary 15.461 L ®g V(P) is a 2-dimensional L- 
representation of Qq p lifting k ®% V(P) = V(r^). Moreover, we know that 
£®£ „V(P) admits L®^ V(M) = fe as a quotient. Lemma lR9l implies that 

p x = L £8>£ V(P), which implies that ?/ = yj _1 (x). Since by construction 
y contains a, we deduce that x contains <p(a). Hence, (p(a) is contained 
in R^ fl P| m x where the intersection is taken over all maximal ideals of 
R^[l/p] with residue field L such that the corresponding representation p x is 
reducible. Remark IB.8I implies that this ideal is equal to r. □ 



9.4 Filtration 

Let P be a projective envelope of (Ind P a) v in <£(fc) and let E = Ende(&)(P). 
Recall that uniqueness of projective envelopes implies the existence of an 
isomorphism P = P®ok, and hence E = E®ok. Moreover, TP is projective 
in jQ(fc) and End Q ( fc )(TP) = E by Proposition MM Since E/a = 0[[x,y]] 
is C-torsion free, we have an injection a®o k ^-y E, and we denote the ideal 
a ®o k by a. We are going to show that ip, defined in Proposition 19.351 
induces an isomorphism a n /a n+1 -^ (p(a) n /(p(a) n+1 , for all n > 1. Using this 
we will show in Theorem 19.601 that y? is an isomorphism. 

Lemma 9.38. Let k be an object of Mod T /^(k), let 8 be a subspace of 
(Indp k) g and let r be the quotient: 

-y 9 -y lnd$ k -)■ r ->■ (206) 

T/ien Ordp r = k s ; M 1 Ordp r = («/0) <S> ct _1 ; where we have identified 9 with 
the subspace of k t by evaluating at 1 . 
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Proof. We note that evaluation at 1 induces an isomorphism (Indp k) g = k t , 
which allows us to identify 6 with a subspace of k t . It follows from pTTj 4.1.1] 
that Ordp 8 = and from the proof of J3T] 4.1.2] that we have a commutative 
diagram 

R 1 Ordp 9 ^M 1 Ordp Ind£ «. 



6> © a~ lc ^« © a" 1 

Hence, Ord P r S Ord P lnd$ k = k s and R 1 Ordp r S («/0) © a -1 . D 

Lemma 9.39. Let r be in Modc^(fc) such that Hom G (vr / ,r) = for all 
irreducible n' not isomorphic to 1, Sp or Indpa. Then G acts trivially on 



the kernel of the natural map Ind-p Ordp r ^- r 



Proof. We denote the kernel by K. By construction we have Ordp K = 0. 
Corollary 15.421 implies that Homp(x, Ordpr) = for all irreducible \ in 
Mod T '/™(fc), such that x / 1, X / al - Since there are no extensions 
between a -1 and 1 in Mod^J^A;), we deduce that Ordpr = K\ © K a -i, 
where all the irreducible subquotients of K\ are isomorphic to 1 and all the 
irreducible subquotients of K a -i are isomorphic to a -1 . Hence, there are 
no non-zero homomorphisms between IndpKi and Ind-p /c a -i and so we may 
write K = Ki®K a -i where all the irreducible subquotients of K\ are 1 or Sp 
and all the irreducible subquotients of K a -i are Indp aT 1 . Since Ordp K = 
we get that K a -i = 0. Now (K/K G ) G = by LemmaEOSJ Hence, if K ^ K G 
then we must have HomG-(Sp, K/K G ) ^ 0. However, this implies that K 
contains Sp or Indp 1 as a subobject, which contradicts Ordpi^ = 0. □ 

Lemma 9.40. Let J be an injective object in Mod^,^(k) and r an object of 
Mod^O). //Hom T (Ordpr, J © a' 1 ) = then Ext G/z (r, lnd G J) = 0. 

Proof. Since by (I124p and assumption Homp(OrdpT, R 1 Ordp Indp J) = 
by applying Ordp to an extension — > Indp J — > k — > r — > we obtain an 
injection J © a~ l ^-> R l Ordp k. Since J is injective the injection splits. As 
G = GL 2 (Q P ) we have R 1 OrdpK = kjj © a, where subscript U denotes the 
coinvariants by the unipotent radical of P, [3U 3.6.2] . Thus k v = (Indp J)u® 
tjj = J © T[/. Since Hom G (ft, Indp J) = Hom r (K[/, J) we obtain a splitting. 

□ 

On every r in Mod^/™(A;) we define an increasing filtration r* by subobjects 
uniquely determined by 1) r° = and 2) gr* +1 r := r t+1 /r l is the image of 
Indp- Ordp (t/t 1 ) — > t/t % . Dually on every M in C(k) we define a decreasing 
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filtration M* by subobjects M° = M and M* be the kernel of M -> ((M v )*) v 
and let gr^M := M l /M i+1 . 

Lemma 9.41. The filtration is functorial, that is for every <f> : r — >■ k m 
ModJ/^(ft) we /iai>e 0(r l ) C k 1 and for every ip : M ^ N in C(k) we have 
ip(M { ) C JV*, for alii > 0. 

Proof. Trivially 0(r°) C k°. Suppose 0(V) C 0(/t J ) then we get a map 
: t/t 1 — >■ k/k\ The natural transformation Ind-p-Ordp — >■ id induces a 
map gr l+1 r — )■ gr l+1 k and hence 0(V +1 ) C k' +1 . D 

Lemma 9.42. Let J be an injective object in ModJ/ z (A;). T/ien for i > 1 
we /iave: 

Ordp gr m J ^ Ordp J / J 1 ^ M 1 Ordp gr* J. (207) 

Proof. From Indp- Ordp(J/J* _1 ) -» gr* J ■=->■ J/J 1 ^ 1 and left exactness of 

Ordp we deduce that Ordpgr* J -^ Ordp J/J 1 ^ 1 . Since J is injective we 
have R 1 Ord P J = and since M 2 Ord P = 0, we get R 1 Ord P J/ J 1 = 0. Thus 
applying Ordp to — > gr* J — > J/J 1 ^ 1 — > J/ J 1 — > we get an isomorphism 
R 1 Ordp gr* J = Ordp J/J\ D 

It follows from the Proposition 19.151 that 

J\ G =* Ind£ J lT , J^ = Ind£ J a , J^ =* (Ind£ Ji T )/l G , 

where Ji T and J a denote injective envelopes of lp and a in Mod^y™(fc). 

Lemma 9.43. For all i > we have exact sequences —¥ J\ —¥ J^t 1 — > 

4 a ^o,o^ji^ 4+1 _► j| p _► o, o -+ j 2 g -> jg 2 -> 4 P -> o. 

Proof. By construction of the filtration for each r in Mod^ /™(&) and i,j>0 
we have an isomorphism (t/t 1 )^ = T %Jr ^ Jt % . We apply this observation to 
(1T83D and f|IS4] . D 

Lemma 9.44. gr 2 J Sp = Indp (J Q /a), e^lc, Jf p ) = °- 

Proof. The first assertion follows from (12071) and Lemma [9.381 Corollary 19.71 
implies that e^l^gr 2 J Sp ) = 0. It follows from ffT85|) that e^lo, Jg p ) = 0. 
Hence, e 1 (l G ,J s 2 p )=0. D 

Lemma 9.45. Let 0— > 1 — > k —$ 7r Q — ^ &e a non-split extension. There 
exists an exact sequence — )■ k — > J\ Q — > J$ p — » 0. 
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Proof. We note that k is uniquely determined up to isomorphism, since 
e 1 (7r Q , 1) = 1. Since soc G k — 1 there exists an injection l : k <->■ J\ G . 
Since 1 occurs as a subquotient of k with multiplicity one, Hom G (K, Ji G ) 
is 1-dimensional and so the image of i does not depend on the choice of i. 
Since 1 M- J\ G is essential J\ Q fl k ^ 0. Since J.J does not contain ir a as 
a subquotient we deduce that J\ G D « = 1 and hence we have an injection 
n a = n/1 *-)■ J\ G I J\ G — J-n a - Hence, k is contained in J\ Q and we have an 
exact sequence 

-> Ind^ Ji T /l G -> Ji G /« -> Ind^ (J«/a) -> 0. (208) 

Since e 1 (7r Q ,, k) = 0, see (j!89p . Hom G (7r a , Jf G /K) = and hence there exists 
an embedding J\ q Jk <— > Js p such that the image contains Jg p = Indp Ji T /l G . 
By applying Ordp to (1208P we obtain isomorphisms 

Ord P ((J 1 2 G /K)/J s 1 p ) = R 1 Ordp J*, = Ord P (J Sp /4 p ), 

and so J? Q /« = Jf p . □ 

Lemma 9.46. e^^O, 1), J| p ) = 1. 

Proof. Combining (I183p and (I184p we obtain an exact sequence — > J\ Q — > 
Jia -> J s P -> 0. Hence, e^O, 1), Jl G ) = 1 and e 2 (vr(0, 1), JfJ = 0. It 
follows from (TUSD that e° (vr(0, 1), J| p ) = 1. We apply Hom G (7r(0, 1), *) to 
the exact sequence of Lemma 19.451 Since e 1 (7r(0, 1), n) = 2, Lemma 19.221 
we obtain an isomorphism Ext G , z (7r(0, 1), J$) = Ext G / z (7r(0, 1), «). The 
assertion follows from Lemma 19.221 D 

It follows from Lemma l9.44l and (I207p that Ordp gr 3 J Sp = J 1t /1 t . Moreover, 
since e 1 (l G , </| p ) = by Lemma [9.441 we have an exact sequence 

-> (Ind? (Ji t /1t)) G -» Ind^ (Ji T /lp) -> J s 3 p /J s 2 p -> 0. (209) 

In particular, Hom G (l, Jgp/^Ip) = Hom G (7r a , Ji p /Ji p ) = and 

Hom G (Sp, J 3 p /J s 2 p ) S Hom G (Ind^ 1, J 3 p /J s 2 p ) S Hom T (l, J 1t /1 t ), 

where the last isomorphism follows from Lemma [9.381 Hence, soc G gr 3 J$ p = 
Sp® 2 and we have an isomorphism 

gr 3 J Sp / soc G gr 3 J Sp = Ind£ (J lr / soc 2 . J 1t ). (210) 

Since e 1 (l, 1) = e 2 (l, 1) = we have isomorphisms: 



19761 

Ext G/z (l,gr 3 J Sp ) = Ext G/z (l,Ind^(J lT /l T )) =* Ext T/z (l, J 1t /1 t ) 
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In particular, e G , z (l,gr 3 J Sp ) = e^, z (l, 1) = 1. Using (121 Op we deduce that 
Hom G (l, gr 3 J Sp / soc G gr 3 J Sp ) = Hom T (l, J 1t / soc 2 . J 1t ) 

is 3-dimensional. Since e 1 (l, soc G gr 3 Js p ) = e 1 (l,Sp® 2 ) = 4 we deduce that 
the natural map 

Ext G/z (l, gr 3 J Sp ) -»• Ext x G/z (l, gr 3 J Sp / soc G gr 3 J Sp ) (211) 

is zero. 

Proposition 9.47. e^l, J| p ) = 0. 



Proof. Let r be a subrepresentation of Jg p such that r contains Jg p and 
T / J i P — soc g gr 3 ^s P - In particular, Jf p /r = gr 3 J Sp / soc G gr 3 J Sp . We have a 
commutative diagram: 

Ext G/z (l, J 3 p ) ^ Ext G/z (l, ^ p /r) 

EH 



Ext G/z ( 



,gr 3 J S p)^Ext G/z (l,J 3 p /r) 



(f2TTl 

Hence, the top horizontal arrow is zero and we obtain an exact sequence: 

-> Hom G (l, J'i p /r) -> Ext G/z (l, r) -► Ext G/z (l, J| p ) -> 0. (212) 

Since (./Ip/V) 6, = (Ji T /socy Ji T ) T is 3-dimensional, if e 1 (l, J| ) 7^ then 
el (l ) ' r ) > 4. As e 1 (l,J| p ) = we have an injection Ext G / z (l,r) <->■ 
Ext G/z (l, T/Jf p ). Since r/J| p = Sp® 2 , e^ljT/Jfp) = 4 and the injection 
must be an isomorphism. This implies the existence of an exact sequence 

->■ J s 2 p -»■ r' -»■ r® 2 -> 0, (213) 

with soc G r' = Sp, where ri is the representation defined by (I176p . Apply- 
ing Hom G/z (7r(0, 1),*) to ( 1213]) we deduce that e^vr^, 1), Jf p ) > 2. This 
contradicts Lemma [9.461 □ 

Corollary 9.48. e^l, j£j = 0. 

Proof. Lemma 19.431 gives an exact sequence — ¥ J x a — > J^ a — ¥ J$ p — » 0. 
Corollary 19.71 savs that e l (l, J^J = for all z > 0. Hence, e 1 (l,J^ Q ) = 
e 1 (l, J| p) = 0, where the last equality follows from Proposition 19.471 □ 



152 



Lemma 9.49. Let J be an injective envelope o/l G om a in Mod^ i™(k). The 
exact sequence — > J 1 — > J — > J/ J 1 — > induces isomorphisms End G (J) = 
EnddJ/J 1 ), End G (gr 1 J) = End^gr^J/J 1 )). 

Remark 9.50. It follows from Proposition \9.15\ that J\ G j J\ G — Jn a and 



Proof. Let x be either ly or a and let J x be an injective envelope of x i n 
ModJ^(lfe). It follows from Proposition l9~T5l that J 1 = Ind^ J x . It fol- 
lows from (12071) that Ord P J = Ordp Indp J x ^ J r . Since x s ^ X"" 1 
we get Homp(Ordp J, J x ® a" 1 ) = and thus Ext G / z (J, Indp J x ) = by 
Lemma 19.401 Hence we obtain an exact sequence — > Hom G (J, J 1 ) — > 
Hom G ( J, J) — > Hom G ( J, J / J 1 ) — > 0. Since J is injective R 1 Ordp J = thus 
the £7-coinvariants J\j are zero, [311 3.6.2], and so Hom G (J, J 1 ) = 0. As 
Ordp J J J 1 S R 1 Ordp J 1 = J x ® a" 1 we get Hom G (J 1 , J/J 1 ) = and so 
Hom G (J, J/ J 1 ) = Hom G (J/J 1 , J/ J 1 ). 

The second assertion follows by the same argument with J 2 instead of J. 
Note that J 1 = gr 1 J = Indp" J x and gr 2 J = gi\J/J l ). Now Ord P J 2 S 
Ordp J, hence Ext G/z ( J 2 , Ind£ J x ) = by Lemma ICT1 and R 1 Ord P J 2 S 
Ordp J/ J 2 S R 1 Ordpgr 2 J by (1207JI . Hence, j£ = (gr 2 J)^ and so 

Hom G ( J 2 , gr 1 J) = Hom G (gr 2 J, gr 1 J) = 0. 

The last equality follows from the fact that gr 1 J and gr 2 J do not have 
a common irreducible subquotient, as gr 1 J = Indp J x and gr 2 J is a quo- 
tient of Indp J x s a by f)207p and x 7^ X Sa since p > 5. We obtain an iso- 
morphism Hom G ( J 2 , J 2 ) = Hom G (J 2 ,gr 2 J) = Hom G (gr 2 J, gr 2 J) . On the 
other hand from the exact sequence — > Hom G (J 1 , J) — > Hom G (J 2 , J) — > 
Hom G (gr 2 J, J) —)• we obtain an exact sequence — > Hom G (J 1 , J 1 ) — > 
Hom G (J 2 , J 2 ) — » Hom G (gr 2 J, J 1 ) — >• from the functoriality of the filtra- 
tion. Hence, an isomorphism Hom G (J 1 , J 1 ) = Hom G (J 2 , J 2 ). D 

For a smooth character x : T/Z — > k x we denote by J x its injective envelope 
in Modp/™(A;). We note that uniqueness of injective envelopes implies that 
( J x ) s = J x s and J x = J\® x- We denote by P x v a projective envelope of x v 
in £ T /z(k). We have an isomorphism P x v = (J x ) v . We let dlnd : C T (0) -> 
£ G (C>) be the functor dlndp iV := (IndpiV v ) v . With this notation we have 
M = dlndp P a v, and hence M :=M® k = dlndp P^. Moreover, we have 

E/a =* End £r(fc) (P a v) =* End^^M) = End Q(fc) (TM), 

see Corollary Ol (1205]) . We let J : C(jfc) ->• C(Jfc) be the functor J(N) = 
(Indg(OrdpiV v )) v . 
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Proposition 9.51. Let P Q v be a projective envelope of a y in^T/z{k)- There 
exists a decreasing filtration P' v of P a v by subobjects, such that 

(%) P Q v=P Q v; 

(it) radP^v C P l + l C P l aV , for all i>0; 
(Hi) for i > we have 

TP 2l /TP 2i+1 = T dlnd£ P^v , (214) 

TP 2i+l /TP 2i+2 = Tdlndf ((P* v ) s (8) a v ). (215) 

Moreover, Hom flW (PP 2i , Pi) = 0. 

Proof. Let J be an injective envelope of Ind P o in Mod^/™(/c). Let J* be 
an increasing filtration of J by subobjects uniquely determined by 1) J° = 
and 2) gr i+1 J : = P +1 /P is the image of Indf Ord P (J/P) ->■ J/P. 

It follows from Lemma 19.391 that for i>lwe have an exact sequence 

-» 0i -> Ind§Ord P (gr' J) -> gr* J -> 0, (216) 

where G acts trivially on 0j. By evaluating at identity, we may identify #j 
with a subspace of (Ordpgr* J) T . Lemma 19.381 savs that 

R 1 Ordp gr* J = ((Ordp gr* J)/^) s ® a -1 . (217) 

For i > 1 let Ki :— Ordpgr* J. We deduce from Proposition 17. II that we have 
an injection Ind-p J a -i ^-> J. Hence, Kj = J a -i = Ji £§> oT x and #i = 0. It 
follows from (12071) and (12171) that /%_i = and hence Qi%-\ — 0, for all i > 1. 
We deduce from (12071) and (I217p that &2i — (^2i-i) s ® « _1 and we have an 
exact sequence — > Qi% — > ^ii —* «2i+2 — > of P-representations, where P 
acts trivially on 2 i- 

Since T9^ = we deduce from (I216p that 

T(gr i J) v = P(Indg^) v <* P(Ind£ <) v . (218) 

We let P^ v := (^| i+ i) v then P° v = (^-i) v = P Q v. Moreover, we have 
injections P^v 1 '->■ P^v with semi-simple cokernel. Hence, radP^v C P^t 1 - 
Part (iii) follows from ( I218p . Moreover, we deduce from (120 7p that 

Hom G (Ind£ 1, J / J 2% ) S Hom T (l, K 2i+1 ) = 0. 

Since P* ^ (J/P) V 5 Lemma I9T281 implies that Hom Q(fc) (PP 2i ,Pi) = 0. □ 
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Lemma 9.52. Hom £(fc) (P 2 , 1)4) = 0, Hom c(fe) (P 4 , l£) = 0. 

Proof. The assertion is equivalent to Hom G (l, J Wa / 'J 2l a ) = Ext G / z (l, J%*J = 
for i = 1,2. If i = 2 this follows from Corollary 19.481 Proposition 19.151 
gives an exact sequence — >■ J 2 a — ¥ J 7Ta — » J® 2 , which proves the assertion 
for i — 1. D 

Lemma 9.53. JTie zdea/ a is a finitely generated right E-module. Moreover, 
E/a® E P = P/P 2 , aP =* P 2 , a® E TP = aTP = TP 2 . 

Proof. Since M®o k — P/P l and M is O-flat, we deduce from the definition 
of a in Q2H5J that 

a = {^G£: 0(P) C P 1 } = {0 G P : 0(P) C P 2 }, 

where the second equality follows from the fact that Hornet) (P, P l /P 2 ) = 
as Lemma 19.541 implies that ir a v is not a subquotient of P l / P 2 . Hence, 
aP C P 2 and aTP C TP 2 . On the other hand using (fT84j) and ffT85|) we get 
a surjection P © P -» P 2 . For i = 1 and i = 2 let 0j G P be the composition 

P^P©P^P 2 ^P, 

where the first arrow is (id, 0) if i — 1 and (0, id) if i — 2. Then l5 ^ 6 o 
and P 2 = 0i (P) + 02 (P). Hence, P 2 C aP and so aP = P 2 is closed in P, 
which implies E/a® E P — P/aP = P/P 2 . Using Lemma [231 and exactness 
of Homc(fc)(P, *) we get 

a =* Hom e(fe) (P, aP) =* Hom €(fc) (P, P 2 ). 

Hence, a = 0iP + 02p is a finitely generated right P-module. In particular, 
aTP = 0i (TP) + MTP) = TP 2 is an object of Q(k). Since TP is P-flat 
we obtain a® E TP = aTP. D 

Lemma 9.54. Hom Q(fc) (TP, TP 2% - l /TP 2i ) = 0, for all i > 1. 

Proof. All the irreducible subquotients of , ~j~P 2l ~ 1 /TP 21 are isomorphic to 
Ti, see (12151) . Since TP is a projective envelope of T a in Q.(k), see Lemmas 
19.251 and I9.27[ there are no non-zero homomorphisms. □ 

Lemma 9.55. We have an isomorphism of E -modules: 

Hom Q(fc) (TP, TP 2t /TP 2t+2 ) = Hom Mfc) (P Q v, p* v ), (219) 

/or a// i > 0. 
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Proof. The -E-module structure on the left hand side is given by the action 
of E = EndQ(fc) (T-P) on TP and on the right hand side by the action of 
E/a = Endc T ( fc )(P Q v) on P a v. Since TP is projective, Hohiq^) (TP, *) is 
exact and so we get: 



EM 
>-Q(k) \l r, i r i i r ) = num Q ( fc ) 

mu EM 

^ Homa (fc) (TP,TdInd£P^) = Hom £(ifc) (P,dInd£P* 

EM , n . en 

^(^(P/PSdlnd^v) = nom,,,, 
Honie: T(fc) (P a v,P ( 



Hom Q(fc) (TP, TP 2i /TP 2t+2 ) = Hom Q(fc) (TP, T P 2l /TP 2t+1 ) 



HonWP/PSdlnd^v) = Hom c(fe) (dInd£P Q v,dInd£P^ 



D 



Lemma 9.56. Lei m fre a compact E/a-module, if Hom C ( fc )(P 2j , 1^) = 
£/ien 

Hom Q(fe) (rP 2 VrP 2i+2 ; mg fi rP) = HoHi Q(fe) (TP 2l ,m§ £ TP). (220) 

Proof. Since a acts trivially on m we have m ®g TP = m ®e TP/aTP. It 
follows from Lemma [9.411 that the filtration on TP is ^-invariant. Lemma 
19.531 gives us an exact sequence: 

m ® E TP l /TP 2 ^m%TP^m% TP/TP 1 ->• 0. (221) 

We may find an exact sequence of compact P?-modules: 

n E / a "*■ n E / a "*■ m ^ ° ( 222 ) 

for some index sets J and J. Applying ®eTP x /TP 2 to (I222p we deduce 
that m ®e TP 1 /TP 2 is a quotient of Yljej TP 1 /TP 2 . Hence, it follows from 
( 12151) that all the irreducible subquotients of m <&e TP 1 /TP 2 are isomorphic 
to T\. Since Houlq^TP^Ti) = by Proposition 19.511 we get an injection: 

Rom Q{k) (TP 2 \m® E TP) M- Hom Q(fc) (TP 2 \m§£ TP/TP 1 ). (223) 

Hence, we obtain a commutative diagram: 

Hom Q(fc) (TP 2i , m §) E TP) c Hom fl(fe) (TP 2i , m g £ TP/TP 1 ) 



Hom Q(fc) (TP 2l+2 , m § B TP) c Hom fl(fc) (TP 2i+2 , m § s TP/TP 1 ). 
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It is enough to show that the right vertical arrow is zero. As P/P l = 
dIndpP a v, Corollary O says mCgi^ P/P 1 ^ dlndp (m ® E P a v ) . In partic- 
ular, th®e P/ P 1 — J{jn.® E P/ P 1 ) and so the second step of filtration on 
hiCSeP/P 1 is zero. Hence, Lemma [9.411 implies that 

Hom c(fc) (P 2l ,mg i; P/P 1 ) = Hom €(fe) (P 2 VP 2m , m gpP/P 1 ). 

Since Hom^j.^? 2 ', 1^) = by assumption, Lemma [9.241 implies that 

Hom Q(fe) (rP 2i ,r(m§ s P/P 1 )) = Hom Q(fe) (rP 2 7rP 2j+1 ,r(m§ s P/P 1 )). 

(224) 
We have T{ja® E P/P l ) = mgpTP/TP 1 , (this is clear if m = Y\ jeJ E/a, 
in general use (12221) and exactness of T.) Thus the right vertical arrow in 
the diagram above is zero. □ 

Let if : E -» R^ be the homomorphism defined in Proposition 19.351 

Lemma 9.57. //Hom €(fc) (P 2i , l£) = and a 1 ® E TP = TP 2i then the map 

ip induces an isomorphism a*/a* +1 -4 ^/r^ 4 " 1 = xC , where n is the maximal 
ideal ofE/a. Moreover, a i+1 ® E TP = TP 2i+2 . 

Proof. Recall that E/a = k[[x, y]], let n be the maximal ideal of E/a and let 
K be the quotient field of E/a. We have a surjection 

TP 2i = a 1 § B TP -» a'/a i+1 ® E TP, 

We note that since a is a finitely generated right P-module, a J is a closed sub- 
module of a- 7-1 for all j > 1 and hence a l /d l+1 is a compact P/a-module. It 
follows from Lemma r9.56l that the surjection factors through TP 2x /7~P 2l+2 -» 
aVci J+1 ®eTP. We apply Hom£( fc ) (TP, *) and use Lemmas 12.91 and 19.551 
to get a surjection of (right) P-modules: Hom ( j\ r ( fc )(P Q ,v, P^ v ) -» a 4 /a* +1 , 
where P acts on m := Hom CT ( fc )(P Q ,v, P^ v ) via E/a = End<r T (k){Pa v )- It 
follows from Proposition 19.511 (ii) that rad 1 P a v C P^ v . Since P a v is flat 
over E/a, see the proof of Proposition 13.33} and k ® E / a P« v — « v is irre- 
ducible, we get that rad 1 P Q v = vC® E P a v = n l P a v. Since P^, v C P Q v we 
have n* C m C E/a. Hence, dinix m ®_b K = 1 and we have an injection 
m <^-> m ®p K. Proposition 19.371 and Corollary IB. 61 (ii) give a surjection 
m -» y9(a)Yv9(a)* +1 -» n\ Since n* ® E K is 1-dimensional, the map induces 
an isomorphism m ® E K = n* ®e K. Hence, the composition m — y n l is 
injective, and so <p : a l /a l+1 —y y>(a) l /V(a) I+1 is injective, and thus an iso- 
morphism. Since Honi£;(fc)(TP 2 \Ti) = by Proposition 19.511 Lemma [2.101 
implies that the evaluation map m.® E TP — > 7 - p 2 y7~p 2j + 2 is surjective. 
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Since the composition m® E TP -¥ TP 2i /TP 2i+2 ->■ aVa i+1 §sTP is an 
isomorphism, we deduce that j-pK/j-pW-z & a l /a i+l ® E TP. Since TP is 
P-flat and a* ®e TP = TP 2i , we deduce that TP 2i+2 = a i+l ® E TP. D 

Lemma 9.58. The map tp induces isomorphisms a/a 2 = t^/t 2 , — n and 
a 2 /a 3 = t^/t| = n 2 , where n zs i/ie maximal ideal of E/a. 

Proof. Since Hom c(fc) (P 2 , l£) = by Lemma E52 and a® E TP = TP 2 by 
Lemma 19331 Lemma 19371 implies that a/a 2 = x k /x 2 k = n and a 2 ® B TP = 
TP A . Since Honi£(fc)(P 4 , 1^) = by Lemma I9.52[ Lemma 19.531 implies 
a 2 /a 3 =* x 2 k /x\ ^ n 2 . □ 

Proposition 9.59. The surjection of graded rings cp' : gr'(P) -» gr' k (R k ) 
is an isomorphism. 

Proof. It follows from Lemma lB.51 that R k = k[[x,y,z,w]]/(xz — yw) and 
x k = (z,w). Thus Rt/x k =* k[[x,y}} and gr^(Pj) =* (i#/t fc )[*, w]/(xz -yw). 
It follows from Proposition 19.371 that p° induces an isomorphism E/a = 
R k /x k — k[[x,y]]. Lemma 19.581 implies that p 1 induces an isomorphism 
a/a 2 S x k /x\. In particular, gi' a {E)/ gi>\E) = gr^Pfl/gr^Pft is a com- 
mutative ring. Hence, we have a surjection 

f3:(E/a)[z,wr^gr:(E) (225) 

such that the image of xz — yw is zero, where the source is a polynomial 
ring in two non- commutative variables with coefficients in E/a. Lemma [9.581 
implies that p 2 induces an isomorphism a 2 /a 3 = r|/r|. Hence, zw — wz 
maps to zero in gr*(P). Thus gr'(P) is a commutative ring and (12251) factors 
through 

(E/a)[z,w]/(xz - yw) ^ gi' a (E) ^ gi' Tk (R^) = (E/a)[z,w]/(xz - yw). 

Since any surjection of a noetherian ring onto itself is an isomorphism we 
deduce the assertion. □ 

Theorem 9.60. The map p> induces an isomorphism E = R^ . 

Proof. We deduce from Proposition 19.591 that p> induces an isomorphism 
E/a 1 -^ R k /p(a) 1 , for all i > 1. Passing to the limit we get an isomorphism 
E = Rf. Since R^ is O-flat by Corollary EH we get that (Ker^) ® c fc = 0. 
Hence, Ker p> = by Nakayama's lemma. □ 

Corollary 9.61. "^(P^v) is the universal deformation of p with determinant 
equal to (e. 
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Proof. It follows from Theorem 19.601 that V induces an isomorphism between 
deformation functors and hence an isomorphism between the universal ob- 
jects. □ 

9.5 The centre 

Let 23 = {1, Sp, n a } and let Pjv , P Sp v and P n v be projective envelopes of 1^, 
Sp v and -nl in £(£>). Let P® := P< © P Sp v © P x v and P s := End^Ps), 
recall that the functor AT h- > HomgY0)(P<B, AT) induces an equivalence of cate- 
gories between ^(O) 23 and the category of compact E(g-m.odn\es, Proposition 
15.401 In this section we compute the ring E<g and show that it is a finitely 
generated module over its centre, and that the centre is naturally isomorphic 
to PA 

After twisting we may assume that our fixed central character ( is trivial, see 
Lemma T9.90I below. For a character x '■ T/Z — » k x we let P x v be a projective 
envelope of x v in € T/Z (0) and let M x v := (Indp (P x v) v ) v . Further we define 
Miv by the exact sequence: 



-> M x v 7 o ^ M x v A -> 0. (226) 

Propositions 15.161 and 19.151 imply the existence of exact sequences: 

-> P x v A 1 Pjv ^ Mjv -> (227) 

-> P Sp v ^ Prv ^ M a v -> (228) 

P® 2 -> P Sp v ^ M x v i0 -> (229) 

We let y?32 := y^i o </> 12 : Ps p v t -> Pi^ and denote: 

En := End c(cl) (P 7r v), P 22 := End ff(c , ) (P Sp v), P 33 := End £( o)(Piv). 

For j = 1,2,3 we let an : = {(f> & En : ipi o <f> — 0}, with ^ defined in (12271) . 
Let ei, e 2 and e 3 be idempotents in Pig cutting out P n v, P Sp v 



and Piv respectively. 
Lemma 9.62. 

Pn A Hom £(0) (? T v, P x v), z n h^ cp 31 o Zll (230) 
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P 22 A Hom £( c,)(P Sp v, P„.v), z 2 2 H- v?i2 ° ^22 (231) 

Hom^o) (P x v , P Sp v ) A Hom^c,) (Pjv , P ff v ) , z 2 3 ^ V12 ° ^23 (232) 

Hom £(e)) (P^v , P Sp v ) ^ an, 221 •->• Vi2 ° Z21 , (233) 

Home;(o)(Piv , P w v) ^ a 33 , z 3i H> cp 13 o z 31 , (234) 

Hom c(0 )(P 1 v, P Sp v) -4 H 33 , 2; 23 1-). ^32 o 223, (235) 

Proof. The proof in all the cases is the same, so we prove only (I230p . The 
irreducible subquotients of Mjv are isomorphic to 1q and Sp v . In particular, 
7r^ is not a subquotient and hence Homc(o)(P 7r v,Miv) = 0. Since P n v is 

projective, the assertion follows from applying Hom^o) (P„-v , *) to (I227p . The 
assertion in (1235]) follows from (12321) and (l234"j) . D 

Proposition 9.63. Restriction to P^v in ( I227p and to Pg p v m ( I228p induces 
isomorphisms: P 33 -4 Pn, -2 33 i-> 2 33 |s and Pn -^ P 22 , 2n ^ Zn\p v - 

Proof. We only show the first claim, the second can be proved in an identical 
manner. Since Hom^(o) (P^v , M-\y ) = every endomorphism of Pjv maps 

P n v to itself. Hence, we obtain a well defined map r : P 33 — >■ Pn. Now both 
P33 and Pn are (9-torsion free, since Pjv and P^-v are by Corollary 15.161 
Nakayama's lemma for compact (9-modules applied to the cokernel and then 
to the kernel of r implies that it is enough to show that r ®e> k : P 33 <8>e> k — > 
En ®o k is an isomorphism. Let J^ be an injective envelope of an irreducible 
representation n in Modg i z (k) , P^v projective envelope of 7r v in €(k) and 

P„-v projective envelope of 7r v in C(0). Then 

End (£(0) (P 7r v) ® A; = End c(fc) (P 7r v) =* End G (J^) op , 

where the first isomorphism follows from (12T)|) in §3.11 the second since J^ is 
a projective envelope of 7r v and thus is isomorphic to P„.v . Now the assertion 
of the Proposition follows from Lemma 19.491 □ 

Corollary 9.64. Let z lie in the centre of P®. Suppose that the restriction 
of z to any of P n v, P Sp v or P x v is equal to zero then z = 0. 

Proof. Since (^(C) 18 is equivalent to the category of compact P^-modules for 
every object M of £(0)®, 2 defines a functorial homomorphism ,2^ : M — >• 
M. It follows from the functoriality that for every subobject N of M, z^ is 
equal to the restriction of Zm to N. The assertion follows from Proposition 
19.631 and this observation. □ 
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Corollary 9.65. The rings E n , P 22 and P33 are naturally isomorphic to 
R^ . In particular, they are commutative noetherian integral domains. 

Proof. The isomorphism En = R^ in Theorem 19.601 is natural since it is 
induced by a morphism of deformation functors. The sequences (I227P and 
are not canonical, but are minimal projective resolutions of M x v and 



G 
M Q v respectively. Since any two minimal projective resolutions of the same 

object are isomorphic, a different choice of an exact sequence in (\227\i would 

conjugate the homomorphism P 33 — > En by an element of E 33 . Since as 

a consequence of Proposition 19.631 all the rings are isomorphic and hence 

are commutative, we deduce that the homomorphism P33 — > En does not 

depend on the choice of (12271) . The last assertion follows from the explicit 

description of R^ in Corollary IB. 51 below. □ 

Corollary 9.66. Fori = 1, 2, 3, an is the annihilator of Hom^o) (P„-v , M a v), 
Hom £(e ,)(P Sp v,Miv i0 ) andHom £(c ,)(Piv,Miv) respectively. Moreover, Eu/aa 
is O -torsion free. 

Proof. The proof in all cases is the same. We deal with % — 1. By ap- 
plying Hom ( r(c))(P 7r v, *) to (I227p we deduce that Hom ( r(o)(P 7r v, M a v) = ^ o 

En — -Eai/oii- Since En is commutative the annihilator of ipi coincides 
with the annihilator ipi o En. Further, since M Q v is (9-torsion free so is 
Hom ( r(o)(P r v, M Q v) and hence En/an. □ 

It follows from Corollary IB. 51 that R^ is 0-torsion free. Thus we have an 
injection R^ <^-> R^[l/p\. Let r be the intersection of the reducible locus in 
R?[l/p] with R^ , see Corollary EH 

Lemma 9.67. The image ofx in En via the natural isomorphism of Corollary 
\9.65\ is equal to Ha. 

Proof. If i — 1 then the assertion follows from Proposition 19.371 and Theorem 
19.601 We claim that the isomorphisms P33 -^ En -^ P 22 of Proposition 19.631 
identify 0133 with an and On with a 22 . Since Hom ( r(o)(F 1 v,M a v) = and 

Hom £ ( ) (P^-v , Mxvq) = using Corollary 19.661 we get that the image of 033 is 
contained in an and the image of an is contained in a 22 . Hence, we obtain 
surjections P33/H33 -» En/an -» P 22 /a 22 . Since Eu/Hu is O-torsion free it 
is enough to show that the surjections are isomorphisms after tensoring with 
k. This assertion follows from the last assertion in Lemma 19 .491 □ 
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We embed R^ into E<% diagonally using the isomorphisms of Corollary 19.651 

R^ M- En © E 22 ®E 33 ^E % , z^ zu © -222 © z 33 . (236) 

Lemma 9.68. Let ip G Er$ such that e 3 o ip o e 2 = then z o ip = ip o z for 
all ze R+. 

Proof. It follows from the definition of the embedding that z commutes with 
ip 3 i and if\2 and hence with their composition (p 32 - Since the rings En, E22 
and E 33 are commutative the assertion follows from Lemma 19.621 □ 

Lemma 9.69. Hom c(0) (£>, P x v) = 0. 

Proof. Suppose not then by composing P]V -» (9 — >• P x v we would obtain a 
zero divisor in Endqp) (Pjv ) = P^. D 
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Lemma 9.70. Let Piv 6e t/ie kernel of Piv -» (9. T/ien restriction induces 

G ' _ zP 

an isomorphism Endc(o)(Piv) = End^o^Pjv ). 



Proof. It follows from (12271) and (122811 that Pjv >0 is a quotient of P Sp v © P^v, 

hence Hom e ;(c))(P 1 v , (9) = 0. Thus every endomorphism of P±v maps Piv 

to itself. Since Piv contains the image of ^13 the assertion follows from 
Proposition 19.631 □ 

Lemma 9.71. Let N be an object 0/ £((!?)*. Then G acts trivially on N if 
and only if Hom £ ( )(F I v © Ps P v 5 N) — 0. 

Proof. Let iV be an object of £(£>) then Hom e(cl) (P^v © P Sp v,A^) = is 
equivalent to the assertion that none of the irreducible subquotients of N are 
isomorphic to 7r^ or Sp v . If N is an object of C((9)' 8 then the last condition 
is equivalent to the assertion that all the irreducible subquotients of N are 
isomorphic to 1q, which is equivalent to G acting trivially on N by Lemma 
ET231 □ 

Corollary 9.72. Let P := P„.v ©P Sp v and let E := End £ ( )(P). The functor 
N i-> Hom £ ( ) (P, N) induces an equivalence of categories between 0.(0)^ 
and the category of compact E-modules. 

Lemma 9.73. Let z G P33 and let z\\ and z 2 2 denote the restriction of z to 
P,rv and P Sp v respectively via (1227P and (I228J) . Then ip o (z n © Z22) = z oip 
for all i) G Hom £( o ) (P 7r v © P Sp v, P x v). 
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Proof. Since Pg p v is projective there exists /3 : Pg p v — > Pjv such that ip 3 o(3 = 
£32 ° ^2, see (122511 . ( 122TJ) . Combining ( 1225]) with (I227J) we obtain an exact 
sequence 

P«* © *V ^ Piv -> O -> (237) 

Let P := P K © P Sp v, E : = End £( o)(P), let Piv j0 be the kernel of P x v -*> C 
and let 

m := Hom ff(0) (P,P 1 v) =* Hom e(0) (P,Pig ) o). 

Lemma 12.101 implies that the natural map m®gP — > Pjv is surjective. 

Let if be the kernel, Lemma [2.91 implies that Honwo) (P, if) = 0. Thus G 
acts trivially on K by Lemma 19.711 It follows from Lemma 19.691 that every 
endomorphism of m ©^ P maps K to itself. Thus we obtain well defined 
sequence of maps 

End^(m) -+ End €(0 ) (m ©^ P) -> End c(o) (P 1 v ) ->■ End^(m), 

in which composition of any three consecutive one is an identity. The arrows 
are given by H- [ti®t)4 <t>{i>) ®v}; i-> [if) ® v + K \-> </>(i/; ® v) + K]\ <j)\-} 
[ip !->■ 0o-0] respectively, see also the proof of Proposition 14. 171 Since Zn©^ 
lies in the centre of E by Lemma 19.681 it defines an element of Endg (m) by 

■0 i-)- -0 o (z n © 2 22 ). Let z' be the image of Z\\ © Z22 in E n d<j;(e>)(-Pi v ,o) via 
above maps. Tautologically we have z' o -0 = -0 o (z n © 222). From (I237p we 
obtain a commutative diagram 

^v © P Sp v -m ©^ P -Piv >0 



^rv ©P Sp v -m©^P -Piv j0 . 

Thus the restriction of z' to P n v is equal to zu, which is equal to the re- 
striction of z to P^v . It follows from Proposition 19.631 and Lemma 19.701 that 

z = z'. a 

Theorem 9.74. The centre of Erg (and hence the centre of<£(0)®) is nat- 
urally isomorphic to R^ . 

Proof. It follows from Lemma T9. 681 and Lemma f9 . 731 that the image of R^ via 
lies in the centre of E<&. Conversely, suppose that z' lies in the centre 



of E. Since the restriction map z 1— >■ z\p induces an isomorphism R^ = En 

there exists z G R^ such that (z — z')\p = 0. It follows from Corollary 19.641 
that z — zf . □ 
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Remark 9.75. We note that it is shown in Corollary \B.16i below that sending 
deformation to its trace induces an isomorphism between the ring R^ and 
Rtrp the deformation ring parameterizing 2-dimensional pseudocharacters 
lifting trp with determinant ip. 

Corollary 9.76. Let T : Qq p — y R^' p be the universal 2-dimensional pseu- 
docharacter with determinant (e lifting trp. For every N in €(0)^ , V(iV) 
is killed by g 2 - T(g)g + (e(g), for all g G G Qp . 

Proof. If N = P n v then the assertion follows from Theorem 19.601 and Corol- 
lary [RTU Since V is exact, V(P Sp v) is a (?Q p -subrepresentation ~V(P w v), 
see (12281) . thus the assertion also holds for iV = P Sp v and hence for P := 
P n v © PspV. Let E := Endc(o)(P) then Proposition 19.321 implies that 

V(N) = V(Hom e(0) (P,iV)g^P) = Rom €{0) (P,N)® E V(P), 
which implies the claim. D 

Lemma 9.77. E<g is a finitely generated torsion-free R^ -module. 

Proof. It is enough to prove the statement for e^P^e.,-, i,j = 1, 2, 3. If (i, j) ^ 
(3,2) then the assertion follows from Lemma [9.621 as E it = R?, 'd ii = x and 
R^ is an integral domain. Let m := Hom ( r(o)(? Sp v,? 1 v). It follows from the 
proof of Lemma [9.731 that m is generated over R^ by <p23 and (3. It remains 
to show that m is torsion free. We may dualize (I173p and using Proposition 
15.181 lift it to an exact sequence: 

-> iV -> hi © P*v -+ P® 2 -► P Sp v © P,v -+ Pjv -* O -)• (238) 

We apply Homqp) (P Sp v , *) to (12381) and use Lemma 19.621 to obtain an exact 
sequence -)• R^ -> m © R^ ->■ R^ © R^ of P^-modules. Since P^ is an 
integral domain we deduce that m is torsion free. □ 

For 5 G E<% we let 8^ = e^ o 5 o ej. This notation is consistent with 



Lemma 9.78. Let S, 7 G E<$ then the image ofSijOj^ under the isomorphism 
En = Ejj of Proposition \9.63\ is equal to 7^ o 6^ . 

Proof. There exists z G R^ such that Za = ^07^. Since (7^0 5y — %-)°7i« = 
Tji ° 2™ — Zjj ° Tji = and P® is a torsion free P^-module we obtain the 
claim. □ 
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By Corollary IB. 61 the ideal r is generated by two elements Cq and c\. For 
each pair e^P® an d GjP<b appearing in (12331) . (I234p . (I235p we may choose 
(p^i G Home(o)(ejP(g, ejPr$) such that <fij o ^ = c^e, for k = and fc = 1. It 

follows from Lemma [9.621 that the elements y?^ and </>], generate e^E^Ci as 
an P^-module, which is isomorphic to t. It follows from Lemma 19.781 that 
(fji o ifij = Cktj for k = 0, 1. We record this below: 

^12 o ^ = c fc ei, <^3i o <^ 3 = c fc e 3 , y2 32 o ip 23 = c fc e 3 (239) 

^ o cp 12 = c k e 2 , y\ 3 o cp 3 i = c fc ei, <p£ 3 ° V?32 = c fc e 2 . (240) 

By definition of v?32 and (12321) we have: 

¥>31 ° ^12 = V?32, <?12 O V?23 = Vl3- ( 241 ) 

¥>21 ° Vl3 = V21 ° ¥>12 ° V?23 = Cft¥>23> ^32 O (^ = V?31 ° <Pl2 ° ^21 = C kf31 (242) 

Since v 9 i2°(v ? 23°V 9 3i — V21) = Vi3°¥ :, 3i~ c fc e i — and (12331) is an isomorphism 
we obtain: 

¥>23 ° ¥>31 = ^21> <Pw ° ^32 = ^13 ° V?31 ° <Pl2 = CfcV?12- (243) 

Lemma 9.79. Let (3 G Homjp) (Psp v > -Pi v ) ^ e ^ e endomorphism constructed 
in the proof of Lemma \9. 73\ Then there exist unique d ,di G R^ such that 



c /3 = ^0^23 and Ci/3 = d\tp 23 . Moreover, 
f3o(p% 1 = d k (p3i, <Pi 3 of3 = d k f 12, (3 o tp% 3 = d k e 3 , <p 23 o (3 = d k e 2 (244) 

Proof. The uniqueness follows from the fact that E<g is i?^-torsion free, see 
Lemma 19.771 It follows from (12301) that there exists d k G B7 such that 
[3 o tp\\ = d k tp 3 i. It follows from (12401) that c k (3 — j3 o yj^i ° ^12 = ^^31 ° 
V12 = d k ip 32 . There exists a fc G -R^ such that /3 o ip 23 = a k e 3 . We may 
multiply by c k to get c k a k e 3 = d k <p 32 o ip^ 3 = d k c k e 3 . Since B? is an integral 
domain we obtain a k = d k . Lemma [9.781 implies (p 23 o (3 — d k e 2 . Moreover, 
<p\ 3 o j3 = <f 12 o (p!° 3 o j3 = d k <fi2- □ 

Lemma 9.80. Sending x H- Cq, y H- c\, z H- d , w 1— > d\ induces an 
isomorphism of rings 0[[x, y, z, w]]/(xw — yz) = R^ . 

Proof. Since E<g is a torsion free i?^-module, (c d 1 — cido)j3 = (d di — 
did )(p 23 = implies c di = cid . Thus the map is well defined. It is 
enough to show that it is surjective, since we know that Rr can be presented 
as 0[[x,y,z,w]]/(f), see Corollary IB.51 and xw — yz is a prime element in 
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a factorial ring. Let b := {b G R^ : 9 o b = 0}, where 9 : Mjv -» O is 
defined in (I226p . Applying Hom e ;(o)(P 1 v,*) to (12291) we obtain a surjection 
Hom £(cl) (P 1 v , P Sp v) -» Hom c(0) (P 1 v, M x v i0 ), thus ^2 ° V?23 and ^2 ° ^23 gen- 
erate Hom £ ( C ))(P 1 v, M!v ) as an P^-module. Applying Hom C (o)(P 1 v, *) to 
(12261) we obtain an exact sequence 

-»- Hom (£(o) (P 1 v,M 1 v !0 ) -)■ Hom^^v,^) -> O -> 0. 

As Hom e;(0) (P 1 v,M 1 v) =* P33/H33 = i^/t = 0[[ar,y]] we deduce that b 
contains r and the images of £32 o ip 2 ° V?23 and £32 oi/) 2 o <^ 3 generate b/t as an 
pV-module. Since by definition , see the proof of Lemma [97T3J, ipzoft = £32 o^ 
and /So (^23 = dkez by f)244p . we deduce that the images of do and d\ generate 
b/t. Hence R^ /{do, di, c , Ci) — and so the map is surjective. D 

Corollary 9.81. The representation V of Qq p corresponding to the ideal 
(co, C\, do, di) in R^[l/p] is characterized as the unique non-split extension 
0^1^ V ^e^O. 

Proof. Let rio = (co, c\, do, d\) C R^. It follows from the proof of Lemma 
19.801 that there exists a surjection Mjv /rioM^ -» (9 where G acts trivially 
on C. It follows from Lemma EH that n := Homg^Miv/tioMiv, L) is a 
parabolic induction of a unitary character. Since II G 7^ we deduce that 
II = (Indp l) cont and thus V(II) = e. Let n' be the maximal ideal of B?[l/p] 
corresponding to V and let n := R^ fl n'. Theorem 19.601 and Corollary 19.611 
imply that V = V(P 7r v/n[ ) P 7r v) ® L. It follows from Proposition MM\ that 

Hom Q(0) (M 1 v/n M 1 v,p; a /tt( ) P 7r v) ® a L = 

Homg Qp (V(M 1 v/n M 1 v), V(P ffo /n(,P ff v)) ®a £ 
is non-zero thus no = n . D 

Since 

/ B*e x R^<p 12 R^<p° 13 + R^<p{ 3 

E* = R»(p° 21 + PV21 P^e 2 PJV23 + ^23 

\ R"(p 31 R^^ + R^P R^e 3 

the multiplication in P s is determined by (125911 . (jM| , (I2l3j and (I233|) . One 
may check that the P^-module structure of Hom £ ( C) ) (Ps p v , Pi v ) is completely 
determined by Lemmas 19.791 19.801 and Corollary 19.8 II We also point out that 

E := E.d tm (P,, ® P Sp v) = ( R ^f + ei RMi ^f) < 245 > 
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and the multiplication is given by (fi 2 ° ^21 = c fc e ii ^21 ° ^12 = Ck e 2 for 
/c = 0, 1, where Cq and Ci are generators of t, the intersection of F& and the 
reducible locus in R^[l/p]. 

Lemma 9.82. Let E be the ring in (I245p and let n be a maximal ideal of 
R^[l/p] with residue field L containing r. Then E ®^ R^[l/p]/n has two 
non-isomorphic irreducible modules, both of them 1- dimensional. 

Proof. Let b be the two sided ideal in E ® fl v R^[l/p\/n generated by the 
images of y?i2, ^215 ^21- Since n contains r = (co, ci) we have b 2 = and 
the quotient of E ® R ^ R^[l/p]/n is isomorphic to L x L. This implies the 
assertion. □ 

Remark 9.83. We note that the Galois side sees only the quotient category 
0.(0)® , see Proposition \9. 3S\ and this category is equivalent to the category 
of compact modules of the ring in 02451) by Corollary 9.7S\ 



Remark 9.84. The shape of the ring in (12451) is very similar to the shape 
in the generic case, see Proposition \B.2S\, but it is not clear to me what is 
the Galois theoretic interpretation o/V(P Sp v). 

Let P* be a direct summand of Pb, let P* := Ende(o)(P*). The rings P* and 

P?b are finitely generated modules over a noetherian ring Rr , thus they are 

right and left noetherian. Every finitely generated module carries a canonical 

topology, with respect to which the action is continuous. Since the rings are 

noetherian the canonical topology is Hausdorff. Let c be a non-zero element 

of R^ and let Mod| , ,\c~ l \ denote the full subcategory of finitely gener- 
is [i/pj 

ated P(s[l/p]-modules consisting of those modules on which c acts invertibly. 
Define a functor 

Q : Modf i[i/ P ] [c ~ 1] ^ Mod lW c ~ 1] ' m * Hom£ (°)(^' m0 ®s» **h> 

where we have chosen a finitely generated P<s-submodule m° C m such 
that m = m°[l/p] and equipped it with the canonical topology. Since 
Hom£(0)(P*, P<b) is a finitely generated P^-module, Q(m) is a finitely gener- 
ated P*[l/p]-module. The definition of Q does not depend on the choice of 
m°, since any two are commensurable. 

Lemma 9.85. If Q is faithful then it induces an equivalence of categories. 
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Proof. Since Honied) (Pg, *) induces an equivalence between C(0) and the 
category of compact P<B-modules, Lemma 12.91 implies that the natural map 

Hom £(0) (.Pa5, N) §^ P^ ^ N 

is an isomorphism. Thus the functor m° (->■ m° ®s P«g is exact and hence Q 
is exact. Define 

R-.Mod'l^c- 1 ] ^Modf^fc- 1 ], m^Hom^)^^ ^^- 

We claim that Q o R is equivalent to the identity functor. The claim im- 
plies that Q is fully faithful and surjective, hence an equivalence of cate- 
gories. We may choose R(m)° to be the maximal (9-torsion free quotient of 
Hom £ ( C ))(P< s , m° ®g P*). Then we have a surjection 

m° §^ P, = Hom e(0) (P s , m° ®^ P.) g^ P B -» R(m)° ®^ P*. 

with the kernel killed by a power of p. Since Hom,r(c))(P*,m ®^ P*) = 
m°, see Lemma f2T9l is 0-torsion free, we get Hohi^q^P*, R(m)° ®g P®) — 
m°. D 

Lemma 9.86. Let m be in Mod- , , , |c _1 l and choose m° C m as above. 

E m [l/p} 1 J 

Then the kernel of c : m° Cg)^ P<s — >■ m° ®^ Pg zs zero and £/ie cokernel is 
killed by a power of p. 

Proof. Let K be the kernel and C be the cokernel. Lemma [2T9l gives an exact 
sequence 

->• Hom e(0) (P«B, AT) -> m° 4 m° -> Hohi^Pb, C) -> 0. 

Since m° is finitely generated and c is invertible on m we deduce that there 
exist p n such that Hom £ ( C ))(pB,p n C) = and Horn<r(o)(P?B, K) = 0. Since K 
and p n C are objects of €(0)^ this implies that they are 0. □ 

Proposition 9.87. Let c G r be non-zero and P* be either P n v, Psp v or 
Pjv i/ien Q induces an equivalence of categories between Mod- ,[c _1 ] and 

Mod^H/pjM. 

Proof. Let m be in Mod- r , n [c 1 1 and let iV = m ®?; Pm. It follows from 

J E v [l/p] l J ^® -° 

Lemma 19.671 that c kills M x v , M a v . Since c acts invertibly on m Lemma 
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ESS] implies that Hom £(0) (M„ N) = and Ext£ (0) (Af„iV) = is killed by 
a power of p, where * = 1^ or * = a v . Thus (12271) and (12281) imply that we 
have an isomorphism of i?^[l/p]-modules: 

Hom e( o)(Piv, N) L = Hom f(0) (?,v, N) L = Hom €(0) (P Sp v , N) L . 

If Q(m) = then = Homgvo) (Pb , N)l — m. Hence the functor m i— y Q(m) 
is faithful. The assertion follows from Lemma 19.851 D 

Proposition 9.88. Let n be the maximal ideal of R^[l/p] corresponding to 
— ► 1 — y V — y e — y 0, let c e P^ n n be non-zero and let P* = P Sp v © 
P„-v t/ien Q induces an equivalence of categories between Mod- ,[ c_1 ] an d 

Mod~ r , Jc -1 !, where E is the ring described in 

E[l/p] [ J ' y 



Proof We have an exact sequence P* — >■ P]v — y O — ¥ 0, see (123 7p . and c kills 
(9, see Corollary 19.8 11 The proof is then the same as the proof of Proposition 
I31T71 □ 

Let n be a maximal ideal of R^[l/p] with residue field L and let rio := nflP^. 
Suppose that no contains r. Then the Galois representation corresponding 
to n is reducible. Thus it follows from Theorem 19.601 and Corollary 19.611 that 
we have a non-split sequence — > fa ~ > V(P^v/noP,rv) — y fa ~ * 0, where 
fa, fa '■ Gq p — > C x are continuous characters such that fa is congruent to 
V(Sp v ) = 1 and fa is congruent V(7r^) = u modulo w. 

Proposition 9.89. Let n ; fa and fa be as above then we have isomorphisms 
of Banach space representations of G: 

Homg nt (M 1 v/n Miv,L) = (Ind$fa®fae- 1 ) cont , 

Hom^(M Q v/n M Q v,L) = (Ind^2 ® fae^^t- 

Proof. Since r kills M Q v and M x v by Corollary 19.661 and Lemma 19.671 we 
may combine (I228J) and (I229p to obtain an exact sequence: 

-> M 1% -)• P.v/rP^v -> M Q v -». 0. (246) 

Since M a v is P^/t-flat, see Corollary 17.31 and no contains t by applying 
P^/no ®rip/ t we obtain an exact sequence: 

-)• M llo /n M llo -)■ P.v/noP.v -> M a v/n M Q v -► 0. (247) 

169 



Applying R? /n ® p */>/ r to (12261) gives an exact sequence: 

M x v o /n Miv o -> Mxv/uoMiv -> O g^ ^/n -> 0. (248) 

Lemma [7.101 implies that V(Miv/noMiv) ^ 0. Since V is exact and it kills 
the representations on which G acts trivially we deduce that 

V{M x *faM x v) S ^ V(M a v/n M a v) S ^- (249) 

Lemma [HO] says that Hom^*(Miv/noMiv, L) and Homg n *(M a v/noM a v, L) 
are parabolic inductions of unitary characters. As V((Ind P Xi <S> X2^ _1 )cont) — 
X2 and the central character is trivial we deduce the assertion. □ 

9.6 Banach space representations 

Let ip : T — > L x be a unitary character. It is shown in [281 5.3.4] that if 
ijj 7^ ijj s then (Ind^VO con* is irreducible and otherwise ip factors through det, 
and so extends to ip : G — > L x and we have a non-split exact sequence of 
admissible unitary L-Banach space representations 

-> ip -> (Ind? VW ->• S <g> V -> 0, (250) 

where Sp is the universal unitary completion of the smooth Steinberg rep- 
resentation over L. Moreover, Sp is irreducible, see [TSJ 4.5.1], J2SJ 5.1.8 

(I)]- 

Let C : Z — )■ L x be a continuous unitary character and let II be an admissible 
unitary L-Banach space representation of G with a central character £ and 
let G be an open bounded G-invariant lattice in II. Let 77 : Q* -)• fc x be a 
smooth character. 

Lemma 9.90. If £g>e> fc contains 77 o det, Sp (8)77 o det or (Ind P a) £g> 77 o det 

as a subquotient then there exist a unique continuous unitary character fj : 
Qp — ¥ L x such that ( = fj 2 and fj = 77 (mod pi,). 

Proof. Since II is unitary, the central character ( is unitary and Z acts on 

®e> k by the character £ modulo p^. Since the central character of 77 o det, 
Sp ®r] o det and (Ind P a) ® 77 det is r/ 2 , we deduce that ( = t] 2 (mod pi). 
Let [77] : Q x — > O x be the Teichmiiller lift of 77. Then CM -2 takes values in 

1 + Pl. Since p 7^ 2 we may take a square root by the usual power series 
expansion. Let 77 := [^J-v/CW -2 - This proves existence. For the uniqueness 
we may assume that both 77 and ( are trivial, the assertion follows since (as 
p 7^ 2) the equation X 2 — 1 has a unique solution in L, which is congruent 
to 1 modulo pL. □ 
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Proposition 9.91. Suppose that IT is absolutely irreducible then: 

(i) if ®o k contains 77 o det and does not contain (Ind P a) <8> 77 o det as 
subquotients and 

(a) ifQ®ok contains Sp ®7pdet as a subquotient then II = (Indp ip)cont 
and IT = (1 © Sp) <g> 77 o det; 

(b) if <S>e> k does not contain Sp ©77 o det as a subquotient then IT = 
fj o det and II = r\ o det; 

(wj ifQ®ok does not contain rjodet and contains Sp ©Tpdet as subquotients 
then II = Sp © 77 o det and II = Sp ©77 o det. 

(Hi) if <8>o fe contains (Indp a) © 77 o det and does not contain Sp ©77 o det 
as subquotients then II = (Ind P ip) con t and II = (Indp a) © 77 o det. 

Proof. After twisting by f/ _1 o det, constructed in Lemma [9.901 we may as- 
sume that 77 and ( are trivial. Let 7i~ Q = Ind P a and let Pjv , P Sp v and 
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P„-v be projective envelopes of 1^, Sp v and tc^ in £q/ z (0). Let Piv be 
a projective envelope of the trivial representation of T in &r/z(0) and let 
M := (Indp (Piv) v ) v . Taking Pontryagin dual of (11831) and using Corollary 
I5.18| we get an exact sequence 

-> Prv -> P x v -> M -> 0. (251) 

Lemma [4.111 says that the Schickhof dual ©^ is an object of €(0). Suppose 
that ©e> k contains 1 and does not contain Tr a as subquotients. Then 
Lemma 14.121 implies that Hom € ( ) (P„.v , Q d ) = and Hohwq) (Piv , d ) ^ 0. 

Using (12511) we get Hom^©) (M, d ) 7^ 0. The assertion in (i) follows from 
Proposition 17.111 

Let (Indp l)c 0n t be a unit ball in (Indp l) con t with respect to the supremum 
norm. Let (Sp)° be the image of (Indp l)° cont inside Sp, then (Sp)° is an 
open bounded G-invariant lattice in Sp. Since (Indp l)^ oflt ©e> k = Indp 1 we 
deduce that (Sp)° ©0 k = Sp and hence ((Sp)°) a! © k = Sp v . Now using 
(11741) and Corollary 15.181 we get an exact sequence 

p® 2 -». p Sp v -+ ((s5)°) d -». 0. 

If ®o k contains Sp and does not contain 1 then Hom £ ( C) ) (Ps p v , d ) 7^ 
and Hom c(0) (P 1 v, e d ) = 0. Hence, Hom c(o) (((Sp) ) a! , Q d ) ^ and so dually 
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Hom^i(n, Sp) 7^ 0. As both representations are irreducible and admissible 
we deduce that II = Sp. 

The proof of (hi) is similar to the proof of (i). Using f |184j) and Corollary 
15. 181 we construct an exact sequence P Sp v — y P n v — y M a v — y 0, where M a v = 
(Indp (Pq,v) v ) v and P Q v is a projective envelope of a v in €, T / Z {0). Then 
repeat the argument used in the proof of (i). □ 

Theorem 9.92. Suppose that II is absolutely irreducible and 0©ofc contains 
r/odet, Sp ©7/odet or (Ind P a)®r]odet as a subquotient then II is contained in 
(1 © Sp © Indp a) <E> r\ ° det. Moreover, if the inclusion is not an isomorphism 
then we are in one of the cases of Proposition \9.91\ 

Proof. By twisting we may assume that ( and i] are both trivial. Let n be 
either 1, Sp or n a and P n v a projective envelope of 7r v in <£(0). If II is 
not one of the representations described in Proposition I9.91I then II contains 
1, Sp and 7r Q . Thus it follows from Lemma 14.141 that Hom^o) (P^v , d ) 
is non-zero. Since by Corollary 19.65} End^o^Prv) = R^ is commuta- 
tive and II is absolutely irreducible, we deduce from Theorem 14.331 that 
Hom^o) (P,-v , Q d )i is an absolutely irreducible finite dimensional R^[l/p]- 
module. Hence, Homj(o)(P T v,9' i )i is one dimensional and Lemma 14. 141 im- 
plies that i\ occurs in II with multiplicity 1. □ 

Let 93 = {??odet,Sp<g}77odet, (Indp a) ©770 det}, tx^ : = (IffiSp ®n a )®r]odet, 
Pb a projective envelope of 7r^ in <£(0) and E^ := Ende(e>)(pB). The ring 
P<8 is a finitely generated module over its centre, and the centre is naturally 
isomorphic to PP s ' e< % see Theorem 19.741 and Remark 19. 75[ where R^ ,£< ^ is the 
universal deformation ring parameterizing 2-dimensional pseudocharacters 
with determinant (e lifting x '■= f]+uJf]- Let Ban^, ^(L) 18 be as in Proposition 
15.321 and let Ban^™' fl (L) 5S be the full subcategory consisting of objects of 
finite length. Let II be in Ban^.? 1 ' (I/) 58 , choose an open bounded G-invariant 
lattice and let m(II) := HoHi(r(e>)(Pg, d )®e>L. It follows from Proposition 
14.191 that m(n) is a finite dimensional L- vector space with continuous E<g- 
action. Let n be a maximal ideal in R^ eC -[l/p] and BanQ d ™' fl (L)® the full 
subcategory of Ban^ 1 ? 1 ' fl (L) Q3 consisting of those IT such that m(IT) is killed 
by a power of n. 

Corollary 9.93. We have an equivalence of categories 

Bang^L)* 8 =* Bang^ fl (L)®. 

neMaxSpec,RP s ' C£ [l/p] 
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The category Ban^?' fl (L)® is anti- equivalent to the category of modules of 
finite length of the n-adic completion of E^[l/p\. 

Proof. Apply Theorem Q51 with €(0) = £(0)*. □ 

Let LT in Ban^? 1 ' (X) 23 be absolutely irreducible, we say that II is ordinary if 
it is isomorphic to one of the representations in Proposition 19.911 otherwise 
we say that IT is non-ordinary. 

The ring E% is described explicitly in §9.51 However, in many cases one can 
give a simpler description of the category Ban^. 5 1 ' (L)®. Let n be a maximal 
ideal of R^ £ [l/p] with residue field L, let T n : Qq p — > L be the pseudochar- 
acter corresponding to n and let Irr(n) denote the set (of equivalence classes 
of) irreducible objects in Bang d ™- fl (L)®. 

Proposition 9.94. (i) if T n = fj + fje then 



Irr(n) = {n o det, Sp L £g> fj o det, (Ind P r/e £g> 77s ) C ont\- 

(ii) if T n = ip\ + ip2 with i/)i,ip2 '■ Qq p — > L x continuous homomorphisms 
and T n ^ fj + fje then 

Irr(n) = {(Indp^i ® ^~ X ) CO nu (Indp^ 2 g> ^i£ _1 ) co „i} 

and Ban^.?' (I/)® is naturally equivalent to the category of modules of 
finite length of the n-adic completion of E[l/p], see (12451) for definition 
and description of E. 



(Hi) if T n is irreducible then Irr(n) = {n n } with U n absolutely irreducible 
non- ordinary. The category Ban^?™' fl (L)jf is equivalent to the category 
of modules of finite length of the n-adic completion of R^ £ [l/p\. 



Proof. Suppose that n contains the reducible locus in R^' £ ^[l/p\. Since 1/u 
and the residue field of n is L, we get that T n = ipi+ip2 with ipi,ip2 '■ Qq p — >• L x 
continuous homomorphisms. It follows from Proposition 19.891 that Irr(n) 
contains the semi-simplification of unitary principal series appearing in (ii). 
Recall that (Ind P xi <8> X^cont is irreducible if and only if xi ¥" X2- We 
get that | Irr(n) | > 3 if T n = fj + fje and |Irr(n)| > 2, otherwise. The 
representations in Banj^? 1 ' (L)^, on which SL 2 (Q P ) acts trivially, form a 
thick subcategory. The quotient category QBan^™' fl (L) !B is equivalent to 

the category of i?[l/p]-modules of finite length, Theorem 14.331 and Lemma 
19.711 Since we have fixed a central character and p > 2 any LT in Ban^ ?' (L) 33 
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on which SL 2 (Q P ) acts trivially is isomorphic to r/® m . Hence, if n does not 
kill m(fj) then 

Bang^ fl (L)^ = QBang™ fl (L)* 

and the last category is equivalent to the category of modules of finite length 
of the n-adic completion of E[l/p] by Theorem 14.331 This category has 2- 
irreducible objects by Lemma 19.821 If n kills m(fj) then QBan^™' fl (L)® has 
one irreducible object less than Ban^?' fl (L)|f . Again Lemma 19.821 allows us 
to conclude. 

Suppose that n does not contain the reducible locus then it follows from 
Proposition 19.871 that Ban^™' fl (L)jf is equivalent to the category of mod- 
ules of finite length of the n-adic completion of R^ s ^ £ [l/p\. This category 
contains only one irreducible object and hence Ban^.5 1 ' (L)® contains only 
one irreducible object n. Since all the ordinary representations have already 
appeared in (i) and (ii) and | Irr(n)| > 1 in those cases, we deduce that II 
cannot be ordinary. □ 



10 £>-adic Langlands correspondence 

Let LT be a unitary irreducible admissible L-Banach space representation of 
G with a central character. We say that LT is ordinary if U is either a unitary 
character IT = rj o det, a twist of the universal completion of the smooth 
Steinberg representation by a unitary character IT = Sp <E> rj o det or IT is a 
unitary parabolic induction of a a unitary character. We assume throughout 
that p > 5. 

Theorem 10.1. Let IT be a unitary admissible absolutely irreducible L-Ba- 
nach space representation of G with a central character and let G be an open 
bounded G-invariant lattice in IT. Then Q®ok is of finite length. Moreover, 
one of the following holds: 

(i) ®o k is absolutely irreducible super singular; 

(Hi) <8>o k is irreducible and 

e® a l = Ind£ X ® X'w -1 © Ind£ x° ® XW _1 , (252) 

where I is a quadratic extension of k, \ '■ Qp — )■ / x a smooth character 
and x a is a conjugate of x by the non-trivial element in Gal(l/k); 

(Hi) (Q®ok) ss C (Indp xi ® X2W _1 ) ss ©(Indp xi ® Xi w_1 ) ss f or some smooth 



characters X\-,Xi '■ Qp — ^ k x . 
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Further, the inclusion in (Hi) is not an isomorphism if and only if II is 
ordinary. 

Proof. Let it be an irreducible subquotient of 6 ®e> k- Suppose that n is 
absolutely irreducible. Then it follows from Theorems I6.4[ I7.19[ 18.261 and 
19.921 that either (i) or (iii) holds. Further, if the inclusion in (hi) is not an 
isomorphism then II is ordinary, see Corollaries 17.20} 18.271 and Theorem 19.921 
If it is not absolutely irreducible then it follows from Corollary 15. 39l that 7t<g)kl 
is isomorphic to Ind P x ® X ^ 1 © Ind P x° ® X w_1 - The previous argument 
applied to IT^y where L' is a quadratic unramified extension of L shows that 

(0 ® l) ss C Ind£ X ® X°u- X © Ind£ X ° ® X^ 1 ■ 

Since ®e> k contains tc we deduce that ®o k = n. D 

Corollary 10.2. Let U be a unitary admissible absolutely irreducible L-Ba- 
nach space representation of G with a central character then dim^ V(II) < 2. 
Moreover, diniLV(II) < 2 if and only ifU is ordinary. 

Proof. Let be an open bounded G-invariant lattice in II. It follows from 
Theorem 110. II that dinifc V(0 ®e> k) < 2 and the equality is strict if and only 
if the inclusion in Theorem llO.il (iii) is not an isomorphism. Hence V(0) is 
a free (9-module of rank at most 2, see [38| 2.2.2] or the proof Lemma [5.441 
Since V(0) is an (9-lattice in V(II) we get the assertion. □ 

Let II be an absolutely irreducible non-ordinary unitary L-Banach space 
representation of G with a central character (. Then II is an object of 
Ban^^L) 53 for some block 05, Proposition 15.321 Let II be the semi-simpli- 
fication of the reduction modulo w of an open bounded G-invariant lattice 
in II. Suppose that II contains an absolutely irreducible representation; 
this can be achieved by replacing L with a quadratic unramified extension. 
Then there are essentially four possibilities for 05, described in Proposition 
15381 Recall that Mod^O) 33 is the full subcategory of Mod^O) consisting 
of representations with all the irreducible subquotients in 05, and C(O) 93 is 
the full subcategory of <t(0) anti-equivalent to Mod^^O) 23 via Pontryagin 
duality. The centre of the category (^(C) 58 is naturally isomorphic to R? s '^t ( j^, 
the deformation ring parameterizing 2-dimensional pseudocharacters of Qq p 
with determinant ip = e( lifting tr V(I1), Corollaries 16 .5[ 17. 22} 18.29] Theorem 
MM Since & d is an object of £(0)® and II = Hom^ oni (0 d , L) we obtain a 
ring homomorphism: 
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where the last isomorphism follows from Corollary 14.391 

Proposition 10.3. The representation V(II) is absolutely irreducible with 
determinant e(. Moreover, trV(II) is equal to the pseudocharacter corre- 
sponding to x G Spec i^^.jj. [1/p] . 

Proof. Let T x : Qq p — > L be the pseudocharacter corresponding to x. There 
exists a unique semi-simple continuous representation V x of Qq p , defined over 
a finite extension of L, such that tr V x = T x and det V x = (e, [621 Thm.l]. The 
representation V x is absolutely irreducible, since otherwise Corollaries 17.26} 
18.321 and Proposition 19.941 would imply that II is ordinary. It follows from 
Corollaries E3E23HH2H] and EI6] that V(II) is killed by g 2 -T x (g)g + s((g) 
for all g G Qq p . Since V(II) is 2-dimensional by Corollary 110. 2\ the main 
result of P] implies that V x = V(II). D 

Theorem 10.4. Assume p > 5, the functor V induces a bisection between 
isomorphism classes of 

(i) absolutely irreducible admissible unitary non-ordinary L-Banach space 
representations of G with the central character C, and 

(ii) absolutely irreducible 2-dimensional continuous L -representations ofQq 
with determinant equal to (e, 

where e is the cyclotomic character, and we view ( as a character of Qq p via 
the class field theory. 

Proof. It follows from Proposition 110.31 that V maps one set to the other. 
The surjectivity follows from [3SJ 2.3.8]. We show injectivity: suppose that 
V(IIi) = V(n 2 ). Since V(TT) = VQT), Theorem HO implies that IT and 
n 2 lie in Bang^L) 23 for the same block 03. Let x G Spec R™*^ [1/p] be 
the maximal ideal corresponding to trV(Ili) = trV(Il2). Proposition 110.31 
implies that IT and II2 are killed by x and hence are objects of Ban^^L)*. 
Since V(II 1 ) = V(n 2 ) is absolutely irreducible this category contains only 
one irreducible object, see Corollaries 16.81 17.25} 18.311 and Proposition 19.941 
Hence, IT ^ n 2 . D 



11 Unitary completions 

We determine all the absolutely irreducible admissible unitary completions 
of absolutely irreducible locally algebraic L-representations of G with p > 5. 
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Such representations are of the form tc^lWi^, where n is a smooth absolutely 
irreducible L-representation of G, that is a stabilizer of v is an open subgroup 
of G for all v £ 7r, and Wi,k = det <g> Sym fc_1 L 2 , see [51] . The study of such 
completions was initiated by Breuil [T7], [H] and our results confirm his 
philosophy, see [HI §1.3]. We deduce the main result of this section, Theorem 
111.71 by combining Theorem I1U.4I with some deep results of Colmez. 

Lemma 11.1. If n = 77 o det is a character then tc ®l Wi t k admits a unitary 
completion if and only if k = 1 and val(r)(p)) = —I. 

Proof. This is well known, see for example [55] Lem. 7.3]. □ 

Lemma 11.2. Let X11X2 '■ Qp —* L x be smooth characters. If the represen- 
tation (IndpXi ® X2I ■ | -1 )sm <8> Wi t k admits a unitary completion then 

(i) -(k + l) < val(xi(p)),val(x 2 (p)) < -I and 
(11) val(xi(p)) + val(x 2 (p)) = -(k + 2l). 

Proof. [531 Lem 7.9], [2H Lem. 2.1]. □ 

Theorem 11.3. Suppose that ir = (Ind P %i ® X2I ■ | -1 )sm satisfies the con- 
ditions of Lemma \11.2\ then the universal unitary completion of ir <g> W\^ is 
an admissible absolutely irreducible L-Banach space representation. More- 
over, the universal completion is ordinary if and only if val(xi{p)) = —I or 
val(x2(p)) = -I- 

Proof. Since by assumption tt is irreducible, X1X2 1 ¥" I ■ l^ an d so 

(Ind^xi ® X2I ■ r'U - (Ind^ X 2 ® Xi| ■ I^W- 

We may assume that val(xi(p)) < va Kx2(p))- Suppose that val(x2(j>)) < _ ^ 
then if xi ¥" X2 the assertion is a deep result of Berger-Breuil [SI 5.3.4], if 
Xi — X2 then the assertion follows from [53]. If val(x 2 (p)) = — ^ then it 
follows from [191 2.2.1] that the universal unitary completion is isomorphic 
to (Ind?V)««t, where V((Sd)) = X2(a)o'xi(d)|dr 1 d fc+ '" 1 - □ 

Lemma 11.4. Let ip : P — > L x be a continuous character and let Pq be a 
compact open subgroup of P. Then Homp^l^i^,?/)) is at most 1-dimensional 
and is non-zero if and only if ipiio d)) = ° ^ + f or 8 "(oS) ^ ^o- 
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Proof. The restriction of tp to U is trivial, since U is contained in the derived 
subgroup of P. We identify Wi t k with the space of homogeneous polyno- 
mials in x and y of degree k — 1 with G-action given by { a c b d ) ■ P(x,y) = 
(ad — bc) l P(ax + cy, bx + dy). The space of U D Po-coinvariants of Wj^ is 1- 
dimensional, spanned by the image of y h ~ 1 . Since (j|[j) y fc_1 = d k ~ 1 (ad) l y k ~ 1 
we obtain the assertion. □ 

Lemma 11.5. Let ip : P — >• L x 6e a continuous unitary character and let 
II := (Ind?VW #n alg ^ ^en V((gS)) = Xi(a)^X 2 (^)^ + '- 1 , for some 
smooth characters X15X2 : Qp —$■ L x and integers k, I with k > 0, and 
Tl^ = (Ind%Xi®X2)sm®W lyk . 

Proof. Let r be a smooth L-representation of G and W = Wi^ for some 
integers k, I, then 

Hom G (r g> W, n) =* Hom G (r, Hom L (H/, n)) =* Hom G (r, Hom L (H/, n) sm ), 

where Hom^H 7 , n) sm denotes the smooth vectors for the action of G on 
Hom^W 7 , LT) by conjugation; explicitly it is the union of Horn^W^, n) for 
all compact open subgroups H of G. If Hom^r £g> H 7 ", LT) ^ there exists 
a compact open subgroup Po of G such that Hom^ (W / , IT) ^ 0. Frobenius 
reciprocity and Lemma [11.41 imply that ^((od)) = al d k+l ~ l for all (od) £ 
P H P. Hence, ip = V'sm'0alg> where ip Bm : P — >■ L x is a smooth character, 
trivial on P H P and Vaig((3 d)) = a l d k+l ~ l for all (g *) e P. Lemma HOI 
implies that if (l',k') ^ (l,k) then Horncty ® H^/^/,11) = for all smooth 
representations r. It follows from [51] that Il alg = Rom L (W, Il) sm (g> W 7 . We 
identify W 7 with the space homogeneous polynomials in x and y of degree 
k - 1. The map / <g> P i-4 [# i-> f(g)P(c,d)], for all g = ( a c b d ) e G induces 
an injection (Ind P Vw)sm ® W ^->- LT, and hence an injection (Ind P Vw)sm c- ^ 
Hom^H 7 , LT) sm . It follows from Lemma [11.41 and Frobenius reciprocity that 
for all open subgroups H C H the space of P-invariants in the source and 
the target have the same dimension equal to \H\G/P\. Hence, the injection 
is an isomorphism. □ 

Lemma 11.6. Let rj : Q* — > L x be a continuous unitary character if (Sp ® 
i] o det) alg 7^ then 77 is locally algebraic and (Sp <E> rj o det) alg = Sp <S>r] o det. 

Proof. Since the surjection q : (Indp r\ ® r]) cont -» Sp £g> 77 o det admits a 
P-equivariant splitting, [221 VI. 2. 3] implies that g induces a surjection on 
locally algebraic vectors. The assertion follows from Lemma 111.51 □ 
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Theorem 11.7. Suppose that the central character of it <g> Wi^ is unitary 
and either it is special series and k > 1 or it is supercuspidal. Then n ® 
W^k admits precisely P X (L) non-isomorphic absolutely irreducible admissible 
unitary completions. 

Proof. Let II be an absolutely irreducible admissible unitary L-Banach space 
representation of G containing n ® Wi 7 k as a G-invariant dense subspace. 
Since TT<8)Wik is dense in IT, the central character of II is equal to the central 
character of ir (g> Wi^. It follows from Lemmas 111.51 and 111.61 that II is not 
ordinary. Hence, V := V(II) is an absolutely irreducible 2-dimensional L- 
representation of Qq p by Theorem 110.41 Since II contains a locally algebraic 
representation 7r^)Wi t k, V is de Rham [231 VI. 6. 13], with Hodge- Tate weights 
a < b, [231 VI.5.1], where b — a = k (the precise formula for a and b depends 
on the normalization of the correspondence). Since V is de Rham, it is 
potentially semistable and to V one may associate a 2-dimensional Weil- 
Deligne representation WD(V), see for example [35]. Colmez has shown 
that n al § = LL(WD(V)) ® Wi, k , [231 Thm. 0.21], where LL denotes the 
classical (modified) local Langlands correspondence [231 §VI.6.11]. In the 
supercuspidal case the proof was conditional on the results of Emerton, which 
have now appeared in [3"2"1 §7.4]. Thus determining all the isomorphism 
classes of the absolutely irreducible admissible unitary completions of it <g> W 
is equivalent to determining all the isomorphism classes of the absolutely 
irreducible 2-dimensional potentially semistable L-representations V of Qq p 
with Hodge- Tate weights a < b, such that Hom G (7r, LL(WD(V))) ^ 0. If it 
is special series then (after twisting by a smooth unitary character) it follows 
from [231 VI. 6. 50] that the set of such V consists of a family of semi-stable 
non-crystalline representations indexed by the //-invariant C G L and one 
crystalline representation. If it is supercuspidal then the last condition is 
equivalent to LL(WD(V)) — tc and the assertion follows from [33]. □ 



A Pseudocharacters 

We recall some standard facts about 2-dimensional pseudocharacters. We 
refer the reader to [H §1] for more information. Let Q be a profinite group 
and (A, m) a local artinian (9-algebra. We assume that p > 2. A 2-dimensio- 
nal A- valued pseudocharacter is a continuous function T : Q — > A satisfying: 
1) T(l) = 2; 2) T{gh) = T(hg), for all g,heG and the relation 

T(g)T(h)T(k)-T(g)T(hk)-T(h)T(gk)-T(k)T(gh)+T(ghk)+T(gkh) = 
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for all g,h,k G Q. One may show that if p : Q — y GL 2 (v4) is a continuous 
representation then trp is a 2-dimensional pseudocharacter. Given a 2-di- 
mensional pseudocharacter T : Q — y A one may show, [221 Prop. 1.29], that 
the function D(g) := ^ ~ (g - defines a continuous group homomorphism 
G -y A x . It is shown in [22J 1.9, 1.29] that T ^-y (T,D) induces a bijection 
between 2-dimensional pseudocharacters and pairs of functions (T, D), where 
D : Q — y A x is a continuous group homomorphism and T : (? — y A is a 
continuous function satisfying: T(l) = 2, T(gh) = T(hg), D^T^g^h) — 
T{g)T{h) + T{gh) = for all g,heG. 

Let p : Q — y GL 2 (A:) be a continuous representation and let D ps be the 
functor from local artinian augmented (9-algebras with residue field k to 
the category of sets, such that D ps (A) is the set of all 2-dimensional A- 
valued pseudocharacters T, such that T = trp (mod m^). If for every open 
subgroup Ti of Q, Hom conf (7-L, ¥ p ) is a finite dimensional F p -vector space then 
the functor D ps is pro-represented by a complete local noetherian 0-algebra. 
We note that this finiteness condition is satisfied if Q is the absolute Galois 
group of a local field. We usually work with a variant: fix a continuous 
character tp : Q — y O x lifting det p and let D ps ^ be a subfunctor of D ps such 
that T G D ps '^(A) if and only if (9 ' ~ (9 - is equal to (the image of ) ip(g) 
for all g G £. We will refer to _D ps '^ as a deformation problem with a fixed 
determinant. One may show that if D ps is pro- represented by R then Z) ps '^ 
is pro-represented by a quotient of R. 

Lemma A.l. Let G be a finite group, let S = k[G]/J, where J is the two 
sided ideal in k[G] generated by g 2 — 2g + 1 for all g G G. Then the image of 
G in S x is a p-group. 

Proof. Suppose not then there exists a prime I ^ p and g G G such that the 
image of g in S x has order /. Since the greatest common divisor of x — 1 
and (x — l) 2 in k[x] equal to x — 1 we may find polynomials a(x), b(x) G k[x] 
such that (x l — l)a(x) + (x — l) 2 b(x) = x — 1. Since the images of g l — 1 
and g 2 — 2g + 1 are equal to in S, we deduce that the image of g in S is 
trivial. □ 

Let p : £ — > GL2(A;) be a continuous representation, /C be the kernel of p, 
/C(p) the maximal pro-p quotient of /C and % the kernel of /C ^» /C(p). We 
note that % is a normal subgroup of £. 

Let (A, m) be a local artinian (9-algebra with residue field k. Let T : Q — )■ A 
be a continuous 2-dimensional pseudocharacter lifting trp. Since A is finite 
and T is continuous KerT := {h E Q : T(gh) = T(g),Wg G Q} is an open 
subgroup of Q. 
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Proposition A.2. U C KerT. 

Proof. Choose an open normal subgroup M of Q contained in /C fl Ker T . Let 
G := G /N and let let J be the two sided ideal in A[G] generated by elements 
g 2 - T(g)g + T ^ 2 ~ T ^\ for all ^ G G and let S : = A[G]/J. We claim that 
the image of K in S x is a p-group. Since the kernel of S x — y (S/mS) x is a 
p-group, it is enough to show that the image of K in (S/mS) x is a p-group. 
Since S/mS is a quotient of k[G]/(g 2 — tx p(g)g + detp(g) : g E G) the claim 
follows from Lemma IA.11 For each g E £ we denote the image of g in S 
by g. It follows from the claim that h — 1 for all /i £ H. We may extend 
T : Q — y A linearly to T : A[Q] — > A, which factors through T : A[G] — > A as 
J\f C KerT, and then factors through T : S 1 — y A and so we have T(g) = T(g) 
for all g & Q. In particular, if h £ "H then T(gh) = T(gh) = T(g) = T(g) for 
all £ 0. □ 

Corollary A. 3. 27ie inclusion Dg S / n Q Dg S is an isomorphism of functors. 

Proof. It follows from Proposition IA.2I that for all artinian local O-algebras 
(A,m) with residue field k we have Dg S /H (A) = Dg S (A). □ 

Suppose that Dg S , n is pro-represented by a complete local noetherian O- 
algebra (R, m), then Dg S is also pro- represented by (R, m) by Corollary IA. 31 
Let T : (? — y Q /% — > R be the universal pseudocharacter lifting trp. Let J 
(resp. J') be a closed two-sided ideal in i?[[£]] (resp. -R[[^/"H]]) generated 
by the elements g 2 — T(g)g -\ — ^ 9 ' ~ (3 - for all g £ Q (resp. ^ £ Q /%). 

Corollary A. 4. The natural map i?[[^]]/J — y R[[Q/ / H]]/J' is an isomor- 
phism. 

Proof. If A^ is an open normal subgroup of Q and n > 1 let o(A/", ra) be 
the kernel of R[[G]] -» R/m n [Q/Af}. The ideals o(A/", n) for all open normal 
subgroups A/" and all n > 1 form a system of open neighbourhoods of in 
-R [[£?]]. It follows from the proof of Proposition IA.2I that for each n > 1 we 
may choose an open normal subgroup M n of Q such that for all open normal 
subgroups N of Q contained in M n the image of % in -R[[£7]]/(</ + a(Af,n)) 
is trivial. Thus R[[G]]/(J + m n R[[G]]) = R[[G/n]]/(J' + m n R[[G/H]]) for all 
n > 1, which yields the claim. □ 
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B Some deformation rings 

Let uj : Qq p — > F* ■=->■ k x be the cyclotomic character modulo p. It follows 
from local Tate duality and Euler characteristic that Ext F <g Au, 1) is one 
dimensional. Let 0— >• 1 — > p — > u — )■ be a non-split extension. This 
determines p up to isomorphism. The purpose of this appendix is to describe 
explicitly various deformation rings of p, by spelling out what a general result 
of Bockle in [9], says in this particular case. We then show using results of 
Bellai'che [3] that the universal deformation ring of p is isomorphic to the 
universal deformation ring of tr p. In §B.1I we consider the easier, generic 
reducible case. Throughout, we assume p > 5. 

We may think of p as a group homomorphism p : Qq p — > GL 2 (F p ) M- GL 2 (/c), 

(\ K(q)\ 
g H- I ) {)■ Let if be the image of Qq p in GL 2 (fc) and let [/ be the p- 

Sylow subgroup of H. Since p is non-split U is non-trivial, hence U = ¥ p , let 
G be the subgroup of diagonal matrices in H, then G = F* and H = U X G. 
Let L be the fixed field of Kerp and let F = L u . Then F is the fixed field 
of Kerw and hence is equal to Q p (/%,), where p p is the group of p-th roots of 
unity. We identify Gal(F/Q p ) with G. Let Qp be the absolute Galois group 
of F. 

If pa '■ Gq p — > GL 2 (A) is a deformation of p to (A, m) then Pa(Qf) is contained 

in I i_i_)' an d hence pa factors through Gal(F(p)/Q p ), where F(p) 

is the compositum of all finite extensions of p power order of F in Q p . Now 
Gal(F(p)/F) = Qf{p) the maximal pro-p quotient of Qp. Since the order of 
G = Gal(F/Q p ) is prime to p, we may choose a splitting of exact sequence 
1 -»• ^f(p) ->■ Gal(F(p)/Q p ) -)■ G -)■ 1, so that Gal(F(p)/Q p ) = ^(p) X G. 

We will recall some facts about Demuskin groups, see for example [HI §111.9] 
for details. A finitely generated pro-p group P is a Demuskin group, if 
dim Fp H 2 (P, F p ) = 1 and the cup product H\P, F p ) x H\P, ¥ p ) 4 H 2 (P } ¥ p ) 
is a non-degenerate bilinear form. If p > 2 a Demuskin group P is uniquely 
determined up to isomorphism by two parameters n = n(P) the dimension 
of H 1 (P, Fp) and q = q{P) the number of elements in the torsion subgroup of 
P ab , and is isomorphic to a pro-p group generated by n elements x%, . . . , x n 
and one relation x\{x\, X2)(x3,X4) . . . (x„_i, x n ), where (x,y) = x~ 1 y~ l xy. 
We note that since p > 2 the non- degeneracy of bilinear form implies that n 
is even and it follows from the presentation of P that P ah = 1i p ~ l © Z/gZ. 
It is well known, see for example [1B1 7.5.8], that if F is a finite extension of 
Qp containing p p , then Qf(p) is a Demuskin group with n — [F : Q p ] + 2 and 
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q equal to the number of p power order roots of unity in F. In our situation 
F = Qp(fjLp) and so n = p + 1 and q — p. 

Following |9] we are going to construct a universal deformation of p using 
the presentation of Gf{p)- For a p-group P we define a filtration Pi = P, 
P i+ i = P[ (Pi, P), where (P$, P) denotes a closed subgroup generated by the 
commutators, and let gr^ P := Pi/P i+ i. We let J 7 be a free pro-p group on 
p + 1 generators, and we choose a surjection <p : J 7 -» Gf(p)- Since ^f(p) 
is a Demuskin group there exists an element r £ J 7 such that Kerip is the 
smallest normal closed subgroup of J 7 containing r. Since the order of G is 
prime to p, we may let G act on J 7 so that tp is G-equivariant, see Lemma 
3.1 in [9j. We denote by u : G — > Z* the Teichmiiller lift of to. 

Lemma B.l. We may choose generators xq, . . . ,x p of J 77 so that 

(i) gxig' 1 = x^ , for g £ G and < i < p; 
(ii) the image of r in gr 2 J 7 is equal to the image of 

r' := X P 1 (x- i _,Xp-x)(X2,X p -2) ■ ■ ■ (Xj^i,Xp±i)(Xp,X ). 

Proof. The assertion follows from [4TJ Prop. 3], where the cup product is 
described in terms of the image of r in gr 2 J- 7 . We know that 

gr x T =* gr x g F (p) =¥ p ®p p ® ¥ p [G] 

as a representation of G, see Theorems 4.1 and 4.2 in [9]. Moreover, the 
summand p, p is the image of the torsion subgroup of GF(p) ah under the natural 
map QF{p) ab -» g^i Gf(p)- We fix d 6 |i p C gr 1 Gf(p), which generates \i v as 
F p [G]-module. Now H 1 (G F (p),^p) = Hom con4 (^ F (p),F p ) = (gr^p))* as a 
G-representation, Hence, we may find an F p -basis Xo, ■ ■ ■ , Xp °f H 1 {Gf{p),^ p ) 
such that G acts on Xi by u)~ l , Xi(£i) 7^ 0, Xp(£i) = and, since the cup 
product defines a non-degenerate bilinear pairing and G acts on H 2 (Gf,¥ p ) 
by Co> -1 , we have Xi^Xj — unless i+j = 1 (mod p—1). Further, by replacing 
Xi by a scalar multiple Xxi, with A G F*, we may achieve that f(Xp^Xo) — 1 
and r(xi U x p _j) = 1 for 1 < z < (p - l)/2, where f : # 2 (£ F (p),F p ) 4 F p 
is the isomorphism defined in [41, Prop 3]. Let £o> • • • >£p be an F p -basis of 
gr x ^(p) dual to Xo 5 • ■ • , Xp- Then G acts on £j by the character a; 1 . Since the 
order of G is prime to p, we may find Xi £ J 7 satisfying (i) and mapping to £j 
in gr 1 J 7 . Since the images of xo, • • • , x p form a basis of gr : J 77 , they generate 
J 77 . Part (ii) follows by construction from the Proposition 3 in [41]. □ 
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Let R be the ring 

r> @ll a o, ai, Co, Ci, dp, di}} (?W) 

(pco + c dx + cido) 

Let P be a prop subgroup of GL 2 (i?) generated by the matrices rrii for 
< i < p, where rrii — 1 if i ^ 0, ±1 (mod p — 1), and 

l A /i o 



m p- 2 = n 1 ' m i+(p-i)i 



17' ""^-^ V9 1 



i 



_ /(1 + 0^(1 + ^)5 

m(p - 1)j "V o (i + fli )*(i + *,)-* 

for j = and j = 1. We embed G <—> GL 2 (-R), g H- (o^))- One has 

grriig^ 1 = m" for all < i < p and hence cc, i— > rrii defines a G-equivariant 
homomorphism a : J 7 — > P and hence a group homomorphism a : T x G — )■ 
GL 2 (R). 

Proposition B.2. There exists a continuous group homomorphism 

^':JxG^ Gal(F(p)/Q p ) 
suc/i t/iai <£>'(#) — ¥>(flO ( m od <?f(p)3); o^^ a commutative diagram: 

J^x G ^^GL 2 (i?) 



* Gal(F(p)/Q p ). 
Proof. Let us observe that for j = and j '• = 1 the commutator 

(mi + (p_i)j-,m(p_i)(i_j-))= L. di _. l 

and (m^, m p _j) = 1 if i ^ 1, (mod p — 1) hence 

mi(rai,m p _i)(m2,mp_2) • • • (mp-i , m P +i )(%, w n ) = 1 (254) 

as pco + codi + cxdo = in R. Since a(x») = rrii, we get that a(r') = 1, 
where r' is defined in Lemma IB.ll Since r = r' (mod J-3) we deduce that 
a(r) G «(J-3) and the assertion follows from Proposition 3.8 in [S]. Namely, 
it is shown there that there exists an element r\ G Kera fl ^(J 7 , J 7 ), such 
that n = r (mod J-3), and G acts on r\ by a character. It follows Lemma 
IB.ll (ii) that the character is equal to to. Let 1Z be the smallest closed normal 
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n 



subgroup of J 7 containing n and set D := J-/1Z. Since a(ri) = 1 and G acts 
on T\ by a character, we deduce that a factors through a : D x G — > GL 2 (R). 

We claim that D x G = Gal(F(p)/Q p ). Since n = r = r' (mod J" 3 ), D is a 
Demuskin group with n(£>) = p + 1 and g(-D) = p, see [1B1 3.9.17]. Hence, we 
know that D = Gal(F(p)/F). To see that we may choose this isomorphism 
G-equivariantly we observe that since r = r\ (mod J-3) Proposition 3 in [UJ 
implies that the diagram: 

H l (D,¥ p ) x H\D,W P ) ^H 2 (D,¥ P ) 

&(?,¥„) x &(?,¥„) -F p 



commutes and is G-equivariant. The claim follows from Theorem 3.4 in 
0- □ 

Theorem B.3 (|9J). R is the universal deformation ring of p and the equiv- 
alence class of p, defined in Proposition \B. ffi is the universal deformation. 

Proof. We note that since to ^ 1, Endfc[g Q }{p) — k and hence the deformation 
functor Defp is representable. Moreover, local Tate duality implies that 

H 2 (g Qp , Adp) S #°(£ Qp ,Hom(Adp,u;)) S Homg Qp (p, p ® w) 

is 1-dimensional and hence H x {Qq , Adp) is 6-dimensional by local Euler- 
Poincare characteristic. We have a natural transformation of functors rj : 
h,R — > Defp, which maps a homomorphism ^ : R — y A to the equivalence 

class of the representation pa '■ Gal(F(p)/Q p ) — > GL 2 (-R) — > GL 2 (A). More- 
over, one may check directly that this induces an isomorphism hu(k[e]) = 
Def p (/c[e]). Hence, we obtain a surjection R p -» R, where R p is the ring 
representing Def p . It is shown in Theorem 6.2 of [9] that this map is an 
isomorphism. □ 

Corollary B.4. Let x G Speci?[l/p] be a maximal ideal with residue field 
E. The corresponding representation p x : Qq — » GL 2 (E) is reducible if and 
only if Co and c\ are in E. 

Proof. Let a be the ideal of R generated by Cq and C\. It follows from 
the construction of the universal deformation p that the image of Qq p — > 
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GL 2 (-R) — > GL 2 (-R/a) is contained in the subgroup of upper triangular ma- 
trices. Hence, if the image of Cq and C\ in E is zero then p x is reducible. 
Conversely, suppose that p x is reducible then for all g,h G Gq p the matrix 
px(g)px{h) — p x (h)p x (g) is nilpotent. In particular, for j = and j = 1 the 
matrix ^((//(xi+^i^ArtyO^^)) - Ps(^(aV-2))Pas(^(zi+(p-i)j)) is nilpo- 
tent. Since it is equal to 

0\ (\ \\ (\ l\ ( \ 0\ (-Cj 



Cj I) \0 1) \0 I) \Cj I) \ cj 
we deduce that Cj the image of a,- in E is zero. D 

Let ijj : ^q p — y O x be a continuous character, lifting uj and let Def^ be 
subfunctor of Def p parameterizing the deformations with determinant equal 

to ip- 

Corollary B.5. The functor Def "^ is represented by 

O[[c ,c 1 ,d ,d 1 ]] 



K> 



(pc Q + co^ + cid G 



Proof. Let Ao, Ai G wO such that ip(<p'(xj(p-i))) = 1 + Aj, for j = and j = 1. 
By construction we have det m^ = 1, if i ^ (mod p — 1), and det m^-i) = 
1 + 0^. We deduce that Def£ is represented by R/(ao — Ao, Oi — Ai), which 
implies the claim. □ 

Corollary B.6. Let t = RF fl C| m x where the intersection is taken over all 
maximal ideals of R^[l/p] such that p x is reducible. Then t = (cq,c\). In 
particular, 



(i) ir7r = 0[[do,di]]/ 



(ii) let n be the maximal ideal of Rj,/xk, then for all i > there exists a 



surjection of Rr -modules: x\/t 



k 



Proof. Corollary IB. 41 implies that (cq, c{) is contained in r and the image 
of r in RV/(co,ci) is equal to the intersection of all the maximal ideals 
of i?7(co,ci)[l/p]. Since i^/(co,ci) = 0[[do,di]] by Corollary E3 we 
deduce that r = (c ,Ci). Now RJ, = k[[c ,ci,d ,di]]/(c di + d ci). Let 
S = k[[co,Ci,do,di\] and we denote by b the ideal of S generated by c ,Ci. 
Then gr* S is isomorphic to a polynomial ring in two variables over k[[do, di]]. 
The element t = codi + d ci is pure of grade 1. Since R% = S/tS, and tk is the 
image of b, we have an exact sequence —y gr* b _1 S — y gr b S — y t^/t^ 4 " 1 —y 
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for all i > 1, where the first non-trivial arrow is given by multiplication by t. 
Now gr b S is a free k[[do, c?i]]-module with monomials in cq and C\ of homo- 
geneous degree i as a basis. Sending Co i— y d , c\ >->■ — di induces a surjection 
of fe[[doj <ii]]-modules gr b S" -» n\ Since this map kills t the surjection factors 
through tji./tk +1 -» n\ D 

Remark B.7. We will deduce in the course of the proof of Proposition l9~5U 
that the map in (ii) is an isomorphism. 

Remark B.8. We note that in the definition of x it is enough to consider 
the ideals with residue field L, since it follows from Lemma \8.1& that such 
ideals are Zariski dense in O[[do,di]][l/p]. 

Lemma B.9. Suppose that the representations p x and p y corresponding to 
maximal ideals x and y of Rj[l/p] with residue field L are reducible and have 
a common subquotient then x = y. 

Proof. Since the determinant is fixed we deduce that p x and p y have the same 
semisimplification 5 © 5 -1 ^, where 5 : Qq p — > L x is a continuous character, 
lifting the trivial character 1 : Qq — > k x . If p x is semisimple then the action 
of Qq p on p x factors through Qq , and hence the action of Qq p on any stable O- 
lattice of p x factors through Qq , and hence the same holds for the reduction 
of any stable O-lattice modulo w. Since the action of Qq p on p does not 
factor through Qq we deduce that both p x and p y are not semisimple. Since 
the reduction of <5 2 ?/> _1 modulo vj is equal to u^ 1 and p > 5, 5^ 2 e^ 1 cannot be 
equal to the trivial or the cyclotomic character. This implies Exti (^5 _1 , 5) 
is 1-dimensional. Hence, p x = p y and so x = y. □ 

Corollary B.10. The intersection of all the maximal ideals of R^[l/p] such 
that p x is irreducible is zero. 

Proof. Let S = O[[co,ci,do,di\] and g = pco + c\d + cod± and / G S, not 
divisible by g. It is enough to construct ip : S — > Q p , such that ip(f) ^ 0, 
<p(g) = and ip(c ) ^ 0, since the last condition implies that the representa- 
tion associated to ker (p is irreducible via Corollary IB. 41 

Substituting c[ := C\ — d we get g = d$ + c[d + c Q d\ + pc . Hence, we 
may write / = qg + r, where r = d /i + h, with f x , f 2 e O[[c , d x , di]], 
see [131 IV§9]. The polynomial X 2 + c[X + c^di + pco is irreducible over 
C[[c , c[, di]] and hence also over its quotient field. As r ^ we deduce that 
h := fl - c'J 1 f 2 + (c dx +pc )fl ^ 0. We may choos e ip : C[[c , c[, d t }} ->■ Q p 
such that <p(cq) ^ and ip(h) ^ 0, see Lemma IB. 181 We may extend it to S 
so that <p(g) = 0. If (p(f) = then (p(fi)(p(do) + (p(fo) = 0, and since (p(do) 
is a root of X 2 + {p(c' 1 )X + (p(codi +pco), we would obtain that <p(h) = 0. D 
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Let D^ p be the deformation functor parameterizing all the 2-dimensional 
pseudocharacters of Qq p lifting tr p. We know that D^ p is pro-represented 
by a complete local noetherian C-algebra (S, ms). Trace induces a morphism 
of functors Def p — > D^ p and hence homomorphism of local (9-algebras 9 : 
S — >■ R. It follows from [40j 1.4.4] that 9 is surjective. We note that this can 
also be deduced from Theorem lB.3l since we have written down the universal 
deformation explicitly. We are going to show that 9 is an isomorphism. 

Lemma B.ll. Trace induces a bijection Dei p (k[x}/ (x 2 )) -^ D^ p (k[x]/(x 2 )). 

Proof. Since 9 is surjective we already know that the map is an injection. 
Hence to show surjectivity it is enough to show that both spaces have the 
same dimension. It follows from [21 Thm 2] that dim.kD^ p (k[x]/(x 2 )) = 6, 
which is also the dimension of Def p (k[x]/(x 2 )). □ 

Let F := C[[a , ai, c , c 1; d Q , di}} it follows from Lemma IB. Ill that there exist 

K 9 

surjections F -» S -» R, which induce isomorphisms on the tangent spaces. 
We may assume that the composition n o 9 is the one used to present R 
in (I253p . Given a local C-algebra (R, m) we denote R := R/wR, and let 
R„ :=R/(m n + tz7R). 

Let f3 : F — > k[x]/(x 3 ) be a homomorphism of (9-algebras such that a , Oi, 
c , d\ \-¥ 0, Ci, d i— > x. Let pp : J 7 xi G — > GL 2 (fc[x]/(x 3 )) be a representation 
defined by the same formulas used to define a in Proposition IB. 21 

Lemma B.12. Let h 6 J 7 x G be such that tr pp(hg) = tr p@(g) for all 
g G T xi G then pp{h) = 1. 

Proof. Since l^w, tr p@(g) determines the diagonal entries of pp(g) for all 
g G J 7 xi G, see the proof of Proposition IB.21I below. In particular, for all 
g G J 7 x G the diagonal entries of pp(gh) are equal to the diagonal entries 
of pp{g)- Let Xi G J 7 be the generators defined in Lemma IB. II Applying 
the last observation to g = x , g = x p _ 2 we deduce that pp(h) is unipotent 
upper-triangular, and to g = x p we deduce that pp(h) — 1. □ 

Lemma B.13. JTie surjection k : F 3 -» 5* 3 zs noi an isomorphism. 

Proof. Suppose k is injective then F 3 = S 3 . We may consider tr p as a pseu- 
docharacter of J 7 x G and let D' be the deformation functor parameterizing 
2-dimensional pseudocharacters of J 7 x G lifting tr p. Corollary I A. 31 says that 
every 2-dimensional pseudocharacter of Qq p lifting trp is a pseudocharacter 
of Gal(F(p)/Q p ) and thus using Proposition IB.2I we may consider D^ p as a 
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subfunctor of D' . Using [2J Thm.2] we deduce that dim fc D' \k[x\J \x 2 )) = 6. 
Thus if S 3 = F 3 then D'(k[x}/(x 3 )) = Dl s p (k[x]/(x 3 )). This would mean 
that every 2-dimensional pseudocharacter of T x G lifting trp is automat- 
ically a pseudocharacter of Ga\(F(p)/Q p ). This would mean that there ex- 
ists T G D^ p (k[x]/(x 3 )), such that T(tft(g)) = tr Pf3 (g) for all g G J= x G. 
The equality would imply that for all /i G Kenp' and g G J 7 X G we have 
tT pp(hg) = tr pp(g). Lemma IB. 121 implies that Ker<p' is contained in Kerp^. 
However, as /3(pco + C\do + c\do) = i 2 ^ we obtain a contradiction to the 
universality of the representation constructed in Proposition IB. 21 □ 

Lemma B.14. The map 9 induces an isomorphism S3 = R3. 

Proof. Since S3 — > R3 is surjective it is enough to show the equality of 
dimensions. We have dimfc R3 < dim^ S3 < dim^ F3 = dim^ R3+I, where the 
strict inequality follows from Lemma IB.13I and the equality from (1253P . D 

Theorem B.15. The map 9 : S —¥ R is an isomorphism. 

Proof. Since R is (9-torsion free it is enough to show that 9 : S — > R is 
an isomorphism. Let / = cod\ + cid G F, so that R = F/(/) and let m 
be the maximal ideal of F. It is enough to show that «(/) = 0. It follows 
from Lemma IB. 141 that there exists g G m 3 , such that «(/) = K(g). Thus 
9(n(g)) = an so there exists h G F such that g = fh. Now h cannot be 
a unit as g G m 3 and / G" m 3 . Hence h G m and so 1 — h is a unit. Since 
n(f(l — h)) = K(f)—n(g) = and 1 — h is a unit we deduce that «(/) = 0. □ 



Corollary B.16. Let ip ; Qq — ¥ O x be a continuous character lifting detp 

Ifrp and Def p 



and let S^ and R^ be the rings pro-representing functors D^'f and Def ^ then 



trace induces an isomorphism S^ = R^ . 



B.l Generic reducible case 

Let i and j be distinct integers satisfying < i, j < p — 2, i — j ' ^ ±1 
(mod p — 1). Let pij be a non-split extension — > u l — > pij — > oji — > 0. 
Since Ext k ,g Au^of) is 1-dimensional such p^ exists and is unique up to 

isomorphism. Since u l 7^ oji we have Endg (py) = fc thus the universal 
deformation problem for py is (pro-)representable by a a ring R^. Our as- 
sumptions u/~ J ' 7^ l,w ±:l imply that H 2 (Qq p , Adp^) = and H 1 (Qq p , Adpjj) 
is 5-dimensional. Hence, i?^ is formally smooth of relative dimension 5 and 
using result of Bockle it is easy to construct the universal deformation. Let 
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R = 0[[ai,a 2 , d±,d 2 , c]] and let s be an integer such that 1 < s < p — 2 and 
s = i — j (mod p — 1). For < / < p define matrices mi G GL 2 (i?): 

i i\ A o 



i», = l x I , ^p-i-, . c , 

(1 + 0^(1 + ^)3 

m(p - 1)j " 1 (1 + a 3 )Hl + dj ) 

for j = and j = 1 and mi — 1 otherwise. We embed G °->- GL 2 (i?), 
(yf i— >■ ( W q -jv •))• One has grriig' 1 = m" for all < / < p and hence 
X; I—)- m; defines a G-equivariant homomorphism a : J 7 — > GL 2 (R) and hence 
a group homomorphism a : J-xG — > GL 2 (i?). Now mi = 1 and mi commutes 
with rrip^i for < I < p hence a(r') = 1, where 

r' := xf(xi, x p _i)(x 2 , x p _ 2 ) • • • (xp-i, Xp+i )(x p , x ). 

Arguing as in Proposition IB. 21 and Theorem IB.3I we obtain: 

Proposition B.17. There exists a continuous group homomorphism 

^':JxG^ Gal(F(p)/Q p ) 
such that (p'(g) = <p(fiO (mod £f(p)2)> owd o commutative diagram: 




^ Gal(F(p)/Q„). 
T/ie equivalence class of fy is the universal deformation of pij. 

Let x be the trace of pjj and let D^ s be the functor parameterizing all the 
2-dimensional pseudo-characters lifting \. The functor is represented by a 
ring i?P s . Trace induces a morphism of functors D Pij — >■ Z}p s and hence a ring 
homomorphism i?P s — >• i?^. 

Proposition B.18. The above map is an isomorphism iff s = Rij. 

Proof. The map is surjective by [40} 1.4.4]. However, since we have written 
down the universal deformation explicitly we may deduce this directly. For 
example: 

2 + c = tr(m s m p _i_ s ) = tT(atij(x a x p -i- 8 )) = tr(pij(ip'(x a x p -i- 8 ))), (255) 
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so c lies in the image, and one can get a±, a 2 , di, d 2 by a similar calculation. 
Now the tangent space of R^ s is at most 5- dimensional by Theorem 2 in 
[3], alternatively the Proposition can be deduced from [3] Theorem 4 and 
Remark 3. Since Rij is formally smooth we deduce that the map is an 
isomorphism. □ 

Corollary B.19. Let T : Qq p — > R^ s be the universal 2-dimensional pseu- 
docharacter lifting x then tr pij(g) = T(g) = tr pji(g), for all g G Qq . 

Corollary B.20. Let r = R^^f] x nx x where the intersection is taken over all 
the maximal ideals of R^[l/p] such that the corresponding pseudocharacter 
is reducible over the residue field ofm x . Then r is a principal ideal generated 
by c, defined by ( I255P . 

Proof. We note that since u l and a;- 7 are distinct and are defined over k every 
irreducible pseudocharacter is absolutely irreducible. Using the isomorphism 
of Proposition IB. 18l we may replace R^ with R^ and then argue as in Corol- 
laries El and ESI □ 

Proposition B.21. Honig Q (Pij,Pji) is a free R^ s module of rank 1. 

Proof. Let M ij = R^ © Rv s and {e[ j , e 2 j } the standard basis of M ij . Propo- 
sition IB. 181 allows us to consider M as the universal deformation of pij with 
the Qq action of M given by Proposition IB. 171 In particular, G acts on e l ( 
by uj % and on e 2 by ujK Let g\ : = <^-(a; s ) and g 2 := <^j(x p _i_ s ), then by 
construction we have 

Pij(9i) = L -J = Pji(92)- 
Further, it follows from Lemma 2.6 in [TU] that 

for some a^, q, foj in the maximal ideal of _Rp s satisfying a? + fejCj = 0. Since 
tT(pij(gig 2 )) = tr{pji(gig 2 )) by Corollary |BT9| we get c x = c 2 = c. Let 
$ G End^ps(M) defined by $(V/) = ce° 2 and $(e^) = ef . We claim that 
$ G Homg Q (pij, pji). We first observe that, since w 1 7^ u; J ', for all g G Qq p we 
may recover the diagonal entries of p~ij{g) by 



(PiM)ii = -^J2 Ql ( h ) tr (p^ h l a))> 



1 ' h£G 
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{Pij{9))22 = -^^2&(h) tr (pijih 1 g)). 

' ' heG 

Corollary IB. 191 implies that 

(pn(9))n = (pM)™, (Pij(g)h2 = (Pji{g))n, Vg e G Qp . (256) 

Hence, a\ = 02 = and so b\ = 6 2 = and we get $ o pij(gi) = Pji(gi) ° $ 
and $ o pij(g 2 ) = Pji{g2) ° $. If # € (^/(KerpY,- n Kerpjj) commutes with 
all the elements of G then both p~ij(g) and Pjj(g') are diagonal and it follows 
from f)256p that $ o pij(g) = pji(g) ° $• The images of ip'^ixi) and <p^(xz) 
in £q /(Kerpjj n Kerpjj) satisfy this condition if / ^ s and I ^ p — 1 — s. 
This implies the claim. Since M Ji is a free i?P s -module the map a h-> a$ 
induces an injection i?P s M- Homg Q (pij,Pji). We claim that the map is also 

surjective. Since Cj 1 7^ a)- 7 every T e Homg (pij,Pji) satisfies T(e^) = ae^ 4 , 

T(e^) = /3ef, for some a, /3 G i?P s . The relation T o pij(gx) = Pji(gx) ° T 
translates into /5c = a and hence T = /3$. D 

Proposition B.22. X7ie centre of the ring Endg Q (pij © pjj) is isomorphic 
to _RP S . Moreover, Endg Q (p~y ® pji) is a free R^ -module of rank 4. 

Proof. The ring Endg„ (p y - © p~jj) is isomorphic to 

where $ y is described in Proposition IB. 211 It follows from Proposition IB. 211 
that $y o $jj = clj and $jj o $ y = clj. Since -RJ* 3 is an integral domain we 
deduce that al; + /3$jj + 7$jj + Slj is central if and only if (3 = 7 = and 
a = 5. D 

Corollary B.23. Let x be as in Corollary \B.2(A and choose a generator c of 
x then Endg Q (py ©pjj)[l/c] is isomorphic to the ring o/2x2 matrices over 

fl?[l/c]- '" ' ' 

Proof. The isomorphism is induced by sending (Jo) ^ 1*> (00) ^ ^y') 
( ° °) H. cT 1 ^ and (°?)h>V D 
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